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PREFACE

Mosy teachers will agree that at the present time the work of
mathemstical specialists in schools is heavily handicapped by the
absence of suitable text-books. There have been such radical changes
in method ‘and outlook that it hay become necessary to treat large
sections of some of the standard books merely as {(moderately)\
convenient collections of examples and to supply the bookwork\irl’ }
the form of notes ; especially is this true of Algebra, Trigonomatsy,
and the Calculus. P

Dividing lines between these subjects tend mowsdgys 1o bo
obliterated. Methods of the Caloulus are freely used, i1 ‘wourses of
Alzebra and Trigonometry, while matter which used to)find a place
in the Algebra text-hook is now included more donveniently else-
where. Perhaps the most important example of #ii re-arrangemaent
i5 the troatment of the logarithmic funetion. \For many years past
leading mathematicians bave advoecated addefihition which transfors
the chapter on the theory.of logarithms\irom the Algebra to the
Caleulus text-book, and makes it tHedbasis from which the ox-
ponential function iz discusged, thus revorsing the order commonly
followed. The authors ave convinged by their own experience that

‘this is the best mode of approath, On general principles it would
seem desirable also to follow the same order for the complex variable,
but unfortunately in p ’:i%e this point of view appears to bo t00
diffieult for sehool Woﬂi\\ By tradition the theory of the exponential
and logarithmic funétions of a complex variable i inetuded in hooks
on Advanced Trigehometry and this is a very reasonable arrange-

. ment; it seomEhsfually desirable to include aiso the theory of the
correspondin@finetions of a real variable instead of relegating it to
the Caleuls)book.

The ifite st and value of advanced trigonometry lies in regarding
it agegntintrodietion to modern analysis. The mothods by which
regnlts arve obtained are often more importent—that is, aducationally

{thore valuable—than the resuits themselves, The character of the
ifeatment in this book is shaped and controlled by that ides. Thus
the methods for expanding funsctions in series foocus attention on
“ penainders * and ** limita **; the methods for factorizing functions
turn on establishing possible forms and then using the fundamental
factor-theorem ; tho discussion of eomplex numbers emrphasises the
fact that complex numbers are just as reaf ¥ as real numbors, eto.

For the same reeson no apology need be offered for the provaicnce, in



o PREFACE

thiz book, of “inequalities.”” Their importance in higher mathe-
matics can hardly be exaggerated, and they are invaluable too in
elementary work, The * useful inequalities ** of Chapter IV will, it
is believed, be found fully worthy of their name.

The authors are planning text-books parallel to the present volume
on Advanced Algebra and Caleulus, written from a similar point of
view. In gll these subjeots, it must be admitted, there are certain
difficulties which the average student will never face, but which axé'
all-importent for the real mathematician ; these include, for example,
the purely arithmetical treatment of real number, limits, eontinuity,
convergence, mean-value theorems, the analysis of area, length 6f 5
ourve, et¢. The authors propose to deal with these matters 1’a book
which is cited as a ** companion volume on Ana.lysis,:’tiiihiting the
treatment, however, to what seems suitable for spdeialist work at
schools. Although planned, no part of this book ig'ybt written. The
theery of Infinite Products has been left for this tompanion volume :
it is not so ezay to provide a satisfactory ab'ehitio treatment for
products as it is for series and the alternative of taking for granted
everything that really matters is undegirable. Happily also Infinite
Produets are of small value in elementary work and they are not
required for most examinations. Sesyhowever, pp. 223, 240,

As a text-hook on Trigonometry, this volume is a continuation of
Durell and Wright's Elementarg Prigonometry, and Chapter I should
be rﬂgarded partly as a revision course., The sole cbject of Chapter
XIV is to give opportunity for praoctice in mechanical manipulation
to 1_;hose who requirs it./The course really eloges with Chapter XIT1,
which deals with & diffieuls subject and one which should be done
carefully if it is désie &t all,

_ A Key ia‘puhlishe » for the convenience of teachers, in which gola-
tions are given\in® considerable detail, and in some cases alternative
methods of\adlution are supplied, so that to some extent the Key
forms a's%pplementa.ry teaching manual,

The-athors gratofully acknowledge help with the proofs received

fromMr. J. C. Manisty, whose nurserous eriticisms and suggestions

péve\enabled them to effect many improvements,

.
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CHAPTER I
PROPERTIES OF THE TRIANGLE
A 11sT of the fundamental formulas connecting the elements of a

triangle, proofs of which bave been given in Durell and Wright's
Elementary Trigonometry, will be found in Section D of the formulae

at the beginning of that beok ; references to these proofs will be ind'\-: N\

eatod by the prefiz B.0. £\

For geometrical proofs of theorems on the triangle, the reader is
roforred to some geometrical text-book. When these thearéms are
quoted or illustrated in this ehapter, references, indicaféd"® by the
prefix M.G., ate given to Durell’s Modern Geomelrys .%z\\

Revision. Examples for the revision of ordimary methods of
solving a triangle are given in Exercise I, a, below.
Tt is sometimes convenient to modify the pfooess of solution. If,
- for exarople, the numerical values of b, ¢, Aiire given and if the-value
of a only is required, we may proceed &3 follows :
a® =b? +¢* — 2bc'eosA;

S ai=(b 4o)® —20e(1 +cqé’g’t§ ={b +¢)? —4bocos?}A ;

P 4be coa® A
. 2 _ _ z ¥ g = =3
SO —{§+c) (b +c)w,c03 9, where cos?@ Grop
_ e ={b +e}Ein g, oniernererenennen(1)
(NS 24/(be)cos $A
where ‘\\3039—— e e vrees2)

0 is first found fropiv2) and then a is obtained from (1), both equa-
tions being adaptéd to logarithmic work.

An angle §)\lsed in this way, is called a subsidiary angle. For
other exat\n"ﬁiés of the use of subsidiary angles, see Ex. I. &, Noa. 21
to 25, 3 . .

AN EXERCISE 1. a,

N {Solution of Triangles)
1. What are the comparstive merits of the formulae for cos A,

AN\

eog %, sin, %, tan %, when finding the angles of a triangle from given

numerical values of @, &, ¢ ?
2. Given a =100, b =80, ¢=50, find A.

AT, A

Q"
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3. Given g =37, =61, ¢ =37, find B.

4, Given a=11-42, b=13-75, ¢==18-43, find A, 8, C.

6. Given A=17° §5’, B=32° 50’, ¢ =251, find g from the formula
. a =¢sin A cogec C.

6. Given B=86° C=17° 42', b =23, solve the triangle.

7. Given b=16-9, ¢=24-3, A=154° 18, find #{B —-C) from the

fo.rmula.‘t‘an 3B -0C) =§:%: cotb g, and complete the solution of thes
triangle. .
8. Given b=27, ¢ =36, A =62°35, find a, ¢O)
Bolve the triangles in Nos. 8-13 :
9. A=30° 42/, B=81° 12, ¢ =47-6, G\
10. =832, c=8§-47, B =43°, ,,'( 3
11, =110, b=183, ¢ =152. '\'\’
12. a=6-81, ¢ =9-06, B =119° 45, ‘)
13. =169, =123, C =51°,
R
~ [The Ambiguous Oqe‘;.
14, Given A =20° 36", ¢ =14-5, find the’range of values of a such

that the number of possible trian les\ig’0, I, 2. Complete the solu-
tion if 4 equals (i) 83, (ii) 16-2, (Zi)3-2, (iv) 51,
16. Given &, ¢, and B, write. down the quadratic for g, and the

sum and product of its roots 4, and a,. * Verify the results geo-
metrically. AN

¥4 A

o & o T
If Ay C; and A,, C, are the Temaining an,

G, les of the two triangi
wh;‘a.& eatisfly the data, find Gy +Cy and A, +gA,. © triangles

18! With the date of No. 15, prove that
Y D a-ay=a2y(0 -0 cin®B); (i) sin 3(a —A) =%
y7 7. With the data of No, 15, prove that .

{8y - a,)% +(a, +ay)? taniB =4b2,

data of No. 15, if g, =3dy, prove that

L 2b =c+/(1 +3 sin?B),

{if) With the data of No. 15, i €, =2C,, prove that
Zo8in B =p.3,

N

%
a5 .

18. (i) With the
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19, 1f the two triangles derived from given values of ¢, b, B have
aress in the ratio 3 : 2, prove that 25(c* —b%) =24c¢” cos®B.

20. With tho data of No. 15, if A, =24,, prove that
4¢?sin?B =b*(b + 3e).

[Subsidiary Angles]
21. Giiven b =169, c=24-3, A=154° 18’, find a from formulae (1)
and {2), p. L.
22, Bhow that the formula e=bcosAt +/(a* —b*sin?A) may be
written in the form ¢ =a sin (§1:A) cosec A, where sin 0 =5 sin A \ -

93, Show how to apply the method of the subaldmry a.mgle to
at =(b —c}¥ +2be{l —cos A}

24. In any tmmgle, prove that tan (B -C) tan{d.&\- 8) cot JA,
where tan 6 = _"E'

Hence find (B - C) if b =321, ¢ =436, A—119°15’

25, Express ¢ cosf—beinf in a form sﬁ}tatble for logarithmic
work. . N

[Miscellaneous Rg@aﬂiﬁm]
26. If g =4, b =5, 6 =6, prove the,'n'c =2A,

27. Express in a syrometrical forrn I?c +cos A

98. Prove that d*{cot R-N,ot B) =c*(cot A +cot C)

29, Simplify cosee { ‘B) (2 cos B —b cos A).

30. Prove that abein (B — C) =(b* —c?} sin A.
bsocB+csecC cnecCGtasecA

31. Prove thatsg 5= 7anC — tanC +tanh

32, If b cqab =¢ cos C, prove that either b=c or A =90,

A T 2 -1

33. B \Ve that sin® A +sin B sin G cos A ——M(;,—;;g, +e%,
1+cos(A —B)eosC_a +1*

~34’ Prove that 1+cos(A—C)co=B it

\ \85 Prove that
2Aain A
a

acosB cosC +bcosCeosA +ocosAcosB=-

»

36, Express cos (A -B) .cosec% in terms of @, b, €.

37. Ti b +0=2a, prove that 4A =3a*tan}.
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38, If a¥ =b{h +¢), prove that A =2B.
.39. Prove that ¢? =a® cos 2B + 5% cos 2A +2ab cos (A -B).

40. Prove that ucoth-!-g % tan

A
b+ =2 cosec (B - C).

2
41. Prove that
2(l +2cos2A) cosdB +b (1 +2cos2B)cos BA =¢{1 + 2 cos 2C),
42, If cos AcosB -I;sinA sinBsinC =1, prove that A =45° =R,
2\
The Om:umcantre. The centre O of the eirele through A'B Cis

found by b:sectlng the sides of the triangle at right angles, .and the
- radius is given by the formulae

ﬁ .
».5\ .
‘\ R= BXoosecBOX-«Z S een(8)
e L
The' reader should: prove that - these formulae
Fia. 1, hold also when LBA@ 18 obtuse,

The in-centre and e-centres, T‘he centres I, I, 1,, |, of the circles

which touch the sides are found by bisecting the angles of the
triengle, internally and ext»erna&ly.

¢ \ g Fig, 8,

The radii of these circles are given by

I=—; Y=—0

S A oto, TP {1 |
¢

AR sin B B . A @
 § 4B.sm§sm-2—sm§: rl=4nsm_§cos§cosg,etc.......{ﬁ}
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Algso in Fig. 8, we have
AR=s8-a; AR, =2; BPy=s8-¢; PPTTRUROUURRPP & |

- r=(s—a.)tané; r1=stan%. vevennrnenernenssrl8)

For proofs of these formulae and further details, see H.T'., pp.
184-186, 277, 278 and M.&., pp. 11, 24, 25.

The Orthocentre and Pedal Triangle. The perpendiculars AD, BEC)
CF from the vertices of & triangle to the opposite sides meet at'a
point H, ealled the orthocentrs ; the triangle DEF is called the pedal
triangle (M.4G., p. 20). N

¥ig. 4. ™y F1a, 6.

[f AABC is acute-angled, (Fig. #)aH lies inside the triangle.
Sinee BFEC is a cyclie guadrilateral, AFE and ACB eare similar
triangles ; -~

. " BC AC
‘.\"’.“ s, BF=acosA. ... erreeaenns vereernaend8)
Since HECE(Fis a eyclic quadrilateral, £HDE = HCE =9%0°-A;
gimilarly HBF =90°-A;
N o LEDF =180° “2A. werecercrsinnrenereee{ 10

Fui't;he , HD bisects LEDF and eimilarly HE bhizeets L DEF ;
. (Fis the in-cetitre of ADEF, Algo since BC is perpendicular to AC,
\if‘ié' the external bisector of £ EDF ; hence A, B, ¢ are the e-centros

f the pedal triangle.

We have also
AH —AE cosec AHE =c¢ cos A cosec C =9 cos A, .......(11}
and DI =BH cos BHD =2R cos Beos0. vveeenvurrrrneereenmsnned 12)

The reader should work out the corresponding results for Fig. &,
where the triangle is obtuse-angled. .
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is ok o dified -
1f 2 BAG is obtuse, £ EDF =2A —~ 180 and other resulte are mo
by writing —cos A for cos A, [See Ex. I. b, No. 27 and note the
difference of form in No, 36. See also Erample 3.]

The Nine-Point Cirele, The cirele which passes through the mid-
pointa X,'Y, Z of the sides BC, CA, AB passes also through D, E, F and

Fiz, 8,

through the mid-points of HA, HB, HC ; it is therefore called the nine-
point circle and its centre N ia the mid-point of QM (M.G., . 27

Since AXYZ is eimilar to AABC and of hy 8 linear dimensions,
tha radius of the nine-point eirele is 3R, .8 °

Sinee each of the points H, A, B, C is theérthocentre of the triangle
formed by the other three, the circumbircle of ADEF is the commen
nins-point eirels of the four trianglaABC, BCH, CHA, HAS.

Also, since AABC is the pedabhd of ahlyl, end of Allyl,, ete,, the
eirsumradine of sach of these, triangles is 2R

The Polar Circle.
laterals,

/AN

In Fig, 6 and Fig, 7 we have, by eyclic quadri-
HAWHD =HB . HE =HC . HF.

In Fig. 7, whero’Y\B}iC is obfuse, A and D are on the same side of H,
and 8o also are B E and G, F. TIn this case, if HA . HD =p%, i} follows
A" that the polars of A, B, C w.rt. the circle,

centre H, radius p, are BG, CA, AB.

The triangle ABC is therefors self polar wr.t,
this circle ; and the cirele is called the polar-
cirele of AABC, :

‘We have

¢ p'=HA.HD=(_—2RcosA)(2RcoquosC);

_ S. p*= -4R?cos A cos BeosC... (13)
An acute-angled triangle in rea} geometry has no polar cirgle,

Notation, The lettering already adopted for epecial poiits con-

nected with the triangle will be employed throughout th
This will shorten the statement of 1 ¥ g ¢ Chapter,

ny of the examples,
We add some illustrative examplag, ?

Fra, 7,
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Ezample 1. Prove s3=A{cot }A +cot 4B +cob 3C).

Since A +B +C)=90%
< cot A =cot 3A cot §B cot 3C, (see E.T', p. 272, Ex. V.}

: _ [ ste-@) _ale-b) _slz—c)
- ECO'(‘;}A—-,\/{("_I)HS_G)-{suc)(a"‘a}-(sna)(s—b)}

83
=% u
Example 2. Express {Eb_:r_ﬂ',l in & symmetrical form. O\
. ’ A 4 N
Bince £l Py o i =g(s —¢), (”,}" o/
4ab - 4r1r,—4ab (@ +b+e){a+b-ey I
~(a —-b)t ."‘}\\. .

=4(s —a){s -b);
(ab —ri7s) _(s-—a}(s—-b) ,*’.\\':
" *a L] \ v
(3 —a){s ~b){a; Ac} ﬁ
AN
Ezxample 3. If J is the in-centre, df;BHG, express the radius of the

cirele BJC in terms of Rand A. | &
By eguation (3} the radius is %BC cosec BJC, but

£BJC =90° +$LBHC = 186“ - 3A, if B and C are acuto angles;
2R sin A
Zsin }A = 2sindA
If either B onG/i ;,s obtuse, L BJC=90°+}A, and then the radius
=2Rsin3A. L\
R, \
\~ EXERCISE I b.
1. Jf a—15 1, A =24° 36', find R.
Z\]‘_fa 3,b=5,¢=7, find R and r.
\ “NY I g=13, b=14, 6=15, find ry, 1y 7y
4, If o =23-5, A=62%, and b=¢, find R and 7,
6. Prove that .
() LBAI,=90° —A=L1ilys (i) Il =4Rsings

. the ra.chhs =2R cos A,

3

A A
(iii) I;); =a cozeo ' 4R cos 3
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6. Verify Equation (8}, p. 4, by using the formulas for

sin% , cos%, ete., in terms of the sides,

7. Express a{cosA +cosBcosC) in & aymmetrical form.
Prove the following relations :

A B C A.B . C
8. s=4Rcos 3008 5605 5. 9. s—a:4Rcos§sm§sm 5 N\
10. r,r,t&n%z&. Ho rarg e +rrg=st O\
'\

12, r,+r,=4Rcossg._ 18 r—r 41y +ra=2’qg?i'A.

. . b
14, Al , Al =bc. 15, l1A.IB =4Rrsx{1\—.
16. | “b"ﬁ. 17. n,.i|,\u._16R~r.
18. AABI: AACI=¢: 0. 19. AD{(emtB +eot C) =2A.

20, AD=2rcosec%cosgcos% 21. &OI aly :A0LT =(b ¢} 1 (@ +¢).

22, AFl =acot A =20X, 'Y 23 AH+BH+CH=2(R +7).
24 Tfa=14, b=13, c =15, pncn«e that AD =12.
25. Given B=37°C ;46‘“_BE 93, find &.
26, If BP.PC =A, (fe'e‘ Fig. 3), prove that A =90°,
27. In Fig. 5, whete L BAC is obtuse, prove that
(i) EF = —aets A, FD =b'cosB, DE =ccosC;
{ii) LFDE=2A - 180°, L DEF =2B, L EFD =2C;
" (iii}AH'= - 2R cos A, BH=2R cosB, CH =2Rcos Q;
(,Qk:)\HD 2R eosBcogC, HE = ~2Rcos Ceos A,
HF = ~ 2R cos A cosB.
M\f @=13,b=9, ¢=5, find p (see p. 6).
N 129, Find an exprossion for the radius of the polar circle of Allyl,
s n terms of R, r,.
\ ) 30. Prove that the circumradiua of AHBC equals R,
31. Prove that the circumradius of AOBC is > §R.
. 32, Prove that the in-redius of AAEF is rcos A,
33. Prove that the area of ADEF is+ 2AcosAcosB cos G,

34, Given b, ¢, B, prove that the product of the in-radii of the twe
possible tr 1anglea is ¢ {c ~ b)sin?38.
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35. Prove that the in-radius of Al is 2R {3 (a:’m%) -1}

36. 1f AABC is acute-gngled, prove that the perimeter of ADEF is
iRgmAsnBsinG, If LBAC is obtuse, prove that the perimeter is

4R sin AcosBeosC.
37, Pind in terms of A, B, G, R the in-radius of ADEF (i) if AARC
is acute-angled, (ii) if £BAG iz obtuse.
38. Prove that ¢ sin Bsin C +bsin C gin A +¢ sin A sin Bz:%ﬁ-.
O\
7'\

39. Express % 1rcosA -Reos?A in & symmetrical form.
40. Prove that \
(i) 6% cos? A =b*cos? B +¢? cos?( +2becosBeos T co&q'ﬂA’?

(ii} a? cos? A cas? 2A =b% c0s? B cos? 2B +o° c0s3 C cof? 8C
+2bc cos B cos G cos 2B ¢og 20 cos 4A;

(iii) a* coscc? % =b? posec? % + ¢® cosec? % e N

B C_. A
~ 26e °?5‘?° 5 toses Fsing.
Any Line through a Vertex. Sug;f@ée any line through A -cuts

BC at K. Denote i_lé by S, so thak K is the centroid of masses y, 2 at

B, C respectively. 2L A
Let LBAK =8, £KAC = LAKC=0. ' A
Draw BB’, CC’ perpm{dipiﬂar to AK.

Then BK 288" csinf - .(19)
K@y ec’ bsiny
A .L

This may’.bié written .y S
E_&gﬂf_ﬁhﬂi}_sﬁ_ﬂ_wi@ ginCsin @, &
y ginBem (0 +C) sinBsind sin(0 +C)’ Yo, 8.
R\ , z_ootB —cotf,
2\ D .ty cotC+eotd’
\ 4 & (y4s) cot@=ycot B—zecotC. cereennnerernsnsnennsh 18)

This relation, which determines & for a given triangle and given
position of K, is often mseful in three-force problems in statics {cf.
Tx. I. e, Mo, 11); an alternafive methiod of proof is indicated in
Ex. I. ¢, No. 8. Sometimes {cf. Ex. L e, No. 12) it is eonvenient to

have an oxpression for 8 in terms of B v
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From (14),
t_sin{8+y}einfl sin(f+y) sinfein §_

y sin(0-LB)siny sinfsiny sin(6-75)

z_cot'y+cot6_ )

y cotS—cot@’
So(yHzleotO=zeotB—yeoty. o {180

The Centroid. The centroid of &, at (x,, y,), &y 8t (i, Ya)i(hg 0%
(g ¥s)s ebe., is the centre of mass of particles of magses proporfi’onal
t0 %y, kg, ks etc., at theso points. The centroid is also_dalled the
cenfre of mean position. 'The point may also be defined gearbtrically,
and its coordinates are (%-@, —252—}?}-), thus t}i?o\idea of mass is
not really invelved. The values of the 2's necihot all be positive,
but Zk must not be zero. (M.G., pp. 538-64,)_ \

I T is any point in AKpWe have with the nota-
tion of Fig. 9, -

BK _3BB'.AT AATB an
KC,\$CC". AT ~ AATG® “rriiih

AA 2. K is thelgentroid of ACTA at B and AATB
B —~1JK ¢ atC;
B .. the'eentroid of ABTC at A, ACTA at B, AATB
Fla. 9. at C Jies\on AK, that is on AT ; similarly it must
\BT, and it is therefore at T.
Hence, if any ponQ i the centroid of masses A, g, v a$ A, B, G,
then A:p:v=ATBCHWATCA: ATAB. '
I, with the saing'notation as hefore, K iz the centroid of ¥ at B and
z at C, the length of AK i3 given by a theorem of Apollonius (M.4.,
p- 81): ,\~
\:"\.y. AB 4z AP =(y +2). AK? 1y KB® +2.E02, ceeen(18)
O BK_KC BC a
whape —_— e e,
) .\n g z Y 2+y = +#
"\ And more generally (M.6Y., p. 62) if G is the centroid of Iy at Py,
\ ky at Py, ete., and if O i3 any point,

Z(k.0P%) =(Zk). 0G" + E(k. GPY). ...............(19)

Equation (19) is useful in dealing with exXpressions connected with
AABC of the form A.TA®+ux.TB*4+».TC. (Cf. Hx. I. ¢, Nos. 39,
40 ard Ex. I. d, Nos, 22-28.) .

A
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Medians, Jfy=z,AKisa medign ; we then havefrom (15} and (18)
" 9 pot AXQ =cotB —cot G, crrienerranssrnrsrens( 20}

B e? =2AXZ + 308, iveeeninnnree veraee (21}

The three medians of a triangle are concurrent &b & point G, which
is the centroid of egual masses at A, B, C or of equal masses at X, Y. Z.

Further GX =1AX and in addition G is the point on OH such thab
0G=10H. (M.G..p 28.)

£ . s,'

B X [+] B Ky, C ¢ ;}\ K; ’
FI1G. 10, Fig, 1)

x'\ w
Angle-Bisectors. If AK, is the internal bisggtorof £ BAC, B=y=1hA
and 6 =B +3A=90° -}3(C -B})
Algo g1y =c:b; . from {18), we have..

e .’bﬁ 2 ab \%
PR PN Gl ab A=,
be +c§ =(b +c)AK1~ H’(b H) + c(b +c) ;
N a*
*, on reductich, AK, S =bc {1 - m}
If AK, is the ex a(bia’ector of LBAC,
32007 + 1Ay = (90° —$A); 6=B+f=180" ~3(C -B).
Also z:y =0y b3 .. from (18) as before, we have
AN . 2 b N2
(2Bt 4 b3 = (o - BAK,? - (E%») + c(é"?é) .
K s\ > I’ a?
a3 2= — =1k
N ARt =8 G op }
“\\Direct methads of proof are indicated in Ex. L. ¢, Nos. 15, 18

) 3

Ezample 4. Show that T eob AXC =0
and 5 cob BAX = cot CAX.
Equation {20) gives
2 cot AXC =cotB —cot c,
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and equation (16), with y ==z, gives

2 cot AXGC =cot BAX - cot CAX,

from which the required results follow.

Example 5. Find what masses at the vertices have their centroid
at the circumeentre, and deduce that, if § is on the cirele ABG,

SA?sin 2A + SB?sin 28 + 8C2sin 2C =8R%sin A sin B sin C, \,
The area BOC = 1R%gin 2A ; 2 '\:\
.. the ratios of the areas B80C, COA, AOB are a\ N

#in 2A : sin 2B : sin 20 ; \ o

s
S D

the masses are proportional to sin 24, sin 28, sm A (scep. 10),
Hence, by equation (19), \
2[8A*sin 2A] =>{OAZsin 2A] +[= sin 2A] .08*
=R%.[Z sin 2A] +k‘3,§m 2A] .R®
=2R?. (Zsin 2)\)
=8R*sin A sicB8in C. (B.7., p. 27L.)
_ Exsnci'ém I e
BK _sin2C
1. If AO meeta BC a.t\K, provs that KC " sin 28
2, If Kis a poing on the base BC of an equilateral triangle ABC and .

if £BAK =185°, ca:lc\}te Ko

3. IfB= C:SD" and if the perpendicular at A to AC ecuts BC at K,.
prove that BR==1KC.

4, IfQ>13 b=14,c= Io, find cot B, eot C and eot AXC.
Xtu =61, b=11, ¢ =60 and if K divides BC internally as 3: 2,
find et AKC.
B. If @ =85, b=13, c =84 and if K divides BC externatly as 3: 2,
pa ﬁnd cot AKC,
) 1, Prove that tan AXC =c—f_&b,.

8. Ii B, K, D, C are any four eollinear points, prove that
KD .BC=BD . KC -BK . DC.
From this relation, deduce egquation (15) on p. 9.
9. Prove that abe cot AXB =R(? — %),
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10. If the trisectors of 2BAC meet BC in K, K’, prove that
’ BK . B_.K’_i sect
ROTRC PFU T

11. A uniform rod AB, 1 ft. long, is suspended irom O by gtrings
0OA, OB of lengths 10 in., 7 in.; find the angle between AB and the
vertical. ) ’

12. A uniform rod AB rests with its ends on two smooth planes,
as shown ; XOY is horizontal, find the angle between -AB and the
vertical. :

O\
7'\

0“ b
< 3

? {"
N\

Fr1a. 12.

13, If a=5, b=4, ¢=6 and if K divides BC Qltemally as 3:2,
9.\

find AK. K¢
14, If 2 XAC =90°, prove that tan A+2tanC=0.

15, 1f the internal bisector of LBAC gniieté BC at K, prove that
}(b +c) . AKsin § = 4, and doeduce that AK ~ f—i’_"c cos 3A, and that
. * an
AK” =be {‘1:’:‘ m}o
16, If the external bisecter 5t LBAC meete BC produced at K’
prove that 3(c —b) . AK’ crgs%:ﬁ, and deduce that
%S ot
FE _ .
3 \}( =be {(____c ~op 1}
17. I the intetnal bisector of £BAC meets BC ab K, prove thab
(i) A;{{K\=(b+c):a; (i) @, PD =(c ) {8 —a)s
O (§ii) tan APC =
N\ €= b
18 If‘\the internal biseator of £ BAC mests BG at K and the ciroum-
Bir.gliajét L, prove that AL =3{(b +o) sec % . Find AK . AL and show that
\" AL: KL =(b +o)f: a2,
19, Find the sreas of ABOC, ABHC end deduce the area of ABNG.
T£ AN meets BC at K, find g

20. Show that | is the centroid of g at A, b at B, ¢ at G,
91, What is the centroid of —a at A, batB,ecat C1
22. IiH istheeantroidoixatA.yatB,zaﬁG,ﬁnd:c tyiL

! +
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23, Find the centroid of
(i)lat A, 1atB, 1abC, 1atH;
{ii)3at G, —-2at0.

24. Prove that AX? +BYZ 4CZ2=1{a? 4+ b2 +e2),

25, 1f BY is perpendicular to CZ, prove that 6% +c? =5a?.

124
26. Prove that tan BGC =gz 704+

2A .
@ +coosB’ )
98. T B =55°, G =23° 307, AX =40, prove that BY=60, ()
29, Tf A =90°, and if BC is trisected at Ty, Ty, prove thaty
H P
AT 2 +AT? =§g— . ..,j\.\ ?
30, Tf A =B=45° and if K is on AB, prove thatAK* +BK? =2CK%

27. If BY cuts AD at T, prove that AT =

g3
31. If AX =m, AD =h, prove that cob A ='4~.—%' 2.
&

- oy, DT ‘otan B-Y b= _

32, If LBAX =0, LCAX =7, prove’ t;'hja‘t tan S5 t=po—tan .

33, If the internal bissctors mak#angles 8, ¢, - with the opposite
pides, prove that @sin 26 +bsin 2 ¥esm 2y =0,

2 \™ H

34, Prove that 3 cot BGC=gfot A — %— .

35, T ¢ =2B and if CBgs divided externslly at @ ir the ratio 4: 1,
prove that AR —-AQ ;{{Q .

36, If A, B, C, D\Q}e collinear and O is any point, prove that

"\, AB.CD _ginAOB.gin COD
. ;7 AD.CB sinAOD.sinCOB’

37. ¥ xﬁ:ﬂ,'av, CW are concurrent lines cutting BC, CA, AB at
U, V., W, prove that

"s{n. BAY . sin CBV . sin ACW ==5in UAC . sin VBA . sin WCB.
. 38.\If three segments AB, BC, CD of a straight line are of lengthd
_agf3, y and subtend equal angles # at & point P, prove that
»‘\: “\' day cos?l =(a + BB +7).
\_  38. (i) Use equation (19) and No. 20 to show that
a.TAE+b,TB? +¢.TC?
is least when T coincides with 1.
(i) For what position of T iz TA? +TB% +TC* least ¥
40. What is the locus of T, if '
TA?.sin 2A +TB?.8in 2B +TCY, 8in 2C

i constant ?
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Distances betweth Special Points. With the usual notation,
' A

) A . B . C
IA=reosec§=4Rsm§sm§;

A B- C
I A =1y €OS6C 5 = 4R eoe 5 o8 53

HA =2RcosA A< 90°, g o
and — —9Rcos A if A>00% '

To find O (M.&, P 35). A o
Let C be one of the soute angles of the triangle L ™
ABC. Fia. 18. O
LBOA=2C; . LOAB=90°-C;
~B .":’~ ‘
L0A1=—~(90 ~0) ﬂg_-s——. m\»

S 012 =OAT 1A —20A. l)\ﬁ[\?Al

=R+ lﬁR'sinsB sm’g - SR“sm% sin = (co‘&B o8 5 + sm = gin 2)

B G B [ B C
=Rt 3ein 2 gin = | sin = sin 5 ~€08G —
RE + BR sm25m2 (sm 25111 g‘:"c{tzszcos 2)

B. G A
_pa _ GRIgin — B0 — Bl 5 A
RY — 8R sm2sm 231112,,

,\ Of =BY ~2BL.  envessereseserenesen(22)

In the sarme Way, 1t\q§u be proved thab

ol 0L =R*+2R1. o mreseeneneeeee(28)
To find OHEN :
For an a@n.angzed iriangle ABC, £0AB=80°-C, LHAB =90° -B,

'\ r, LOAH= =C~B;
. OH? =OA! +HA ~20A . HA cos OAH
~O _R? + 4R1c0s?A —4R? cos A c0s(C ~B)
N _Rt - 4R?cos A [cos(C +B) +oos(C ~B1I3

> OH? —RE - 8R2cos A cos BeosC =R+ . aeere ...(24)

It A 00°, LHAB=90°+B; . cos OAH = —cos{C ~B}; 8ls0
HA= —2RecoaA;

. the final resuls is the same 83 before.
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To find 1, H%
. . A C~B
For an acufe-angled triangle ABC, LLAH = 3™ (90° -C) = —5

& LHE=1,A% 1 HA? - 21,A . HA cos

c
= lﬁﬂ”cos’% cos® 3 +4R%cos A

' B _C
—16R%Zcos A cos% cosg (cos % 303(2—: +sin 3 sin 52\\
= lﬁﬁscossg cos? g {} —cos A) + 4R%*cos A(cos A —sin E{:éin C}

~
7%
< %

B C .. A ~.
= 32Rcos? 3 cos’-ﬁ gin® 3" 4R%e0s A cosB cos,c\,- )

/N

. L,H3=2r,® —4R%cos A cos Beos Q=212 4%  ......(26)-

In the same way i can be proved that :.\\.’

TH? =21% - 4R%cos A cos Bleos € =28 4+ pt. .........(26)

The reader should véri.fy that these i:émilts are also true for an obtuse:
angled triangle. X

S
4 geometrical method of proof of\(24) is indicated in Ezx. I. d, No. 21,
The reeiprocity of the relations {24) and (26} is explained by the following
argument : asince AABC cirenmscribes ita own in-cirele and is self-polar
w.r.t. its own polar circle, there exists a triangle afy which is inscribed
in this polar circle, and ig/#elf-polar w.r.t. thig in-circle (Durell’s Projective

Geometry, p, 209). ., Haa\the circumcentre, p is the circumradius, { is the
orthocentre, r is the polar:radivs of A afy.

~. applying (24)\Ko\zx~a,sy, we have H[¥=p% +323,
To find IN.
The nine-point centre N is the mid-point of OH ;
s O +1H2 =2IN% + 20N?;
or. (R =2Rr) +{2¢2 +p3) =2IN? + L(R2® +2p%) 3
S INE=3RE-Re 4+ ={3R -0,
¢ But Q¥ =R{R-2r}: . Rz 2r;
\”‘; LA IN=3R -1 e {237
In the same way it can be proved that

LN =3B 40 cvvreeceerernieansns oo (28)

Binee the radius of the nine-point circle is 4R, equations (27) and
{28} prove that the nine-point eircle touches the in-circle and the
escribed circles [Feuerbach’s Theorem, M .Q., p. 117].
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Ezamgple 6. Tf IH is parallel to BC, find & relation between the
somines of the angles of the triangle..
| end H will be equidistant from BC, thus r =28 cosB cos C, thus
4 sin 3A . gin §B . gin }C =2 cosB cos C,
2 5in §A [cos §(B -C) ~—cos 3(B +C)] =2cosBeos G,
00sB +coaC —Zain? jJA=2cosBeos 0,
TeosA=1+2cosBcosC.

Erample 7. Express G in terms of the redii of the various eirclegA
gonnectod with the triangle. _ W
By equation (19) we have, since G is the centroid of 2 ﬁt\o

and 1 at H, (see Fig, 14} e
i 2102 +H2 =2B0? + GH? + 31G%; D
231G =210 +[H2 — OH? —§OH; %)

. 0iGE=610% +31H8 —20H? _
6 (R - 2R7) +3(21% +p%) — 2(BA¥20Y)
—dR® — 1987 + 68 —pF; NN
< 167 =} (4R® — 12Rr + 678 — 8"

EXERCISE L4,
1. If Ol is parzllel to BC, pro)ré:that coaB +00sC =1,
It 1G is parallel to BC,Prove that r, =3r.
. Prove Ot =R [3 - 23 [ecs A)].
Prove Il =4R (%) and |l =4R (ry + 7).
. Prove l1,2 +1{l;h=14% + k"
Prove OH%S OR? —a? —b? e
7. A ?\ﬁbi‘;' prove OH? =(3R +2r) (R - 2r).

8. ]E\'révé tan IAX =tan*% tan g-;—-c'.

w 8

oo

g I’f ina scu.leue; triangle 1G is perpendicular to BC, prove that
~\J _A__.'B.C
\\ ) sin 5 =sin 5 8in 7.
10. If O lies on the in-circle, prove that cosA +cosB +eosCG =4/
11. If OH makes an angle ¢ with BC, prove that
tan ¢ {tan C - tanB) =3 -tanBtanC.

12. Prove that ]
LANE =RS +b3 68 - a? =R? (3 + 2008 2A - 2 oy 28 — 2 cos 2C).

AT B
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13. Prove that p? =(r + 2R)® — .

14, If the circumeirele cuts the nine-point eircle orthogonally'_
prove that cosAcosBeosC= - 3.

15, If AH =r, prove that the circumcircle cuta one escrlbed circls

orthogonally,
B-C A : .
16, If Ol cuts AD at T, prove OT =0l cos g coseC . A~
17, Prove phat the area of AOIH is A
.B-C . C-A. A-B (\A
2 " w
+2R%*sin g Sin —5— s —5—., £\

18, If S is the circumcentre of A BHGC, prove tha.f. ¢‘~:‘«,
SA*=RZ{1+8cosAsginBsinC).,

19. If 10 =[H, prove that either AO =AH or AN 0\ H are concyclic.
Deduce that an angle of the triangle is 60°.
20, Prove NI +Nk +Nly+Nl;=6R. /"

21, If LBAC is obiuse and if HA cuts}b};é ciremmeirele at T, prove
that (i) HT =2HD ; {ii) HA. HT = 2,8\ Hence show that

=2’g +R2,
22, Prove that (i) O+ Oll"+OI, +0l3=12R%;
(ii) NA® £ NB? +NC? -+ NH? =3R*.
23. Prove that (i) DA™ DB? +DO? + DHE =4R?
(AN +ALy? + Aly? +AI8 = 1682,
24, Prove that'tA? + HB* + HC? — HO? =3R%,
25, Prove j;htg;t. AG? +BG? +CG2 =4R2(1 +co= A cosB ¢cos C),

28. Pro;v*é,\ that a.|A%+5.IB? +¢.1C8=4Rrs; find a similer ex-
pressionfor o . 1,A2 +-5 . [;B? ~¢ . [,C3,

:‘I:{,\f"i' is any point, prove that
. 'I‘b .gin 2A +TB2. sin 2B +TC% . sin 20 =4 (R? + OT?) sin A sin B sin C,
228, If T is & point on the in-circle, prove that
@ a.TA® +5.TB® +&.TC? =2A (r + 2R).
29, Prove that the common chord of the circumcircle and the

escribed circle, centre 1y, is «\/ {ré ({:i 2:1)]
1

80. If ¢,, ty, t, ave the Iengtgls of the tengenta from k, I,, I, to the
circumgcirete, prove that (i) 21‘:? 3 (i) Lytgty =abe
E 2

%_ .
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Solution of Triangles from Miscellaneous Data. No gensral rulea
san be given, but the following typical examples may be useful.
(i) GQiven a, b ¢, A,
In Fig. 16, cut off AK=AB; then KG =b -~¢c.

[+ c
Fra. k5.
Also LBKC =90°+3A end LKBC =%(B -C); PR,
: a b-o \ /
s from ABKC, 60—3%} = m. "'( «.‘:
This determines 3 (B —C) and thersfore B, C. A &
(i) Given a, B, A. ' v
- . o AY;
A is given by the relation R=g——=- 9.\
2zinA ¢
: S pnc_ 24
Also, cos{B —C) +cos A=2smBsin CaRSE— =R
This determines {B —C) and t.herefgr’e::B and C since A has been
found. ‘.}:s
(iii) Given the altitudes p;, Do Po
The ratios a: b : ¢ are given'by 20 =ap, =bpa =Py

AN .
A is then given by tuQ\%"_—j\/ {s;___(l;]_%&f_)_}; also o =, cosec A

{iv) Given », Iy, B>
D Al

RO o T N
:"\f.‘. ryry 1L TN =T [a(s —~a)] =s(3s —25)= 9
NN ae=d s =NTs g =t (Ta+13)5
~N i _ ro{ra +74)
"\' 4= A/ (rafs t 1M1 1)’

EXERCISE 1. .
1. Given o —b=108, c =222, C=29° 16/, find B,
2. Given b=3-36, @ +¢ =928, B =37° 25', find A.
3. Given AD =8, BE =8, CF=9, find A and &

RE R
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Given b=8, ¢ =10, AX =7, find A,

» Given A=45° a=2(b —¢), find B, :
- Given r=5, r, =12, r,=20, find a, &.
- Given b, B and that @ +¢==2b, shaw how to solve the triangle,
. Expreas be and 8 +¢* in terms of g, R, A, :

Lxpress ain kA in terms of ry, ry, 75,
10. Express tanB in terms of b, ¢, A.

t

w00~ o th

~

N

11. Express ¢ in terms of a, b, A. (NN
12, Given B, b, ¢? —a?, show how %o find O, ;:\
13. Given A=53° and BE =2CF, find B, al

L 3

14. Given A =42° r=23-5, find the least possible ,v{flue of a.
16. Given a=v/57, A=60°, A=2+/3, find b, B\
16. Given A=60°, b —c=4, AD =11, find a ahd sin
17. Given cot (B - C}=7 and BC =5AD, fid cot B.
18. Given g, 4, A, show how to find BI:\ !

19. Express & in terms of #, 'A, 2 'viri]e}:e p=AD.

B-C
5 -

Errors. If w iz a Lknown fdnetion, f(x), of =, we have, using
differentials: du=f"(z).dv. Jdfthe value of u is ealeulated from 2
measured or observed valug'of z, the resulting error 8u in u. due o B
an error 8z in x is given by

,zmx\ Su == f'(x) . 8x.

If = is a knowndfunction of several independent variables z, y, z,
ete., then the grcor in % due to errors in the values of z, y, z, ete.,
is given by_ /5™ -

’ A\ Cu ou ou
A s R R iy =—. o s
"\.'\“ du =~ “'By 3y+az Sz 4+

Ezninple 8. The area of AABC is calculated from mesasurements

of B,C, a; find the error in the esleulated valus of A due to an errof

, §Bm the measured value of B.

QO

1 . 1 .sinBsinC 1} , . sin B
A=>qgh == g ke, a——— s
g Ea Y TR T SI(B +C)°
1 .. sin(B +C}cos B —sin B cos(B +0)
& 8A ==t . )
52 pin C S B 1 0) o8
Eoin 2 .
L S

2 sin?A 2
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Here, #B it measured in radians; thus an error of 1’ in B causes
an error of approximately lc’.—l— o in A -
2" "60° 180 ’

If there are errors 8B, &, da in B, C, g, the resﬁ]ting error in A ia
given by o

ﬁﬂssmc 2 . 'a.
Sﬁ—sm{3+c}.a8a+§c RN
. 8A ==bainC.d8s +3c*. 3B +4b?. 5C.
EXERCISE I f. ‘ 'b'.\“'\
1. If A is espressed as & funetion. of &, B, C, prove that g—%:‘%

2, 1i A is expressed as a function of g, b, ¢, prove thab 4
DA R4
= =ReosA, N\

3. If A is caloulated from measurements of &, {, ¢) prove that the
error due to & small error y in b is about gfgi%x&iians.

4. If R iz caleulated from meamzremgahtts ‘of @, b, ¢, prove that
the error due to a small error z in @ is abdut $w cosec AcoctBeotC.

5. The base AB of a triangle ABC {sfixed and the vertex C.moves
along the arc of & circle of which AR is a chord, prove that

cosB . dadicos A .db =0

8. An observer, on the{ground, 50 ft. from a vertical tower
ohserves the angles of elevation of two marks on the tower to be 45°
and 30°. Wind thecapproximate error to which the calculated
distance between themias liable if there may be an errar of 1’ in each
observed angle. \ : _ :

7. If ¢ is calgc Yated from meagurements of g, b, C, prove that the
error due to g@.} errors &, 3, y in @, b, C is about

£ xzecosB +ycosA +asinB.y.

'\
8. V’K\@h the data of No. 7, prove that the relative error % in
the p&f&pulatad area of the triangle is approximately §+%'+ yeotC.

PAQ
.9, T C is caleulated from meagsurements of a, b, ¢ in which there
\afe small errors %, y, 2, prove that the error in C is approximately

z
—=cosceB —Ecot B —gcotA.
a a b

10. If ¢ is caiculated from measurements of @, b, R and if there is a
gmall error x in g, prove that the error in ¢ is approximately
' zcosC
“eonA
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11. The area A of a triangle on a given base ¢ ia expressed in terms
of e, A,B. Prove that
g—ﬁ =4b%; g—g =4a?; and %ﬁ =24, coseo Q.

In finding the vertex when the hase is aceurately known and the
base anglos are subject to small errors +ea, +f, show that th
area of the mmall region within which the vertex must lie is approXi-

mat;ely PA N
daf3 . ' ¢(\A
' oA OB A\
12. The area ABC was caleulated from the measured yelies a, b,

90° of BC, CA, ACB and it was found that the calevlated Brea was too
great by z and that a -, & —y were the true lengtihs of BC, CA.

Show that the error in C was about l?_‘_),\/ {M} degrees,
if z, 2, y were-smail. 4 ab

- N,
MISCELLANEOUS EX@J}LES

EXERCISE X.'g.

1. If a + b =2, prove that eots% ::i-cot_% =2 cot (—2"' .
2, Prove that 3(absin?C) <2 . %(a cosB cos C).
3. Prove that 2¢Rsin (B=C) =b? - ¢3.
c

AW B
4, Prove that A :z:’}'\ot 3 cat 3 cot 3

5. Prove that (>i\\— s:} cot“g =1y +rg. ' e

6. Prove that o® =(ry ~r) (4R —py 1),
7. Prove that A, Il, = 4Ry,

8. Brove that alﬂgs:aﬁbﬁ . ’

" 2r

~9.\?rove that the circumradius of AIBG is 2R aainé and find that

ofYALBC. 2 |

D10, Prove that PD ~4R sing sin S sin 8L, |
) 4

- 2.
11, Provethat AOAI =R (c0sBrcos C).

12. Prove that AD cuts the in-circle at an angla
~eog~! (sin B—C cosec é) .

2 2
13, Given E = i% =§ + prove that the triangle is right-a.ngled.\



PROPERTIES OF THE TRIANGLE 23

14, 1B =18° C=38", prove that o —b==R.

16. Tf con A +cozB =3, prove that 2r -R =2R cosC.

16, Given a, b, B, find the difference between the in-radii of the
two triangles.

1. Prove that Z(u’cosA}=abe(l +4cos AcosB cos C),

18. Prove that 1y, 1y, 7y are the roots of
r2z® -2 (r + 4R)2? + A% — A% =0,
19. Prove that 23)&{323:&-‘:.05}\ +“bigsfc+c coac. '\:\
20. If T is the mid-point of EF, prove that XT =}asinA. ;'\ ’

21. If a?cos?A + 5% costB =c? cos* G, prove that one of the, sr;gles
A, B, C ig determinate, and find it

22. If £, CAX =90° prove that 3uccosAcosC =2(c? - q’}\\
23. If @, b, ¢ are in A.P., prove that
eos A +cosC —cosAcos G +§sin Asin G0
24. ABC, ABD are equilateral triangles in pefpéndwular planes ;
ealeulate £ CAD. 2\ .

25, If B =0 =2A, prove that lB—%.

4
"

26. If DT, DT’ are perpendicular to RB ;'KC, prove that TT =5

27. Prove that the tangents at A, ,B C to the eircumcirele form a
triangle of area £R2®tan AtanB; tan C.

28. Prove that the radii omehe cireles which touch AB, AC and the

circumcircls are rsecsé g sect A [Uge Inversion.]

g B secTy

29. If I, m are the disected lengths of the perpendiculars from A, B
to any line th rough{’C, prove that

?ﬂ’ +bPm? — 2ablm 008 C =4A%

[If A and are on opposxte sides of the line, I and m must be
regarded osﬂ‘.e in sign.]

30, Pr;m?s tha,t., if a>bw>e¢, the length of the shurt-est line which
blsﬂcts~the ares of ABG ia 1/(2& tan 3C). :

8YNIf the angles of a trisngle are calculated from measured
Qlues of the sidee, show that the small errors satisty

el . B.de
aA_2A{8a —e0sC.db —cos »

32. If r is caloulated from measured values of e, b, ¢, show that
the error due to an error z in a is

%(BRcosA -f).



CHAPTER 1I
PROPERTIES OF THE QUADRILATERAL

N
Notation. In dealing with a quadrilateral ABCD, we ehall denote
the anglos by A, B, G, D, and shail represent the other elements {Qee
Fig. 16), as follows : LM

N\
AB=a, BC=3, CD =¢, DA=gh
A P
AC=x, BD=y, AOB =4 ~.? }
s=i(a+b+e+d); §=hrea ABCD,
€ We assume the quadrilate?alds be convex.

Fia, 18,

The Cyclic Quadrilateral\“f & quadrilateral is

known to be cyclie, and if the lengths of th&gides, in order, are given,
it is possible to calculate the cther elements of the ’

figure. Formulae for 8, x, y, the circipradiug R,
and the angles, in terms of a, b, e0d tay be oh-
tained as follows : . _ o\
The area of . cyelic guadn‘lazé%}z'l is
V{ls-2)(s -b) (s~ c)is - ) ).
Weo have S=AARC + AACD ;
% #8=2absinB +2edeinD, ...
Also a? +3% - 2ab 08B =2 =2 +d*% — %ed cos D
C SRR B et g7 —9b cogB =2edeosD, .............. {2)
From (1) anh(2), by squaring and adding,
1852 £0a% + b — ot — @) = 4a2p? 4 go8gt 8abed cos(B +D) ...(3)
\' n/ =(2ab + 2ed)?, since B +D =180°;
o U682 = (20D 1. eyt —(a® + 52 — 2 — g2y
ot ={{a+b)' ~(c~dp} {(c+d)2 - (a -y} :
\ ™ =(a+b+c-dia+b-c+d){e+d +a-b}e+d -q+8)
={28 - 2d})(2s — 2e}{25 — 25)(2s - 2a) ;
S B=o/{(s-a)s-1) (8-cj(s -d}}, sreeersnene e {4)
This formula was first given by the Hindn mmathermnatician Brahmagupte

{630 a.p.), hut he believed, wrongly, that it beld good for any guadei-
lateral. The Greek mathematician Hero: had, however, pointed ont that

b 3
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the general quadrilateral is nob determined by the four sides slone. An
n-sided polygon is determined by 2n — 3 elements—a simple framework with
n joints is * just atiff * if it contains 2n ~ 3 rods, :

The diagonals of a eyclic quadrilateral are given in terma of the sides
by the formulae

£t =M . (ac+bd)(ab +cd)
ab +ed ' - ad +he
Since @ =q% +b? - 2ab cos B,
and 2t =ct +d" —2edcos D =¢? +d3 + 2cd cos B .
S (ed +ab)a® =cd(a® +b) +ab{c? +d2) O\
=ac{ad +bc) +bd (ad +be) ) ;:\ ”
={a¢ +bd}{ad +be) ; _ :,,}."
. x,_(ac+bd][ad+bc) _

ool ) \~(5)

The formula for # is proved in the same way.
By muliiplication, we have Piolemy’s Theoremﬁ\ ) X

xy =ac +bd. ;C\a.v(ﬁ}
e x ad4+be '
By division, we have :'} =" >

"

The circumradius, B, is given by &°
4RS = 4/{(ab +cd)(ae *+ bd)(ad +be) }.
Using the forrnula B =Z—b&c‘for.é triangle, we have

- 4R. gAB@T:kxbw and 4R .AACD =edz;

- adding, \\ bd {ad ; }

D (ac +bd){ad + be
4Rsz{?¢w)x=(@+d)d{ﬁ__w®+d _}
L0 s = y/{ (@b +ed) (a0 +bd)(@d +50) o)
The A{gré's' of a cyclie quadrilateral may be found from formulse

ke AN" 24 B —c? —d3
N\ i B 28 cos B2 +b% -¢ )
AN L v U O | R
.y#hieh follow from equations (1) and (2}, p. 24, in virtue of B +D =180°
\E‘mm (8) it is easy to obtain _ .
B_(s-a)(s-b)

255G e -0

The expreasions for «* and y* are easily remembered, if this is desired, by
noting thut the sides paired together in the denominaier are on the same
side of the required diagonal. :
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o EXERCISE II, a, '
[The results in this Exercise refer to eyclic quadrilaterals.]

1. Find the area of the cyclic quadrilateral whose sides in order
are 4, 5, 6, 7.

2. With the data of No. 1, find the lengths of the diagonals x, y.

I

3. With the data of No. 1, find the length of the diameter of the .

eircumcircle,

4. With the data of No. 1, find the interior angle botween the
sides of lengths 4, 5. N

(8 -a){s-b) O
21g =L %/89) « M
5, Prove that tan %Bu{a_—cj{s—d)' -. ~\

6. Prove that (s - b) tan $A =(s — d} tan 4B. AN

7. Express tan 4G tan 4D in terms of the sides, ~"‘~.\\
8. Prove that S=1tanA{a® —b? - ¢? +dg),

9. Interpret the results obtained from theformules for §, cosB,
and R by putting d =9. &<

10. Simplify the expressions for 8 and tah® {B when o +c=b +d.

What is the geometrical meaning of thisiedndition ?

11. The sides of & guadrilateral taken’in order are 7, 4, 4, 3, and
the angle between the first two is 60°; prove that the quadrilateral
ia gyclic and find its circumradiug) s :

12, From equations like a? =A0? +OB? — 2A0 . OB cos 6, prove that
Zzy cos =1 +d3 — g% - 62, sd\deduce that
a8 (=B -d)
&\ 2 (s—a){s-q)

. N 23
13. Prove thai.s“s.q;.n ] =+ 5d°

N .
(YOA_OB_OC oD ac +bd
1. Provertlind 23= a5 5o ~ o7 =\ | (@b + ady(ad 753
15. Express BO.OD in terms of the sides, _
16, I£.AB, DC are produced to meet at P, and DA, CB at Q, prove

LaBA ca _ QB .
'ﬁhaﬁ'd‘ﬁb_c—%'ﬁ- and deduce expressions for QA, QB, QC, QD

%1‘; terms of the sides. Write down similar expressions for PA, PB,
C, PD.
17. With the data of No. 16, prove that the other point of inter-
section K of the circles QAB, PBC lies on PQ, and doduce that
PQ*=PK.PG +QK.QP=PB.PA +QB.QC '
=(ab +od) (ad +be) {ac (¢? ~ )~ + bd (d* - bEj5),

W
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The (teneral Quadrilateral. Equation (3), p. 24, is applicable to
any quadrilateral, and it may be used to calculate the area. The
equation may also be written '

1082 =442t + 403t — (@® +b* —o* - d%)® — 8abed cos(B +D)
=(2ab + 2ed)? — (a? +b2 — ¢ —dF)? — Sabed{} +eos(B+D}}
=16(s — o) (s —b)(s —¢){s —4) — 8abed {1 +cos(B +D} 1
: ason p. 24;

s Bt={s—a}(s-Db)(s -e){s ~d) —a.bcdcos’E-;—-D. ......_.........(?1\\\

If the lengths of the sides of & quadrilateral are given, equa.tip:i:{\Q) )

shows that the area is greatest when cos 1(B +D)=0, i.m.?gvhen
B+D=180°, Therefore ike area s greatest when the gugdrﬂazeml )
is cyclic, _ ~

An extension of Ptolemy’s Theorem. "It was proyed in B.T., pp-
178, 179, that ' Y
Sy 5in 8 =48, crosile Fareeesninarmenses:(10)
It may similerly be proved (see Ex. ja 8, No. 12), that
2y cos § =bt +d 24 7 TERTPRRPOI § b}
squaring and adding, N )
. 4oty =1682 +E a2 -a? - NS,
subgtituting for 1682 from vion {3),
daty? = dath® + 40’{'3 ghbed cos(B + D) - (a? +b2 —ct — 7
N + (b +d2-a® -0t
2 %8 =adh? eidP- abed cos(B +D) + (b® - c?)(dt —a*);

2. xPyt = atedyHias — 2abed cos(B + D). [SSTTUTRTTURPTURIOPRRN § +)
Equatipps\'bﬁ) and (11) lead to another expression for the area.
By S\ tan 6= 4S[(0t 40P —aF D5 .
. B=3(b*+d* —a*-ctané. reerererenene(13)

N The Oircumscribable Quadrilateral. This is & guadrilateral in
which a cirelo ean be inscribed. -
I P, @, R, T are the points of contact of AB, BC, CD, DA, we have
AP =AT and BP=BQ;
o a=hAB=AT +BQ,
similarly c=DT +CQ;
s a+e=AD+BC =b+d. reereeesenansesenases( 14}

L]

Q
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Oonversely, it can be proved that, if a +¢=56+d, a circlo can be
inseribed in the quadrilateral, see Ex. IT. b, No. 8.

Fror (14), we have
ga+e=btd=%4{@a+b+c+d)=s;
Soe—a=c, s-b=d, s-c=a, s3-d=b;

thus equation (93, p. 27, becomes

D
82 =abed — abed cos? 8+ . ¢\
2 ¢\
A T B We have therefore for the area of g &iztum-
Fra. 18, seribable quadrilateral N

S=/(abed) S0 LB 4D).  wunnes (A (15)
If the quadrilateral is slso eyclie, sin #HB+D) =si1:f‘9?0° =1;
s 8=4/(abed). s AN {16)
The in.radius of a circumscribable quadgﬂaftera} or polygon
is 3 ' p ‘\
For, if | is the in-centre, AAIB =4rms ate. ;
-\ by addition, S={r{a+b + } =ra,
For some propertics of regu!aflpo'l'ygons, see E.T., pp. 179, 180.

_{EXERCISE IL b,

1. Pind the sum of two opposite angles of the guadrilatorsal in
which 2 =13, b =14, b’e 12, d =9, §=138.

2. For the quddbilateral of No. 1, find the angle between the
diagonals. R4}

3. For _tp(qﬁadrilateml of No. 1, find xy.

4, I au¥ b =8, c=9,d=11, and 8§ =33, find the angle betwaen
the diag\ is.

8.\ a=7,b=8, c=9, d=11, and 6 =60°, find § and 2.
(6 The sides of a cyclic quadrilateral in order are 2,4, 3 5

“ealeulate the cosine of the angle of intersection of the diagonals.
\

7. Explain the meaning of equation (12) when B=D =0° and
when B =D =180°, '

8. In a quadrilateral for which g +¢ =b +d, where a d, AX is cut
off from AB equal to AD, and CY is cnt off from CB equel to CD.
Show that BX =BY and that the circumcentre of DXY is equidistant

from the sides of the quadrilateral. {This proves the converse of
relation {14) on p. 27.)

|
i
|
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9. If B + D =907, prove that z%y? =a®? +bid™.

10, Show that the area of a circumscribable quadrilateral is
Hac ~bd)tan or }(b-a) (a-ditend or }+{x*y —(ac-bd)*}

11, If a quadrilateral circurmseribes a circle, show that the radius
+{abed) .8in (A +C}

a+tc )
12, If ARCD is circumscribable, prove that
V{(ab) .sin} B = 4/(cd) . sin 4D,

13. If ABCD is circumscribable, prove that

tan 0=

of the eircle is

25in 3 (A +0C) . v/(abed)
ac —bd * "\

14, If @ +b =c +d, deduce s formule for the ares from the goneral
formula. G

15. If & circle can be drawn to touch the sides of & guaﬁrilat-eml
when prodaced, obtain a relation of the form a +b =efas

16. The sides, in order, of a eyclic quadrilateral arb 4, 3, 6 and 6.
Show that the quadrilateral is also circumseribable, and find (i) its
ares, (ii) its in-radius, (iii) the angle between thoe sides 4 and 6,
(iv) the lengths of the diagonals, and (v) the gir‘pu’mra,dius.

17. The sides, taken in order, of a hexagon eircumseribed about
a circlo are 13, 12, 8, 11, §, and . Findgand if the area is 60, find
the radius of the circle. AN

18, How many elements are reqitized, in general, to determine &
pentagon ? A eyclic pentagon has sides, in order, of lengths 39, B2,
39, 25, 33 and the longest diagonal is 85, find the area.

EASY MISEELLANEOUS EXAMPLES

\ EXERCISE I e.
1. The sides af’a“eyclic quadrilateral taken in order are 1, 3, 4,
6; find the largést“angle. :
2. Three &yelic quadrilaterals have sides 8, §, 10, 13, in different
orders. PEove that their aress and circumradii are equal, and find
the length3.5f their diagonals.
3..Brove that there is a quadrilateral in which a=b=y=85,
¢ s0d =78, x =112, and fnd ite ares.  Js the quedrilateral eyelic
< \ & If g =4, b=1, ¢ =7, B=120"=C, find d.
' B. K a=1, b= 43, c=2, A=60° B=150°, find d and D.
& When a, b, ¢, A, G are given, is the quadrilateral determined
with or without ambigunity ?
7. X a=7, b=12, ¢ =5, A=60° C=90° find d.
8. Tfa=14, b=12, c==5, A=60°, C=90°, find 4.
9. If A=90° B =60° C=160°,a=2, b=1, find ¢ and d,
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10. 7§ A=120°=B, D =80° a = +/3, ¢=5, find b and d.
11. Tf a? + ¢ =42 +d2, prave that ¢ = 00°,
12. If A =60" and B =90° =D, prove that 3z* =dy3,
" 13, If ABCD is eyelic and AD is a diameter, prove that
a{d¥ —a? — b _ %) = abe,
14, T ABCD is eyeclic and @ -~e=b-d, prove that S=be banA

Interpret the condition geometrically. - 2
15. If ABCD is eircumscribable, prove that O\
S=absin?-cosecgsinB+D. - \w
2 2 2 .\
16. If ABCD is both cyelic and circumseribable, provesthat
(i) 6in 8 =2—;’;—(_j%}; (i) tan? g=z—‘j : (iii) cos ﬁig—; gﬁ .

17. Find the ratio of the areas of two regularpelyions of n sides
and 2x sides inseribed in the same circle.

18. Find the ratio of the areas of two regulatpolygons of n sides,
inseribed in and cirenrmseribed about & given éircle.

19. The length of a side of & regular n*%ided polygon is 21, and the
areas of the polygon and of the inseribod and circumscribed circles
are A, B, C; prove that C —B <[ aitchn®l®6 = A2,

20. Prove that the ratio of thetareas of two regular polygomns of
n sides end 2# sides and of equal ‘perimeters ia

%

» 7
s —:co8? —. :
NTR 2n
2L, Ifr, end R, denote tie in-radius and circumradius of a regular
n-sided polygon of giten perimeter, prove that i
(i) 27 =75 +R;, and (ii) R%, =Ru "o

22. If & squateand & regular hexagon have equal perimetors,
prove that the'tatio of their arcas =13,

I\
"\\:..\H’ARDER MISCELLANEOUS EXAMPLES
- EXERCISE IL d. .
(1! Do equstions (9) to (13) require any modification for the
”\;}uadrilaterla in Fig. 197
\ A

Fia. i

1 e ——
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‘2. Two quadrilaterals ABCD, A'B’C'D’ of equel ares, bub not
congruent, have their corresponding sides squal ; also B =D"=90";
prove that ab=cd.

3. If ¢ =24, =", ¢=65, d=60, #=25, find §, w, D,

4 T a=13, b=14, c=12, =9, § =188, ghow that

01 cosB ~54cos D =35 and 9lsinB+054 sin D =138.
Hence prove that 138 sin D — 35 cos D =138 and find D. Show also
that #=15 or x==18-1,

5. Fig. 20 represents & *‘ crossed ” oyclie quadrilateral, What,
meaning must be given to 8 and what other sonventions should be_
introduped to enable equations (1), {2);, (3} on p. 24 bo remain tpae\! «
Obtain & result corresponding to equation (4}. \

4 :
< 3

)
Fio. 20, NN

6. With the dato of Fig. 20, find mand y in terms of a, b, ¢, d.
Show that 4 rods of lengths 8, 8, 16, 13 cannot be fitted together
in-any order to form a crossed oyoli¢ ‘quadrilateral.

7. If ABCD is eyclic and if AB) DC, when produced, cut at right
angles, prove that {(ab+ cd}m(od +bc)? ={b? ~ d*)E

8. If ABCD is cyclic gad,If ac =bd, prove that the tangents at A
aud G meet on BD. yorsely, if the tangents at A, C xneet on 8D
{ie. if ABCD is & harrgq ic system of peints on & circle), prove thab
O ac =bd.

9, A quadrilaferal is inscribed in & given cirele of radius R, and
one side subtends a given angle o at a point of the are of the circle
on the oppdsi! 5 side to the guadrilateral. Prove that the greatest
PDHSibleré'eé of the quadrilateral is 2R*sin’ %E .

10,31t the sides of & cyclic quadrilateral are the roota of
A ) ot~ 10t - g +2p =0
\ 8xpress 8 in terms of p, ¢, & h - _

11. In a cyclic quedrilateral, prove that the productions of AB, pC
et at an angle ¢, given by .

' 3 (2 =b)(s —d)(b+d)"

cos? Pt i
9= (ab +ody(ad + b0)
12. Digcuss the different ways in which a quadrilateral may be

datermined hy five of the sight elements {4 sides, ¢ angles), showing
i which cases more than one qua.drilatera.l may exist.
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13. In any quadrilateral, prove that
20t oyt —af — 1 —¢? —d9) . :
+aicHa? +? — b —d? - z® - y) + DDA +dY —at —cf —a* ~ )
+ 2 ath? + %d?) +y*a'd? + bie) =0,
14, If ABCD is circumacribable, and o, 3, v» § are the lengths of
the tangents from A, B, G, D, prove that

. abed cbs”A;c=(ay. - 338 _ N
15. Prove that the distance between the circumcentres of _ QD’G ;
and BDC 18 {asin (B 4 D) coses C cosec D. \

16. If R and r are the eircumradius and in-radius of & quadfila.fera.l
and if z is the distance between the centrea of the cireles,prove that

1 1 1 . *«°8
m+ Rop=r Stato the corresponding result fm‘ a triangle.

(If 1 is the in-centre, let Al, Cl meet the ciroumeirels in A’, C°; use
AL IA"=R? -2 =0 . IC’ to find IA’, IC’, and spbatitute in
1A% £ 102 =2R® +2z“.]"\ <
17, Prove that the necessary and sufficlent condition for the
existence of a crossed eyclic quadrilateral Wish sides of lengths a, &,

6, & in that order of magnitude is b4e>a+d. For a=13, b=12,
=11, d =8, find x and . N

18, A hexagon is insoribed in a'eizele of radius R 3 alternate sides
are of lengths I, m ; prove that \3R* =12 + Im + m?,

7, ¥i6. 21,
19, In Fig, 21, ABCD is & parallelogram., Prove that
{"y'(i) eotie —ooty =cot B —cot § =2 cot (a+ 3);
O\ (i) cota—cot B=coby ~cob§ =2 cot .

20\ ¥ P, and P, are the perimeters of regular n. inscribed
S cireumscribed o the same cirels, prove ghat gons
™ Pa~Poy

P i1 Py . .

21, The base of a pyramid is & horizontal regular n-gon. and ite

vertex i at height & vertically above the. centregof the bge.’ Ifais

the cireumradiug of the base and 26 the angle between two adjacent
sloping faces, prove that .

(h* +a) cot?d =AY tan? E .

>2asnorw, .



CHAPTER III
EQUATIONS AND SUB-MULTIPLE ANGLES

A FImsT discussion of Trigonometrical equations, for solutions from -
0" to 360°, has been given in E.T., Ch. XVIIL, p. 258. We shallnow * <N
obtain the general solutions of guch equations, and shall usually work a_

in radians. ¢\

:,.g\ o
Example 1. Solve sin § =3. \ ™
N : O
A .m'\'\."
) % NS,

Fia, 22,

13 :"\\‘;
There are two, and only two, solutions beK én 0 and 2w, (see

Fi.22, '-_“T-r- —E, ."W:

g, 22), 0 F or T~y

But any angle differing from thesq‘p:}‘ a. multipie of 2« is also 8
solution ; therefore the general sol}}tidgi‘is

P =fnw + & Vor Onw 4w ~%
(B 6
O
\ v L
. 5 N —=,
) 9\2@”6 or {2m+Lim-¢
where n is any pogjjgi{gp or negative Integer or zerc,

Eromple 2. \ﬁﬁﬁg cos B =},
¢ «0\: 4

) _ (A
{ "\;' \O)
QO
F1a, 28,

The solutions botween 0 and 27 are

T T

=— or 2w~

3 3

{aea Fig, 23y
G

33 . A%
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'+ the general aolution iy

o'=2m+g or 2rir+27r—§;

. 0=2%nr i’é’

.

here n is any positive or negative integar or zero,

Ezample 3. Solve tan @=1, . &\
O
3 & A :'"
o x O
o
Fio, 24, v
The solutions betwoen 0 and 2r are K .\'\
6T 'y .\
_; or =« +i: ) v

ee Fig, 24); "».“

«« the general molution iz N

0=2rx —i-%f.'far. 2ror b +;;
" &fp”}\‘z’
. AN o

here n i§ any pomtg\%or negative integer or zero, _

Thege exampleg‘i:llﬁstrata the following general statements :

If sin 6 =gina) then 8 =2um e op (Pn+l)m—e .o (1

It cosﬁ%\p‘ds o, then § =2n5. g,
If}a:h\ﬁ =tan e, then f =nm 4,

1ors n is any positive or negative integer or zero.
PThe solution of sin 0 =gina may also he written in the form,

=T +( - 1)Mq, since, if m is even, this becomes 2na 4. 4 and, if m
odd, it becomes (2n+1)r —a,

cretrrnerrnnenen(8)

AR LT -

Note. There are certain specially simple equations whioh ean be
ved at sight by thinking of the figure without recourse to the
neral formulae., For example the values of 8 for which cos§ =0
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are ovidently odd numbers of right angles; this gives the solution in
the form ﬂ ={2n+ I)’—;, which is slightly better then the form
S ig given by the general formula ; the two forms are, of colrse,

squivalont.
EXERCISE III &

Use figures to write down the solutions of Nos, 1-6,

1. sin § =0. 2, cos@=1. 3. tan @ =0. N
¢\
4 ain@=1. 5. cos=-1. - BosinG=-1, o\ ¢
Apply the general formulae (1}, (2), (3} to write down the solutlons
of Nos. 7-12. 4

1. smﬂ—‘/3 8. cosﬂ:-l.:. 9. tanﬂ;,\/‘:}.
V2
10. sin 8= - . 11, cos0=-Y3, 12 tanb=-1
2 x'\ w

Solve the following : '\ &
13, cos26 =1. 14, gin 38 =0, WIb. tan 48 =0
6. sin30= -1, 17. tan30=~1, | ™ 18. cos48=0.
19, sin @ =coa @, 20. 311134-0059 0.
U, sech =2, 22.5 cosec& cos60 &

s.’

3011}0 useful methods of géiving equations are illust.rated in the -
 following examples : ,"\\

Erxompls 4. Solve iﬁh’ﬁ 1.
This may be wnttem

:C\ 2(1 —coa28)=1,
o} cos2f=4%; .\ 29=2ﬂﬂ':|:§3

O o
W\ ) - 3=mr:l;-.

’o

“u Tﬁﬁ procedurs just adopted is more convenient than using eguntion
\/ 140 solve sin = 4.3,

Example 5. Solve sin 70 =sin 56,
From equation (1),

T9=50 +2%nr or T0=w-5842nw}

S G=nw Oor —
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Ezample 8, Solve tan A = ~cot 24, -
Chis may be written

tanA =tan (E + 2A);

- A=nr +g+2A H

x *
S A= —nr —§ =mmT - E.
ere m is any integér or zero, This result is equivalent to

A=kr +ﬂ§-_ ) ...f ’.‘Z
_ : N
Example 7. Solve sin 20 =1 + cos 26, \J

Pirst Method, 2 ain 6 cos 6 =2 c0s? 6, \
. A\
Soeosf=0 or tenf= 1*;.}

o B=(2n+ l)g 10? kT +£.

L

ich is applicable to A coa 6 +B sinf=C. Wae have
sin 20 —c08 20=1;
o -—lm sin 20 i

cos 26 = LI

ve \" v2 VX
¢ .i‘“}. . e T s ﬂ--
\\ LR 5“.1 (2 - ‘4) -=:B1E), I H
X '\..i:,..‘zﬁ - E =2nr +E or %nw+ §’_";

%

Second Method. This consiats in ,gt};iplying the general proeeéﬂ

& 4

N
An alteristive method is to express the sine and rosine each in
my of\the tengent of half the angle (see .7, p. 263). Eguations
hléaf‘b?pe should not be solved by methods invalving the. squaring

both sides; for sines this Process i3 not reversible the solutions

ained need not necessarily satisfy the equation, and testing
Omes NOCESSATY. . :

N S B=nw +s op (2n+1)1;.

Example 8., Solve sin 20 =gin §.
Using the same method aa in Example §, we find

8=2nr or (2n+1)T,
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d this result follows also by using
gin 26 —sin 6 =2 cos $0 sin 6.
We can, however, write the equetion in the form ‘9 gin @ cos 8 =gin B}

s, snf=0 or cos 0=%;
s, G=nr or 211,:.—:[;%.

This illustrates the fact that differend methods of solution some- Ay
times give results of different forms; in the present example th@ N
aggregate of values of (2n+ 1)1_—; can be separated into two parts,

thoss for which 2 + 1 is and is not & multiple of 3; the firsof these
taken with the values of 2nr just meke up the values of 7, and the

second part is the same &3 the values given by 211{ i%

AN
L
EXERCISE Il )

Solve; XS

1 2costf=1. 2,%¢08 78 =cos 56,

8. sin 30 =sin 76. i sin 30 =cos 20.

5. sin 66 +sin 6 =0, 3 6, sin 50 +cos 30 =0.

T. cot 58 =cot 20. 8. tan 30 =cobd4f.

9, sin26=1-cos28, . 10. sec  =seo 20.

11 8inB+v’§.cos§§}.’ 1%, cos b —sinf =1L

13, sin 30 =3 sin g\ 14, 3sin 8 +4cos =2}

15, 4cosﬂ=coé;&: 8. ' 16, 13sin8 ~84coad=1T.

17, cos0 149890 +cos 36 =0, 18, ain70=sin 0 +sin 0. °

19. 00\3@£c03300326. 20, tan O + ten 26 =tan 38.

., ‘?:008 Bcos20cos 3l =1. 29. sec 8§ +cosecd =242,
”":23’\{%03394-5113:1 +8in 26. 24, tan 8 +sec 20 =1
\ V5. cosx +tanasinz—}seca.  26. cosBroos 7 = cos b o8 32

21, oot —cosec 2z =1.
© - 28, cos{x —a)coa{x — 3) =cos acos 3 +sinta,
2. cos’z —coswsinw ~sindw =1,
:30' cosec da — cosec 4o =cot 4a - cot 4z. S '
81, tan (oot 8) = cot (van 6. 32. tan™t GT:%) =ttanie



38 ADVANCED TRIGONOMETRY ?

83. Discuss the solution of sin 8 +00s 8 =% when (i) & =1, (ii) & =1,

(iii) E=3(1 + /7). _
84. Find 6 such that ten ¢ = v'J and see § = - 2 simultaneously,

35. Find & such thab sin 0 +sin 3% =coa 8 and sin 48 =12§ simul: -
taneously. :

36. Show that the aggregates of values given by D\

r - " (N

(2ﬂ—1}§+(*l)"§' a-l:l.dby 2ﬂ7.':b§ Ve \ e

Ny

are identical, n being any integer or zera,

37. Are the aggregates of values of n:r+g and “n(ig identioal

£
< \ .

7 being any integer or zero t

D)
MISCELLANEGUS Eqvggm\ns

Bxample 9. Find from

graphical congiderations the number of
real Toots of =371

—sinz}, & being measured in radians.
R

ol Bketch the graphs of

The equation may be written, sidar= 1 -—-33:-

¥ =sinvg and y=1- :7;5 .
N m
AN .
' - e et m—— e s
0 41'!/\5# . dwr/L

"\\'"Th h of y= —--z_ 3 . . s
Aor, ~ 15, ® ¥=1"g; s the straight lino joining (0, 1) to

'Ittsis evident that the twe graphs intersect at 1, and only 7,
points. .

. the equation =37 (1l ~sinz) hag 7 real roota,
Approximate values of thess

Toote may be found Iy lotting the
graphs carefully ; gee also Chapter V. Example 4, p. 8y2.p 8
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Ezample 10. Solve sinz +giny =sine; cos -+Cosy =0a8C

We have* 2sinTc.os——2—-=sinc. (1)
end 2cosmmsu=cosc; SUUUUTUUTUUPRRU |,
2 g
2. by division, ta,n:E-l-—y=tan Cy
. 2 a’n\
since cas“’—;—y+o. as this would involve sine=0=cosc; AN
¢\
g ?-;lzmir+c; 0}1)
) sy N
»~ from {ii), 2 cos(mi -+ 6) 608 —= =008} o7
2 m\\~
o2 -l]mcosccosx_yscosc;- ’
S ifconc+ 0, coaig—?—" =% (- 1)™ =cos (m?:\-rﬁ),
- T « \J .
_2_"'{=2mr:1:(m:r +§),“,::{w}
» from (iii) and (iv), o8
& =2(n+mix +t;:}-% or 2nw -i—ﬁ—g- _

~\ : ¥
Y= _%}oﬂé or 2(m—n)vr+c+§.
These solutions gy be written
;f}c’:=2pr+c£§, y =2qw +c:F’%;

Zs)
where p, g/éizé/any integers and the upper signs are taken together,
a3 also il\\Qlﬁwer signs. :

'Iifgésc=0, msx;—y must be zero; .. g4y ={2n+1)m;

N . . .
} . ginzp+sing=sinc=-=+1;

o osine=d;
T ™
Soe=mrde Y =(2n -m+ 17T g
* This solution illustrates some points of importance; other methods

:ofﬂd be shorter for this particular example ; e.g. the answerd might be
Titten down by geometrical considerationa.
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1t happens that these solutions are contained in the previous
eneral solutions, but as cosc+0 was assumed in ohtaining the

eneral solutions, it could not be anticipated that thiz would be
he case.

EXERCISE IiI, e,
1. Bolve graphically ==cos z.

2. Solve graphically = =cos? x, O

3. How many rocts hes z=10sinx 1 O
4. How many roots has 2z =3x(1 - cos x)? ¢
5. Bolve graphically #*=4(1 - sin ), D

. L&
6. How many roots are there of  + tan 2 =E, whichhie betwser.
=0 and z =7,

%

N
7. Find the general expression for the r ’gr;} of values of § if
=+£=4cos 8 i eatisfied by two values of &)

8, Show that the condition for sin';m_(&os z+8in z)=c to have
oots is ${1+vB) e {1 - vE). O

9. Prove that see = 4 cozec 5:&' ,iias two roots betweon 0 and 2r
 ¢® <8, and four roots if g% 8, :

10. Solve graphically by ‘Q geometrical construction

cos 0 +{im’¢=a, sin 8 +ain ¢ =b

here @, b are givenypositive numbers. What limitation ia there to
he values of @ and § 1o ensure that solutions exist 1

How can the caés when a or b is negative be dealt with ¢ -
Bolve the qapia.ﬁiuns in Nos. 11.20 :

11, E?&;y}:i’ €08 (z —y) = -!22-
12.%€08 % cos y =} V5, sin z gin y =3v'3, -
33 tan v=sin 3y, sin = =tan 3.
14, sin%z - sin 2 =sin = sin y=sin?y +sin g,

16, cosa+ V3siny =2cos(x 4+y) =

16, =in & +ain

v3coswx ~sing.
© and 360°, ¢=%2; ¢os 8 4-cos ¢ =%, for values of 6, ¢ botween

. Is.li:'d53sﬁi(r]l°.m -Esiny=1; Beosw -2 cox y=4, for values hatwesn
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18. cos(z + 3y) =sin (2x +2%); gin {8z +4) =cos {2z + 2y) given that
.\:—y%2nfr+%. .

19, tan x =tan 2y; ten y=tan 2z; tan z=tan 2z for values be-
tween 0 and . '

90, sin 2 +8in 2y =sin y +5in 2z =sin 2 +sin 2z =0 for values be-
tween ¢ and .

Supmultiple Angles., @iven the value of cos 0, to find the values of*\ «
gin 36 and cos §8. : N

N
From the formuiae, g W
l+0038=2005’—8-, l—casﬂ:ﬁisin’ﬁ—, \ )
2 2 RS
we have cos%:i*\/ﬂl +cos f), &in %:iv’i(l <o 0).

RN
The ambiguoiis signs ere due to the fact it does not follow
from cos @ —cosa that 6=a; the correct éonclusion is @ =2n=Ld,
from which O
cos g =cod (mr:l;%): :l:pos g, _

g

. 7] ~”.' a .
and in D —ginl nrd =)= g
. sin 5 Slil(ﬂﬂ‘iz) :I:’i*lIl2

The ambiguity of &i :‘c;n, of course, be removed if the actual
Eﬂlue of § iz given this is done most easily by reference to &

gure, O
\<" noa
L s ~
..s' Fra, 26,

(\:»}:r exampls, if §=400°, casg( —e05 200°) is negative and
fin ﬁ( =sin 200°) is also negative, thus, in thab case. the minus

Bign must be taken in both formulae, For the general'results,
Eﬂe-Ex. II1. d, Nes. 2, 3.
Given the value of sin 9, to find the values of sin i and cos 36.

We begin by finding sin g +co8 -g and sin g —cos 5.
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Bince -

B, B\ .6 8 § f :
in . +008 5 ) =sin’y Scos s >=1+sind,
(311.1.2+cos 2) B0 2+2 51n29032+q0§ 3 +51n.

gin g + caB g =+ +/(1 4gin §), PN 3|

nd gimilarly

aing —'cosg =2 V(1 =88 toreiereecrnraeen e £B)

On account of the fwe ambiguous signs, there are four pqgéi%i}iﬁas.
rom gin ¢ =sin ¢, the conclusion is ’

'\‘\‘"
L .

=TTy OF Ao N

a\./

hence ina— gin 2 o q"\:':\
=+ E_:k 3 o_r +0 S‘E"’x
Wl cos? =1coss or ;'};:si;"&
| 2> 2 &Nt 2

If the actual value of 0 is givefﬁ‘it is possible to remove the

nbiguities, For example if ’8’=v320°, then g=160°, 80 sing is
.- g . L

seitive and cos g is negja.ﬂ;l}; also the cosine is numerically the

¢\

oater ; thus; in that b@e,

o L teosd o _ v(1 +8in 8)
¢ 2 2
1d ’;\ si.ng—cosg=+~\/(l -sin 8),
\© 2
| N\ .8 , .
hengs, \ 28in 5= ~ 4/(1 +3in 8) + /(1 ~sin §),
:..QW 0 '
2cos§=—v’{l+sine)—v’{l —sin 8},

For the general results, see Ex, I11, d, Nos. 9, 10. .

We can also determine for what values of § a partioular formuls,
1ch ag .

.8
23m§:: + /(1 +5in 8) - /{1 —gin )

+
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wili hold ; for this requires

Bing+coag= + +/{1 +sin 6},

. @ ] .
Bmé—-—cosé_ —~4/(1 —sin 8).

] ]
Now aln2+cos =+/2sin (2 4)

% N
oA\

which is poswwe for 0< Z+ R therefore the first result holds ‘
if the angle é(_mf_)(OP) is such that its arm OP lies w1thm t.ho
angle shown in Fig. 27.

F16. 27. _ R 7 Fe. 8.

- 8 suy
Bimilarly, sm% - cos 5 = V 2 sin (g Z)

and so the second resuit holda 1f 'OP lies within the angle shown in
Fig. 28. Thus for both restlts to be true the arm must lie within
the angle shown in Fig.\»‘{gy”

o

i NG )
is. {8n_1)f.,<§< (8n+ 17,

% -0 %
or (3ﬂ‘\1)—<9<(8n+1)2 N\ .

Gwm’% value of cos 9, to find the valies Fra. 20
o m;?
~Q
\ Thel'e will be three values; for if cos §=c080 § =2nwrta
f 2nm =
353 E
R i 2. 4r 4
and gp Cosi; equals o8 g, eos (g + (—;), or 003( 3 + 3)-

| &

Henea from the 1dent1ty cos 6 = ¢ cos? - — 3 ¢o3 g, it follows that the

3

N\
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. 4 . &8 .
values are the roots of the equation 4 cos’§ -3 cos z=cosa, which
9 .
is & cubic for cos 3 B
Cubic Equations. The general cubic equation
. ax® +3b2® 4+ Bew +d =0
oan ba transformed by the substitution

A
y=ax+b into y +8Hy +G =90, A\
where H =ac -5 and G =a%d - 8abe + 2. ' A Py
The further substitution ¥y =% cos 8 gives ) "\ ’
KBeos'f +3Hkcon 0= —G, N
and if k is chosen so that &%: 3HE =4 : - 3, this besomes
heo0-3congm O
. _ 2H '\{’-xﬁ .
|’
or : : 008 30 = 2
LY —H
and Ji="—dH.

From this, it ma.y.be possibld t;; find 28, and thres possible values
of cos §, giving three values,of y and hence of ..

The conditions for the Qbssibility ere that H ghould be negative,

d WV numaii{ally less than unity. Boph conditions are
eluded in (% s, erenreniese s enres s {6

This is previsely the eondition for the cubie equation to have three
real roots, And this method of solution is applicable therefore just
to that cada in-which the usual algebraic solution breaks down,

O
3 \\ EXERCISE III, 4,
SO 1. Give the.signs to be used in the formulae .
\) cos 36 =4 N/ {${1 +c0s 8)), sin 40 = 4 /(3(1 —ocos'8}}
when § is (i) 70°; (ii} 110°;. (iii) 200° ;
(ivy ~50°; {v) 300°; (¥i) 3000°,
2. 8how that :

(i) cos 36 = + {1 +cos @), if (4n

i “Dr<balantl w;
("}°°3§3=‘Vfi(l+case}}, T8 (dn+l

U {4n 417 <8< (4n 4 3) T
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3. Obtain results like those in Ne. -2 for ain 40,

4, Determine the signs of sin 30 +cos 10 and sin 1f —cos 48 when
0 is (i} 340°, {11) 480°, (1ii) 1360°,

5 I 0= , prove 2sinf= —a/{1 +sin 6 + V(1 ﬂsmﬂ}, amd

obtain the formula- for 2sin 36, when 0 is

o U @ 5 e 5
8. Deotormine the signs in Zeosif=+ 1/(1 +sin @) £+/(1 —amﬁ),
when 0 is in the neighbourhood of 280°. LM
7. Determine the signs in \ O
2sind = £ (1 +a:n28}:};\/(lﬂsm28], KN
when 6 lies between 495° and 585°.. K [,
8. Determine the signs in \%
2 cos § =+ /(1 +&in 29);|: V{1 - sm?@}.

.

when 20 lies between 5 3 T and 3; . \

g By writing sin g +CcOB g in the form) \/ ‘j sin (g*&) , show that
Bln2+cosg~— +4/(1 +sin 0), if (4n ﬂﬁk}'rr< 9 < (4n +3)m, and that it
=~ /(1 +sin 0), if (dn+Fir< B<{4n +3)m

] 8
. 10, Obtain results correspgndmg to those in No, 8 for sing —cosg-

Determine the ran: sf\values of 6§ for wh1ch the following resulta
{Nos. 11-14) hold: ge\o\

oy B e .
11, 2sing = 4:-5.((1 4 sin 8) + /(1 —sin 6).

: BERR S _
12, 2(:083’\?’-}-\/{1 +5in 8) - /(1 —sin ).

13, 2600 = ~ /(1 +5in 26) - /(1 —sin 26).
14~ Deos 0 = — +/(1 +sin 26) - v/(1 —sin 26).
& 15 Draw figures and use’ f.hem to obtain the possible values of

m29 when (i) cos § =cos 120°; (i) cos=cos 300°,
18. Draw figures and use them to obtain the possible values of

e85, when (i) sin 6 =sin 60°; (ii) sin® =gin 240°.

17 Prove that cos g —}4\/(2 +4/2), and find sin 575 16
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. 8

18. If cos 6= and (4n - r < 8 < dna, find 8ing,
' @
19, If cor @ = —,'gand{tin—l)ar<9<(4n+l}n-, find cos 3

3°
20. Express tan g in terms of tan #. Determine the ambiguous sign
for the cases when 4 is hetwesn . L

o T " 3= -

(i) 5 and =; {ii) rand 5’ ; (iii) 0 and T, N

2 2 ) 2 O

21, Prove tan # +-cot =9 cosec 2z, and use it to express tan\ﬁ if¥
ferms of sin 8, o g >

22. Prove tan 16 = 4. %-;'—_%?)__x and show how to detpfrr}i‘fne the

sign, . .\ ¢
23. If sin 0 bas the given value sine, find the poesible values of
sin g, )
3 N

24. Draw figares and use them to obtaig\'q.lié possible values of
cos g » When (i) cos § ~cos 60°, (ii) cos 6 < 2o8910°, .

» Q™
25+ vaq that sing =( - 1)[2’].-\('{}{1“ —cosf)).

26. Solve (i) 2% - 12z 4.8 ¢ ) 2° — 122 =4,
27. Solve (i) 2® — 274 - 212Q; (i) 28 - 272 + 40 =0,
28, Solve 2?4 3% 92~3=0, ’

29, By putting « = &b’sl é, reduce the-equation a% — 62 +5x +1=0
to the form cos 56 =¢ and hence rolve it

Inverse Funptigns. The equation y =sinz,
tion for 2 in_termis of a given numher
an unlimited mumber of solutions,

regarded as an equa-
Y {between -1 and +1) has

i bbb DL LU TS AT, N

\y \/lo .w.\/n sn\/ﬁx |
-1 ) - . . .
F1a. 30, L .

* (2] denotes the greatest integer that is nos greater thaxg z; thua[}1]=3,
[6]=5, [~4]= - 4, and { —§]= -3, o
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I{ #=a is one solution, the otliers are
r=2r+a and z=2n7+wr-a.

The equstion # =sin~—ly will be used, at pressnt, to signify that
z is equal to one of these values.

Similarly cog 1%k will denote any one of the angles whose cogine
is k, and tan—'k any one of the angles whose tangent is k.

Thus sin=ik, cos—1k, tan—1} are many-valued functions of &.

Relations between Inverse Functions. Ordinary trigonometrir;a’l‘~>
identities can often, with advantage, be expressed in terms of ¢his

inverse functions. For example, from AN
#wn 8 -tan §’ 14,
— ) ———————5)  sasernen AN |
tan(0 - &) 1+tan 6tan 8’ 2N\ ()_
by putting tan 8 =m, tan 8 =m’, we get O
INY
o mom <!
(0 0=
which may he written ’ . WV
o\ ¢ s
6 -0 —tan-lem
cog Hmm
O m-m’
or tan“lm—ta.n-qut«:tan“lﬁn—ﬁ?........ ..... vevressirenfB)

. This form happens to oBS. more convenient for certain purposes ;
it only implies that when any value of tan~*m’ is subtracted
from any value of{Yan—im the result is one of the values of

P\ m-m’
O -1 "y
O el gy _ _
Simil““'}{\:fl%ﬁ the expansion of tan(f +8') we deduce the result
R\ m +1’
L -1 1’ =tan—! ' ernnasranaunsrrnne(
AN tan—'m + tan—m’ =tan T —mm’ ( )_
“\Sintilarly from '

N\ sin(a + ) =sin a cos 3 +cos asin B,
by putting sin o =2, sin 8=y, we get :
sin1g +gin-ly =sin= { z /(1 -y} +y /{1 -2%) SR § )
end from cos(a + 3) =cos a cos § —sin asin B, we get
00871z 4 cosLly =cos 1 {xy — /(1 —at) . /(1 -y (1)
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Equations like (7) and (8) are really alternative statements of the
same fact, and the reader should try to pass from one to the other
without going through the process of substitution,

EXERCISE II, e,
L. (i) Prove that cos—1z = Lgin-1 (1 - 22},
(ii) If eos™12 =tan—1p =cospc— ¢, ©Xpress p and g in terms o'f &
2. Iftan~tz =sin1p =cos—1¢ =cot-1+, express p, g, rin termsiobe,)

3. How can you eonstrust geometrically cosec—? i1z UBB the
figure 0 express this angle in the forms, eos~lp, tan~1g, 0

4, Prove that sin{cos—lz) = + /(1 -2}, , :
5. Express in terms of = {i) cos(sin1z); (ii) tan,(‘sﬁt“z).
6. Prove that the general valus of 2 cos~lz eqagls
2nrto0s1(22% - 1). ,:\\'
Give two simple values of 2eos—tz +eos (222 1),
7. Express 2sin-1z in the form sin—Y "
8. Prove that cos—z=4 2tan-4 A “%i—:
8. Find the simplest value ?f{tfiﬁ“‘ i+tanly,
10. Find tho simplost value ot
4 tan~3 {tan—t 4 1 tan—1 3
¢\ 1-g8
11. Prove that taﬁ\*!.z-—— +1cog—! Tiz7
12, Simplify cog (2 sin-1gz),

18. Find a ydili6 of z, such that tan-1_ % _ 3 tan-11,
N 41 x

14. Exprofy 3sin~\ in the form sin—ly,
15. FiQ‘d & simple value of cosee—1 /5 4+ cot—13,

16, Find the general value of tan~t(cobx) + cot— (tan 2),
1% Evaluate s0s 2{tan-15 +tan—ly},

\ W b +acose via -b} T
12 79e08% -
} 18. Prove cos boogg =2 tan 1(‘/0} b}tan §)
19, Prove

tan (tan—1e +tan-1y 4 tgn—1 z}=cot (cot™z + pot1 y +cot1z),
20. Express gin—? P =goa-l

9 88 an algebraie relation between
pand ¢,
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21 If tan—*p +tan—' ¢ +tan~lr =— , prove gr+rp +pg=1,
22. If costa 4 cos~1b +cos~le=m, prove that

- ) a? + 52 +¢¥ +2abe=1.
Find the simplest solitions of the following equations s
28, cot™12=cot 3z +cot™ 7,
24, tan—'x +tan—(1 - &) =tan? g- .

2 7w
25, -1 ~1
tan—lx + tan T iat TR '
* 28, Beost(227 - 1) =, N
_y B —a? *O
27, 2tan 11 TA= T ,\\

%

MISCELLANEOUS EXAMPLES)

S 3

EXERCISE HI. £\"
Solve the equations : {Nos. 1-10). X%

1. tanz + tan 2z =0 2.38in 3% +cos 2 =0.

3. sinz +sin 3z =2 cos 2, N 4’ gin?x +cos Jzcosr =1,
5t&na:+ta;n(a'+a)+tan(a:+,8} —tan & tan {z +a) tan (2 + 8k
« tan g oot ( +a) =tanB ot (8 +a).

» COBECOS O +smas§ﬁ:&.—cos(a¢ ajeos{z —b).

v Bin (36 "‘é)‘:{zfgfn (B +§).

0cos § —’B&“a;ln =37,

10, sin B{Qm 28 1 sin 38 +sin48=0.

1. Iis&asee 6 4 tan a tan § =sec 3, find ta.n}ﬂ
IQA\F,lﬁd for what values of 0, 2sin § —tan & > 0.

N

\13* ‘Bolve z +y =2a, cobz -+eoty =2 coba.

_q:oo-am
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5.

14, Belve a¥cos 8 + b2 cos ¢ =c?e08a; atsin § +b2sing =c?sina

15. ¥ind all values of =, ¥, such that
costzcosty +ain?a sin?y =L
18, Solve '
€08 & + 08 y =cosz, cos 2z +cos 2y =cos 2z,

cos 3z +cos 3y =cos 3z,
AT >
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17. Bhow that the roots of
o0t 8 cos{@ - @) con(l ~B)eos(d - )
—sin @ gin {§ —a)ein {6 — 3) sin (8 =7y} =cosacos Bcosy
are §=nr or nur+tan- }{tang +tan B +tany +tanatan g tan y).
18. Prove that the roots of ta.n’xta.n%:l also satiefy

eos2x=2 — +/5, .

. O
19, Investigate how many values of sin @ (between -1 and’ +1)
satisfy sin®# - 2esin § + 6¢ — 6 =0 for various values of ¢. \,

20. Discusa the solution of cog?z — 2m cos & + dmf + 2SR =0 for
various values of m. ?

21. Show that if bhcos 6 +aksin 6 =ab has rootefor cos 6, they
always determine valuecs of 6. ¢

22, Express smg in terms of &in §, when ),sm\ the neighbourhood
of 420°. For what precise neighbourhood jx}hé result valid 7

. 8. s o 1 /(1 —sin 8) d
23. Prove that tani is one of the }fgluaa of Tz V(1 Tsme)’
find the other valuea, RN :
o AN
24 Prove coag={-1)" * LA}l +cos 9} (Ses footnote, p. 46.)
25. If p is an integer &ml —1< g« 1, find the number of possible
velues of sin &, such that! {B) it 2par =g, (ii) sin Zp+1)z=q.
26. Solve af - 51023:“\1&&:‘2: =2k cos g, Tor » in terms of g and k.
implify, Gt L "9 | pory I=7 '
27, Sll’npllfjt ‘t.g.n i +pg+tan 11 Yyl

7\ 1 L1
28, P that tan—1 = =tapn-1_ ~_ 7
me\ I P p+q+tan Pipgal
29, U’s\e the result of No. 28 t¢ eXpress Ein the form ta.n“‘* + tan—t}.

N
\#l80 express tan1} and tan— % each in the form tan-1 L 4 ta.n“’—i
where m and n are positive integers, m

80. Prove that §=2 tan'} +tan1} 42 tan=1 2,

31, Prove that T;';=2 cot™ 5 4 cot1 T 4+ 2 got-1 8,
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_; coz0 Feosd - - 4 4:)
. 2. Prove that cos T +oos oo 3 3 tan (ta,n 5 tan 3 )
33. Find « if one value of cos2x +cos™ 22 equals %

34, Find a value of x between 0 and g, such that
V(m? - dx?) =sin—L{cos x)s

61
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CHAPTER 1V

HYPERBOLIC, LOGARITHMIC, AND EXPONENTIAL
FUNCTIONS :

'HE trigonometrical functions are celled circular functions, becqush\
hey arige naturally in connection with the geometry of the gifele:
here are other functions which are associated with the geometry
f the hyperbola and may therefore be classified as hyperbolic fune-
ons ;  this name is, however, usually restricted to cortain special
inetions of this group. We use it, in this Chapterfin’s general
BNE. Q)

In developing the argument, we shall make use of gedimetrical ideas, and
specielly that of an area bounded by a curve. At a first reading, the
asoning is more easily underatood if this meth dds followed. Bub it is
nportant to reslise that the functions thergelves can be regarded as
urely analytical and that their properties‘esm’ be obtained by purely
rithmetical arguments, The mors abstrast/line of approach will be
llowed in the companion volume on Analysia.

The Area-function for the ggctaﬁgular Hyperbola, TFig. 81
hows part of the graph of the-faetion 1

1
=_i thiz equation repre-

senta@vectangular hyperbola. We shall con-
ﬁnef‘s}tention to that part of the curve for
%{hib’h x>0
\, To every positive value of x there corre-
»\’8ponds one, and only one, value of %; and, as
* increases, y steadily decreases and tends to
Zoro &8 » incresses indefinitely. Further, if
* = tends down to zero from above, y increases
R without limip.
T}ge,}:}int (1, 1} lies on the curve, and the curve is symmotrical
bout' the line y =z, since, corresponding to any point P, (t. 1). on

\. ’
16 curve, there is the point P’, (-} , t). also on the curve.

The curve is therefors shaped as in Fig, 31.

CPnaider the area bounded by the fized ordinate CA, x=1, the
arjiable ordinate NP, z={, the curve and the x-axis. This area

NPA, shaded in Fig, 31, 4s a function of ¢ and will be denoted by the
ymbol hyp (§).
52
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Exprassed as a dofinite integral,

¢
area GNPA=§ yd;r:S"ldm;
1 1%

¢ 1
s bByp (8) =L —x—dx. SRR § 3 |

Approximate valucs of hyp (¢) can be found for given values of ¢ O\
by the ordinary methods of practical geometry, such ag counting .
equares or Simpson’s rule. ()

Tt is best to adopt the usual sign conventions of the Integral
Caloulus for areas, as follows : 4 ,,’}‘
It2>1, that is, if N is to the right of C, the ares CNPAisrepre-
sented by a positive number, : LV
Ii 0<t< 1, that is if N lies between O and G, th&apea CNPA is.
_tepresented by a negative number. \

s hyp(t) >0 if ¢>1 and hyp(i)< l{ <t<loan ()

If t ¢ 0, we shall not discuss or even defineJtyp (¢).
If i=1, the shaded area CNPA vanishes ;\/

D 77 74 - PR RN

Behaviour of hyp (1) when t ineréases indefinitely. If, in Fig. 32,
FiNi PyN,, ... are the ordinates w =2, =4, ..., & =2F, then

hyp (2% :araa.izl}.a\lkPg :

b 4
but this is the sum of  the areas
ACN;Py, PiNbsPy .., Py Ney NiPa A
and ig therefore émhter than the sum of the s f )
Breas of the ;g‘q’g ngles ‘

0 ¢ Ny Ky ¥

CN,QEQ;’ N;NgP3Rgy .on s N aNePiRES o, 85,

3131:1YP(2") ={2-1}.§+(4-2).1
O b oE-Ty L,
QO +(8—4) b+ HRE 2N
k
& hyp(2) >3 +1+3+... tok terma=5;
o bk
s if ¢ 2%, hyp) > hyp (2 )>§;

& hyp(t)—> +e, when B+,
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This fact cannot be assumed without proof. For example, if .

1
aft) denctes the area under the surve y=- from z=1 to z=t,
we have T

L | e 1
at}:j —dp = —-] =}--.
{ , H

&€+
1
o aff) tends to the finile limit 1, when £ «@ .

Behaviour of hyp{t) when t tends to 0 from ahove. Um‘ng'tl.hy
eame method a8 before, suppose, in Fig. 33, Q,M,, QM ... arg) the
1 ¢

. 1 /
¥ ordinntes T=gs X=ga, x—é—kz‘é{%&*con-
2 struct the rectangles CAS,M;\M,Q,S,M,.
M.Q,8;M;, ete. A\
8,1\Q, Then hyp(él-)c;_ 1_1’):1_(5_1).2
A E A)'2 2 4
. . ':; _1) .
0 MM,C > MO\ T
¥1a, 23, N 11 bt
RS A CT RIS R A
1 1 1.3% P
) (m) N - M —_",
YP )< "3 EXPRE to & terms 55
S0 ]““. hy'p{t}<hyp(_l_).< -7,
{‘? ok 2’

& hyp(t) \\-ao » when t tends to 0 from abavs,

2&~  EXERCISE Iv, a, _
1, Fmd\'from the graph of y=%, by some method of practical
geomettyj.approximate values of hyp {2), hyp (3), hyp (4), hyp (})-
Drimr a rough graph of y =hyyp (z) from & =}to x=4,
:»\‘.2. Use Fig. 34 to show that 05 <hyp (2) <.

\
/ F
A
oy
ol

1z %
¥, 3¢
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3. By drawing the ordinate = =}, show as in No. 2 that
-1 <hyp {$} < - 05.
4, Use Fig. 35 to show that hyp (2) lies between 4§ and §, -

J
\ﬂ..
1

4 3
O 1 T 2 )
F1s, 35. \\

N

AN

N |

5. By drawing the ordinates =1, =%, = . show 88 m No.
that - § <hyp (4) < ~ -

F taking the ordinates z=1, 1-1, 1-2, ... 19N ? show that
hyp (2} es between

011(1+%+112+.. +119) and 0-1 ( "'ﬁ\'* gt 2)
Deduce that 0-66 <hyp (2) <0-72. [Actug.lly, hyp (2)=0-693... .]

7. Show from a figure that hyp (4} {h}?p {t,), if 0 <ty <iye

8. Prove, as on p. 53, that hyp, s} <k, if & is a positive integer.

9. In Fig. 368, PN is the ordinate =t of any point on the line
y=2¢. If the area of AONP jg denoted by sq(f), prove geometrically
thab (i) sq(2¢) =4sqfe) ; (i)- Sq(t-n’) —Bq(s - ¢) =48",

Whﬂt'does (i) become if ¢ =¢', and if § =01
Iﬁterpm geometrically aq( -t)
\ 10, Use geometrical methods to prove that
) b <hyp (1) <h; (i) § <hyp (1} <ds
(i) }+} +3<hyp (2} <1; (V) hyp (3)>1.
1L In Fig. 37, PN is the ordinate, x =, where ¢>1. Use the
indicated construction to show that 1 -% <hyp(t)<t-1
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_ o i
12. Draw, in Fig. 37, the ordinate © =s, where s <1, and by the |

othod of No. 11, show that 1 —'1' < hyp (s)< 8- 1.

i

c
‘F1a, 37, ™

13. In Fig. 38, take PN and QM as the ordimates .&%i;.x;tt+h
hyp ¢ +4)-hyp () .. %)
d hence show that <t W Tiog bebwad 3 and

LR
Is this result trus if A is nogative, 1+% being.positive ? What
st is obtai_nec_l by making A tend to 0 7 '\ “

%
N\ W

r

o _SVN Mz
. ¢\ T, 38,
N\

14. In Fig. 38, PNSQM are the ordinatea, = =g, #=4q, for the curve
=£. Prove thqt\’t;}aé’area. of the trapezium PNMQ is 1 ( q—g).

¢ 3lp
If P'N', QM Litre the ordinates, = =;?, 2=1 brove that the area of
o tr?pem PN'M*Q is .%(?E’ - g),

What relation between the vaiues of hyp {t) and hyp (1) can be
ditced from these results :

15. If, in Fig. 38, PN and QM are the ordinates, x = Ap, z = Ag, for

& CUIVe y =£ + prove that the area of the trapezium PNMQ does nob
pend on the value of A.

Use this fact to prave that the valus of hyp (A} ~hyp (A) does net
pend on the value of A, and eo obtain its value n terms of f,
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18, Draw a rough graph of ¥ =T33’ marking the lengths of the

ordinabes at the points Py, Py, Py, Py whose abscistaears 0, 1,2, 3. By
considering the area under the curve PP PP, prove that
¢ L <

o 1422 107

b
17, Show that

11
ORI o
Deduce that if tan—2t is defined to he L 1—_:x§ dz, the funcj;ig'ﬁ‘",\
tan~1{ increases with ¢, but remains a.iwa.ya" less than 2. \
18. By considering the area under the parabola y=2*, show that
3392 432 4 .., 4+nt lies botween §n® and 3{(n+ 1)~ 1} ¢ O '
19. Prove that ' %)
inva < v+ vVE+ v+ +¥n < FHin+ DY+ -1

‘ |
S do <15 (i) | iz <1 g, fort>1.

N

L W

20. Prove that, if 0 < @ <-2'{:—‘ , 8in 0 +8in 28 + \’:{-\am nf lies between
7
2sint gnd and 3 sin “anign 0. OO

o

Differentiation of Ryp(t). In Eig:.':.'i{g, if ON =t and ON'=l+k,
we have o\ .

hyp (¢ +7) - hyp (1) —area CN'R'A — area CNPA

:arei%%{N'P’P.

-But area NMN'PP }ié\\bétween NN’ NP and

3

N . N h N
NN NP Wi N O & N N x
NP, Le, beifffefall 7 and t+h ¥, 99,
. hyp(-£h) —hyp(8) . 1 a4
S T lies between 3 d vy

B“b«,‘% tends to the value % as h tends to 0;

NONENPS - T 5 IUNG Wy B P

\‘;b - h ‘1 :
SR YT SR N
T hyp(t}_t. ernareesinn

1i h is negative, ¢+ h being positive, hyp {t +4) ~byP t) is negatire.-

. b -
" M.":%.Pﬂ?_ﬂ‘) is positive and still lies between ry and e

Thevefore it tends to the limit?l as & tends to @ in any manner.
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EXERCISE IV. b.
1. Differentiate with respect to «

. vy fE
(1 Byp (22); (i) by (3)
(i) hyp (a2); i) hyp (az) — hyp ().
What inference can be drawn from the last result H
2. Differentiate with respect to z : : A\ -
{i) hyp (=); (i) hyp (2%); PR
1 . O
(iii) hyp (5) ; {ibyp@@m).
What inference can be drawn from the last resulty®y> *
&/
3. Differentiate with respect to x 3 ~

(i) hyp{az +5; (i) hyp (‘””).

L+ 2

4. Differentiate with respect to = : 2o 2
(i) hyp {(sinz) ; {ii) hyp (tari'a;})‘; {iii) hyp {cot x). .
§. Integrate th b

e following with fespect to u, giving the answen
A8 hyp functions, . N

7

- ) é; (i) ;&'j; .:‘2 '(“i) =i {(iv) 1—1—;:;
() EI_F_S-: {vi) ii_'l%z; . (vii} 1 - :5%.2 s ({viii) .:c:f3‘
to ;ﬁ;ﬁi‘fﬁ%ﬁgﬁgﬁ?ﬂ for {%.{hyp [F@)1). Use the result
({ )E?n_gg«;f ) tan:c,-. {iii) cot 2z;
EaTar O e
” \?\ “-:hat is j:‘;izdm ! Hence find !cosec 2 dx,
m\:»“\::" 8. What isc—g;{x hyp(2)}? Hence find ]‘hyp (e} daz,
Vo9 What

. . [/4
is the sign of 2 i
drawn st 35 th t'g';n 7z YP ()}t What inference can be
. : d :
10. What is the sign of dx & -1 -hyp(x)y, (i) i e>1, (ii) if
2:Ix< 1. Use the result to prove that hyp () <z _1 fop x>0,
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i1

11, If tan—tts= E " {pzade, show by tho method of p. 87, that

dtan—t¢_ 1.
dt 1+8°
. o 1 ' L1 ™1
12. By the substitution % =2, show that tan 1;=! —— dx, and

g 1+
deduce that tan=1¢+ tem—’% is independent of £.
QY

Other Properties of hyp(t). The following properties have ﬂ-‘i:\.'
been illustrated in the previous examples. : e\ N

\

To prove hyp G) = —Lhyp {{). (’Qs.(5j
: 1 LV ’
By definition, hyp ( %) - L‘—% de.

P\

Put 9::2, go that 2=¢ when z ==, and.2=1 when z=1; also

-

N

de = —ldz’;’ \J/

22
) NS \ USROS
- hyp(?)=[1 z~(;’7? dZF_Sl s

& hyp (§)=\¢ hyp (4.

This result may be i }strated geometrically. - R
In Fig. 46, OC =00’ =1, ON =ON’ =t, NP, N'P’ are perpendiculars -
to Or, Oy and PK.is perpendicular to Ox, g0

RS |
that OK _PTK.%E , y’_‘ "

Since thé“curve is symmetrical about OA, N \ .
the a.l:gés bounded by ON'P’AC and ONPAC” A
are»Q‘illﬁI. : P
Bt OKP'N’ and OCAC’ are emch of unit . —
emba; therefore the remainders, the areas Of K C N,

CAP* and CNPA, are equal, _
But these areas are —hyp G) and hyp () respectively.

N An alternative geomstrical methed iz indicated in Ex, IV. a,
0. 14, .
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To prove - bp(ab)=hyp(a)+hypr), ... e (8]
hyp(%):hyp{aj—hyp(b). e, )
. d 1 g 1
Since a;{hyp(ﬂ)} =i.‘ e a{hyp(ct)} =c—t.c==2-,
where ¢ ig 5 constant ; _ \
| ‘g hvp () ~hyp (9} =o; O

of ¢ and is therefore oqual to the value obtained by putting ‘¢ =1;

2 hyp {ct} —hyp {2) ‘_-hyp (e). ,-...,.:,‘......,.......(3)
Putting ¢ =a, 1=b, we have hyp (ab) =hyp (@XPhyp (b).

Putting c=9, t=b, wo have hyp 3) =hy;{{a) -hyp ().
b L :.\ b

It should be noted that the resuls in (\Q)lreally contains thoge m
(5}, (8), and (7). N
Relation (6) may be Hlustrated geofatiically,
If, in Fig, 41, NP, MQ are the ardinates F=p, £=¢, and if N'P",
M’Q” are the ordinates T=bp, x <by,’ then the trapeziums PN'M’Q/,
PNMQ,.a58 oqual in ares,
Kot trapeziam PN'MQ’ _

A 171 1
KN =5 (5 + o) (b2 —op)

g-p /1 l)
==, — =+~
2 (p q/.

5 - =trapezium_ PNM@Q,
Now dr&( a'large numhep of ordinates botween & =

and bake, iy abave, the corresponding ordinates between & =5 and
T =b§,\g§‘eua’£‘ig. 42). Weothen obtain copr o

spon Pairs of trapeziums of equal ¥

N

t %60, wo gea that,
in the limit, the are& under the curve
from z=1 g T=a i3 equal to the area
under the CUrve from w=p 4o T=hg,

B3P (@) =hyp (ba) — hyp ),
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This geometrical illusiration corresponds to the analytical method
indicated in Ex. IV, ¢, No. 7.

‘To prave Byp{a®} =n hyp (&), cvoviiicecionninrinnnnn{9)
where n Is any rational number, . '
I » is any positive integer, we have, by repeated applications

of {6), hyp (a;) +hyp (a,) +.. +hyp (a,) =hyp (a2 ... ).
Puiting a, =@, =... =a, =4, this becomea 2 \:\

hyp {a™) =n hyp {a). o O
It is now possible to show by a similar argument that, bhua reault
is true if nis any rational number ; see Ex. IV. ¢, No. 9, Relation (M

may, however, be proved in a different way, as followg\

By definition, - hyp {a™} -*—-! — da, \ N\
Put @ =y%, so that y =g when »=a" a.n&\g 1 when z=1; also
ny“*‘dy. ¢
ny™d 1
s oh " [ d ﬂ! ~-dy;
yp (a®) = 1 y=nl %

. hyp (a") =nbyp (a).

imB&ERCISE IV. e

1. Given that hy},b)Ao .693 and hyp (3)= 1:099, find approxi-
mate values of hyplg) for v =4, 6, 8, 9, 4, 1. 14, 23, 2%.

Draw on squafed paper the graph of hyp(z) from z=1 to =3,
8nd use it to golys hyp (x) =

2. Use ti\data of No., i t.o ovaluate :

,.Jh.?'r 1dw; (i) Lw

~O ( }[ -'c+l _ (w)[ 2”+1dz'
\/ 3. Evaluate L Zdz by pﬁbbing = =ay.
What relation can be deduced from j:b%dx = r: Tzt [ 7321
4. Use the method of No. 3 to prove that

byp(}) =hyp(@ -hyp(O) |
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5. Prove that hyp(2")>-1'§l by epplying the substitution z=y"
- to [idz e

6. Use the method of No. 5 to prove that hyp (2%) < n,
1. By using a suitable substitution, prove that
Jogdz= r’ L

ta a ¥ 4 \\
What is the geometrical meaning of this relation ¥ What proée‘rﬁy
of hyp (t) is obtained from the relation? . {

N

8. Prove that hyp (x.)> $+i+E+... +£% ' where xéi"ﬁnd ]
denotes the greatest integer not greater than . (¢

. Deduce that hyp () tends to +w when x tends'ts $ 0 .
9. Uss the fact that hyp (a) =nhyp(a) it n{@a positive integer,
. » 9, N
to prove that hyp (a?) =;ihyp (@), where p{g-are positive integers
. 2 ) ‘t N 3
{put e =b%]. Prove also that hyp (a’ ¢ ) = %hyp {a).
10. Use the relation N’ '

E Y

], 2] 41,88 o™ ]
L xd""“L zd"”'"'jg %“34’""!4 Ea!m+...+[2”_1 ;ds
t0 prove that g--:hyp(z':){& 7.

+£)
11. By considering ©h¥ ares of the trapezium ACNP in Fig. 40,
3
P. 59, show that hpb{1 +£) < % - 2_("1k+_k) where k> 0,
12. By using £hé method of No. 11, prove that’

k:
I =)

9,
NV hyp{l -&)> -k -
wherf)\'&\“k<l.

o “THe Function hyp(x). We have shown that, as z increases from
\geroto + o, hyp (x) increasss steadily from — wto e and ig zero
when z=1. The graph is shown in Fig, 43.

Further, since hyp (x+%) ~hyp {x) lies batween é.'and _}l_b' (see

. x z+
P- §7), it follows !:ha.t hyp {z) i a continuous funiction of = and,
since overywhere it increases with X, wo may conclude that it

fasumes once, and only onecs, any given value, ag z passes from
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0 to +o0. In particular, there exists 8 wnique value of x, such
that hyp (#) =1. This value is alwaya denoted by e, go that

hyp{el=L. coevrenereenn{10) 34

The number ¢ is irrational and, moreover,
like =, is not algebraic; that is to say, there
is no algebraic equation of any degres, having
rationat coefficients, which has e (or =) for a
roct. It will be shown later how the value of
¢ oan be calculated to any number of places of
decimals. For the present, we shall merely
point out some limits between which ¢ must - B
lie. Thus from Ex. IV. a, No. 2, hyp {2)<} F16. 48,
and hyp (4) =2 hyp (2) > 1; therefore 2<e< 4. 20 _

Again, from Ex. IV. a, No. 10, hyp (2}) < 1<hyp (8),'therefore &
lis between 23 and 3. See alio Ex. IV. ¢, Noo 1. Actually,
e=2T1828... . ) o

The reader has probably solved by this fime/the mystery of the

funetion hyp (=). PAS
From equations {9}, (10), we have, if y/\ig’any rational number,

hyp (e¥} =y hypie} =y

Therefore, if e¥ =, hyp (*)} =%i ‘and g0 ebVR(A) ==

In other words, the “hyp ' of a number is the power to which e
must be raised to make thas@umber,

Therefore the “hyp ™’ f‘mktion is the logarithm of the number to
the base e. Logaritiiis to base e are called natural logarithms or
Kapierian logarithnds, '

In mathematical \work (as distined fromn mers computation} the
logarithms whigh®sceur are nearly always natural logarithms ; and
8 the symbglMogx is generally understood to mean the natural
logarithme ghd“is used as an abbreviation for log, .

The};‘%\u‘nent, given above, therefore shows that

N hyp=log,
~80dequations (1}-(10) of this chapter may now be re-written in this
nse, The most important of these results are

logx, +log x; =log(xlx,)........................(ll)
d 1 1, 1
wnd a;{logx} =; O I;dx.—logx...................( 2)

<

It should be noted that the function log# has been defined for
Posrtive values Of. T o'nly.
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The Exponential Function. If y=logx, nuot only is 4 determined
uniquely when = is given, but for any assigned value of y thers is
one and only one valup of #, and that value of = iz positive, since it
has been shown thai log & increases steadily from — oo to + w s B8 T
increases. from 0 to 4 oo, .

Therefors, if ¥ =logz, we may regard x as a function of ¥ and this
function is single-valued end everywhere positive. This functiofi™
might be denoted by hyp~(y) or by antilog (y), but it is in Jabt
denoted by exp (¥), and is called the exponentinl function of ¥ _We
therefore write NS Y

H y<logx, then T =0xp(y) ......:.‘.},.....,..(13}

and equation {11) may be expressed in the form 70"

2N

$TD (J1 + T2) =€XP (3,) x €xP (FyJoamhorernonrnrer.. (14)

The graph of z =eoxp (y} it of course the & ¢'as that of y=loge.
We therefore obtain the graph of y=~expig by interchanging the

_ axes of x and\y in Fig. 43, or, equally
well, by taking the image of y=log# in
the line J=E

Thisgives the curve in Fig. 44,

_If.g}:is any rational number, we have
trom, (3),

- log (e*) =y log e =y;

s 8xp(y)=el. DTSRRI 4 1.1

o
Pia, 48, '\\ ) A disc!.lssion-of the theory. of irrational

we ghall not, the}'éfc_lre, at this stage define the function ev for irrational
values of y, Bt ‘1t will be found that, when thig function has been
defined, equation(15) is true alsp when y is irrational, .

O | '
Differéntiation ang Integration, 1f Y =exp(z), then ¢ =logy;
’.\\ . @__1 - -— . -
Say e
»‘s",,' d
\ } - 2z °Xp (:r:_}:e'xp_{a:).
a
Thus Lie=er or Ie*dx:e‘_. e ceeveennn (16}

The function q=, where ¢ (), may alse be ealls

- d . ial
tuniction of &, hat it is easily an exponenti

expressed as a power of a,
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If y=a® then logy =log (u®)=xloga, a being supposed posit.i{m 3

-~y =exp (rlog a) =erlogs,
It follows that
d

&( I) = a%(e”°“)=s"°“ Joga=ar,loga, ... (17}

Applications to the Caleunlus. The results of (12) and (16) may be .
used in conjunction with the ordinary processes of differentiation
and integration; and the scope of the Caleulus is thus extended.:\
te include many funections involving logarithms and exponentials, *
The most important applicationa are those of L >

s x1dx=log=,

\ S
" Ezample ). Integrate tanex, N4
' d . d d A\ | .
I [fog{cos )] = 3loos ) [og(cos z)]. E(omaﬁ: m( ~8In T} §
therefore it follows that P\%

ita.n:cd.'c= ~log(don z) + o
- Whenever a function can bqfﬁfiﬁben in the form h.%}- where
Fhe numerator is the differential coefficient of the denominator, the
integral can be written dowgrin the form A.log [f{#)]-
&
Ezample 2, Evalu&a !ﬂ—.
e > 1 —_ m‘
2 31.",\'1_,4@:
l“‘”t\l.;ﬁ:—f'l—m' o 1-—gt
\ 4 . de 14z
‘,'\'\ S !l_w,-ilogr—_z+c.
Avery large class of functions can be integrated by the method of
~thedast example, which consists in expressing the mtegrar.:d as tl_ua
of partial fractions; for the general method of deing this,
S p. 231, _ S
The formula for integration by perts will be required in some of
the examples in the next exercise. It is

=log{l +&) ~log(l -=) +83

i(uv}da:z uw — §w %‘ dx, where w= Sv dz.

i 2
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EXERCISE IV. d
1. What iz the connection between the graphs of
(i) y=a® and y=+/2; _ (i} y=sinz and y=gin~lgt
2. Sketch the graphs of 2¢ and e?=,
3. Sketch the graphs of
(i} logz; i) log(2x); {iii) log(x); (iv) log(;;)- ~
4. What is the value of x, when

(i) logz=1+tloga; (i) logw=1-logb; . ¢\’
(iii) log (log x}=0; _ (iv) log(loga) =11 7\
5. Bimplify (i) cliogz; (i} exlog2; (iitp Jog (ez).

8. Prove that if 2 <2, thon e?i < gm,

7. Sketch the graphs of \\
'®) 1
{i) e®; (i) e (i) e~ NN\ (iv) ¢2.
Show graphically that e =2 + g has two I‘&{’@? f ¢ > 1 and no roots
if a1, %4 ' :

4
8. Difforentiate zvlogzr -z and wrig;etdowu the value of. .

¢ \/
X logadz,

- 9. Differentiate (x — 1)e® arfcfi:vﬁte down the value of

t
re dir.

A lo

Differentiste with respegt'to x:
: log - : 1 .
10. 2?logz. 13 1O 12. lo -). 13. o,
OF g(x
14, g, \k& ez z, 16, log(cosz). 17, lag (sec ).
18, estaz, {\19, gtaniz . 20. exp(xuecx). 21. cos {e%).

22, cosef:jl{)éi}. 23. log(q +bz)n, 24. log (e® 4 &%),
N x . ;
25, :(;{;l}g (ta.n E); (ii} log (t_an g+g) i (iii) log {x + +/(a? + 27
:ihi’egmte with respeet to x :
§ 1 .

__",.‘2& . 2z 4+ 4 w-1 ' ;
N 3r +4 21. 25487 28. 2x +3° 29, o=,
/7 w4 . . .

) 80, er_ -2, ,__ Sinz 2z +3 loga
\ £ 31 ‘—'-—2 I3 c“—-os p . . mx—-—‘i_ 4 . 33. "—w .

sec? 3 . 1
34. . 35, we®, 38, cot3 —
tang [l z. 317. T7e
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3. (i) seox; (i) cosecz; (iii) m (See'No. 25.]
Use the method of partial fractions to find :
dx+1 3z +7
[y © | raETn
g~1 341
a. [ s dn. 42, §mdm
T ad 8 . AN
@ |5y | o= o
Use the method of  integration by parts * to find : .n'.’;
45, !log zdx. 46. Exlogmdw. 47, ix".log r\dx
48, ‘me* dzx. 49, ia:’e’ dz. 50, {og( 1/ z)dx.

§1. Differentiate es%sinbx and ¢ cos ba, anc(hence integrate the
fams two expressiona. N

52. ¥ind the value of « for which :c”]og:i::js’a; miniraum,
83. Find the maximum value of- l—‘i—\firx;"a.nd diseuss the number of

m0ts of the equation logz =Az fordifferent values of A.

Useful Inequalities. Thefeults given in Ex. IV. g, Nos. 11, 12
thould be noted, They\n{ﬂy}be deduced directly from the definition

N el
¢ ~ logt—L de.
First, auppp.\éJ > 1. Then throughout the range of values
I<egy, t{e"‘tﬁtegrand 1 <1eand is‘;-l; '
S\ 7 ¢

' t 1 ¢ 1 [’

. - —d de-
Ko ey pasy oo
VvV 1

o, 1-—?<Iog34t—l.

Next, Buppose 0« ¢ < | and put c:%, so that a > 1}

o 1—%<iogs<8‘-1=
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& 1=t -logt <-§--1;

o b-1>logts —-:-;

4

« for all positive values of !, except =1, we have ~

1
- A e 18
1 § <logt<t-1 t\j.{l}
~

Example 3. Prove that lim IE)—g—:‘:=1. \
g1 &~ 1 \ 3

¥From relation (18), "—;l{logt{l—l, if t::p,ﬁ:%’l;

logt

: 1
Sttt Tw el AN)
= <oy <? \\
K
and if 0< f< 1, .:. >:°_§_l‘ iy

S w0 ze1, :T;)—-g__—;; lies b@ween é and I,

o w.ha’ri‘“:c—b 1, logz_) 1.
- STy

AN
Example 4, Prm@t.ﬁat
. b
6 2225 6, when 205 o ; |
{ii) & L?)é 2> 0, when 3 ¢ through positive valyes.
(i Igrqn} relation (18), logt<£-1 if ¢ 30, 1.
P{Q\fﬁv’z: oo log{va < n “l<v/z, if 250, ztl;

i boga g ym;
\"
mJ. . lo 242 8
N T | 08T _ 24/ :
\ 3 * 0< z = = = =

But when 24 o, _}__,0; - limlogz=o
- ——=0.

frww &

A N T | lo .
(ii) imz1o =lim ~Jogl _y; £y _
anZlog S gy 'h.r::n Y 0, from (i),
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Ezample 5. Prove thab-

(ii} n{tfa ~1)—loga when n— o, for ¢ > 0,

-1 £ dii(e') at =0 and is therefore

t—+0

¢, =1, Thm result can be obtained directly as follows:
from relation (18), with ¢! instead of ¢,

1-e-tctcet-1, i $£0;
St -Tat et R
lh‘

e -1 ’

l-. 1

and 1>‘:_1>e‘ it 1<0;
] * w\J

&
<+ when ¢ tends to 0 in any manner, — 5

(i) In (i), put ¢= iloga. where a is,gpi;‘"f:ositiva constant,

iloga 1 o ™Y v
Then ¢!=e® =~ =a% Also when'tss0,n— 0}

N ﬁhl at~1

(e ligga
Sl
-, {fr:p n(2fa - 1)=loga, for a>0,

8% 0
A/
Erampls 8., \Brbve that the funiction r
11 1 oo
ol Sd=F .. ——lo L]
\ U 1454+t 1og

ﬂe"m when n increases, but thet it remeins pomtwa.
~\J !
N/ tan -4 m’% -log{n +1) +logn-—_-|_—i ~log (l + )
but relation (18) with 1 -i-;l; instead of ¢; proves that
log{1 l) > —}—;
g( + 6/ n+l
thus u,,, < u,,
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Relation (18) also gives

| Iy .
- >log(1+£) =log(n+1} ~logn;

n -
A Z; >10g_(n +1}>legn;
1" .

Sy Uy I8 positive, A
Bince %, decreases but remains positive, it follows that Hm Uy

) .
pxists and is not negative; but the theorem on which this de“}:(;hds
is bound up with the theory of irrational numbers, and the disehsdion
of it must be left to the companion volume on Analysis, | THe limit
in the present example is called Euler’s Constant, and 4t'is denoted
by y. Since u,=1, it follows that v< 1; from Ex:QI;V. e, No. 14,
it follows that y > +3; the actual valus ig -577... N\

R0

ALl
E le7. P that li —] =18
remple rove that lim (cos n) '1:.‘ \\..

H -% & A\ L
Since coaT=cos = Wo mey assumd }ﬁhat * 13 positive; also
. 2 oz - o N
if =", see= =1, ol
T n

Thus, from relation (i8), pubtaﬁg see  for ¢
RN n
AP ]
0<log (599—'.4 sec s — 1=2sec > ginz.” v
ki n n 2n
# i‘x, n : .
- Oélogeiecﬁ) << 2h sec Esin*—‘,-:-- <:.v&uacicfsi.::ti
¥ n, n 2n n 2n
sinee sin § < §.(se8 K.7T., p. 162).

N/ z . i
But wherd %50, sec —->1, and sin ——q,
Vo \ud n 2n

’\:m.: ’ S lim log 200 E)n ={:
,’\ \ . !I—rz n ' .
"Q;dé lim AN . . " .
, gec - | =1, gnd lim (cos -} =1,
\ ¥4 [ ] f - : A—pm L

EXAMPLES IV, s,

L. If 1< ¢, < ¢,, prove that logt, —logt, < hot

2 0
i

2. If 2 and b are positive, prove that log(a +5) ~loga > —-3_—5
[
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3. T 14z >0, and x + 0, prove that

X
m<log[l +2=_)'<z.

4, If 0«2, prove that ”d"gri—fl—fz-

5, Prove that e*>1 4.

6. Prove that e '1_!"_:\: ifx<l What fla,ppens ifao=il

1. if p is positive, prove that (;—J)ﬂ “e, \“\,
! | -

8. Show that —52 steadlly decreases a3 & mcrea.ges from &

wpwards. - © \ ."’.\

8, If n > e, prove that n"+l >(n+1)"% O v

. 72

i0. Prove that lim 28112 _y, L&
T—0 E\$

1L, Prove that lm 10—1,-_0, where ,J‘xis"ﬁ)oaitive.
o rwm b -

"
O

12, Prove that hm wPlogx = O,there p and z are positive.

13. Prove that 1 +§+§+\:\+ vl— _logn increases with n, and
that it iy always less t}iu@\umt.y.
14 Assuming lﬂg 2—' .89..., deduce from No. 13 that. y > -3.

1
15, Find, m\tem of y, the limit of l+i+§+...+§— -logn
when o> w"\

\ 11 1
16 EV’Q\J&‘!}B nli]:.(:u (m+m+-.. +ﬂ)-

’o

o : .”1 _L)
\“\7/Eva1uat,a 1_1{1:0(1~§+§'%+-°-+2;;_1 st

—ilbsﬂ)=logﬂ.+&7-'

1
2n+1

18, Proves lim (
i ]

18. Prove that +; 1 _ilogn tends to a limit
hen oy v at L+ +d+ 5+t 1108
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20. If p and n —1 are positive integers, prove that

logn+p>l+ 1 l _"+._l_ >]0g£.+_£_+_l.’

n-I7a nsitarz et
end deduce that
. 1 1 1
i (awﬁ e +a—g) =logg,
where g is & given positive integer,

EASY MISCELLANEQOUS EXAMPLES
EXEROISE IV, £. -
1, Differentiate Tog {z + +/(a% - a®)} with respaoi;'"% z,

25 1
2- Bhaw th&.tu jl'ﬁm dr = }IOg 3:::\\"
8. Evaluate !. ke dz, ‘\
(3‘-‘ - l)" AN

4. Obtain a relation between lm?q*&é and Izﬂ“s*d:u,

™ 1
5. Find the mazimym value of %,
. Iiy =a co8 (log z) -;:bsixi (log 2), prove that
Sy 4
o\&...}”d‘;g‘f”d%"y‘-"”'
LNy
T Ify =etf§a£a}sﬁes d_;-; - 5% +6y =0, find &,

8. Prove'thiat y —ge-mgin {nx +<) satisfies

2o d
\\ aﬁ+2mg+(m’+nl)y=o.
..:9:. It y =e®sin x, prove that %= -4y,
AN .
Q\: 710, T y =29, prove thas g—z=xxlog (ex),

11, Evaluate [ &% 5ind by dp,

12, Compare the graphs of log » and log (log z),
13, Prove that log{e*) 2 VT where t>0,

L

N

¢ \A

£\
\/
L !



LOGARITHMIC AND EXPONENTIAL ¥UNCTIONS 473
14, Napier used the approximation IogT, ke — b)( ) where

5 - 1is small, for caloulating logarithma. Express this as an approxi-
mate formula for log (1 +x) if 24 i negligible, [The error =1a*,]

1
15. Prove that Ym z®=1.

£

16. Prove that lim #® =1 if x—»0 through posit.ive values,
17, What results can be deduced from logt>1 -3 by changmg £\

into £ and into ¢, where t>1. Which of the ﬁhrae mequallbiea
gives most information ? . N

18, If > 1, prove that loge < 2(1/m 1},

@
1 ' _i“_)d,;
19. Use the relation log{l +#)= 1+$dx !0(1 T+z
toshow that if ¢ is positive, log (1 +t} lies betweez{\
f B g 220 (C
7 DITETIEN
0, Prove that, if > 1, Iogw{}(z—l)‘“
L. Prove that, if ¢ > 0, N ;
i Ry, n g
t-5 3(1+‘)<lo~g(l+t)<t—§+3.
22, I£p>q, prove that %

23, Integrate a%e2, a.n&\}mve that
o) .{8:‘4 r rlede <o -2,

“24 Ii t>0 brove that ! zlog{l +z)de lies between §f and
Hi-2),

8. If P'\&nd t -1 are positive, use the relation

'...o [ | f 1
...\3 \ [1 wdz{‘ dx

s  logt
Prove that logt-:g Deduce that if m is pdsitive, ?%7' -9
hen t-5.c0, r

- What vesult is obtained by putting ¢=e¥? Deduce that ~—r 0

when, Y+ @, if r>0,

%. Prove that lim (i“‘!—f:") =1.

H—0
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HARDER MISCELLANEOUS EXAMPLES
) mncxsz 1v. g

1. Prove that 171> i dr > 1-15.

V(IT+2%) +z’)
2. If p is positive, show that 17427 437 4 ... 4 2% Lies between
WP+ (n+1pH_1

pr1 od T L\

3. Prove that §+§+11t,+ .

7N\S
1 liea between those'walues of
nlil <\

whmh are botween 0 and %, /5

pIRZ,
4. Prove that, ﬁx}l (-1){x ~3) - 2z (g Ej‘ﬁgx is negative.

1
5. Prove that [ v,“ v m+j0 \/—ﬁﬁ&x is independent of £,

6. If 0<a<h and ce<d<0, determlnc whether £ or 3 is the
" greater, ¢
7. If x and y are positive md less than unity, prova that
2(1 —y) ,leg(l -a) x
v Seg (=5 “y(i-z)

2¢
8. =,
Iftis posmwe’,’prqve that log{l +¢) > ! Trisp +isj“ 53

9. Ifex1, pro}sthat. Iogx}g—(m—_!_-l—).
10. Ifx;:»l}provethat logm‘:[ }(l+ )d& &(xhl)'
2,
1. I 12 +12)
\i'\:mpomhve, prove that log(1 +t}<2(l it
£ 4(vezx - z-1
o F ~———__
.“\. '12 f x> 1, prove that 1 <logz<™_= R

g \

\‘:"' 13, Prove thas e=<§—“fﬁ, f0<z<,

14. Prove that logt<nini-1) where 2> 0 and ¢ 4 I,

15. Prove that, as ¢ decreases steadily down towarde unity, _Io_gi

increages steadily. Alsa stai
of the hyperhola ay =1,

tan-ln and tan“l

® this result as a geometrical property
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.18, By pufting 1 +o 1 for t in the result of No. 14, show that (1 + 1):
steadily increnses as x increases through posmve values.

17, Prove that log{(1+ )}<l ife=0.

18, Prove that log{l +z)= 8 s if > ~1, for some value of &

hetween 0 and 1.
1

19. Prove that {1 +x)®> e when -+ 0 through posmve V&llieh"

mdthat_(l-{- ) —~ ¢ when x—+ +o. % O
20. Prove that ! k’gl(_l_#dx lies betweon log2 arl\i— —i:log 2.

[Bee also No., 28.]

1. Prove that (m logz S—dz=0 by taking the rabge of integration

in two parts, from 0 to l :md 1t0 . Wha{result. is glvan by the
substitution, x =ecy 1

A

2. If I'(n)= N a1 g~ dx, where i\ 13“p051b1ve and tho existence

of the integral is assumed, show by mtegra.txon by perts that
and deduce that if (m — 1} iz & pOSltIVB integer I' (m) =(m ~ 1)

B I jin)= ‘ e - ﬂda‘a. and assuming that this integrel exists if
B> -1, prove that f&\tm =3{n+1).f(n}
4. ItB(m,n) = [: -1 (1 ~ )" dr, and sssuming that this in.
begral exists if ghand n are positive, prove thab
(i) B\(h W) =B(n,m);  (i)Blm+ln )=”TT—HB(m.n);

t\ B {m, n) =2 I gin®-1 @ cos?n—1 0 d.
‘Exmess B(m +1,n +1) in terms of B (m, n).

"2, Tf & > 1, prove that tan—'= 41 +3log.

8. I o< 0<§, prove that cosecﬂ{%. Also show that the

ntegrals ] logedﬂ and g log cosec 8d0 tendtolmta when ¢ tonds

% %ero through positive values.

O
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L -
T T
27. Prove that L logsin 048 = ju logeoa §d6 and hence that

Ll
each squals }L log (sin 26) d@ - %Iog 2,
Prove also that
. "

-
o i
{, ogsin2s d&:,}!o log sin Y dyr = E log sin ¥ dyp.

N

 { \‘
\N
Deduce from these results that 'S\l
N
5 - N\
L logsingdp=-Tlog2. )

28. Byusing the two transformations, # =tan E\gm}!\é =tan ( T- ¢)
and equating the results obtained, prove thab o 4

tiog{l+a), » J
[, 55 - log

29. If A is the arithmetic mean of th8. 2 positive numbers ay Gy
+re» Gy, which are not a]] equal, prove that

1og (a/A) +1og (gl +... +10g (a, /A)
i3 negative, and dediuce thaj:gh';'s? greater than the geometric mean
ey ...a,). N\

N
$

/7>



'CHAPTER V
EXPANSIONS IN SERIES

Power Series. An expression of the form

Gy +ET + a2 4 ... + 0,2 + e : O\
is called & power series in x. N\
Lot ¢,{x} denote the sum of the first n terms, O
then balz)=ag +az +0,8° +... +6, 42 L)

If, for soms or all values of z, l:rn qS,, {x} exists and sg,\say, d(z),

the series s called convergent for those values of ¥ and ¢ (=) ia
called the sum to infinity. Also, the series ig o@lled the expansion
of $(z) in powers of z, and we write &0
by =a, +ax +axl + .. +a,3=\'+... RN § |

The most useful expzmswns are those.®hich ars « rapidly con-
vergent,” i.e. those in which ¢, (%) ia8'good approximation to ¢ (x)
for Teasonably smaell values of n. 03

It is most, important to dlstmgméh between the meanings of the
following ;

a.,+ala=+a,:c'+ e H O, _yETY,

and Oy + G2 B2 4.0 FG, 2T 4
The first means the of n terms of the given ceries, and s
oblained by successiug gddition.

The aecond meQns “Tim (an + G + @7 +... +0,_; 2*7), if this limil

eists, and i ﬂqde_ﬁned sf this limit does not exist. Sometimes, how-
over, the geedbnd is written down when it is merely proposed pe
tisouse ﬂ\{&axlstence of the limit,

:T%!.GaomeMG Progression; 1 -X+%' -X*+...3
\m}“ Bul2)=1 =g a2t —.., +( - 1))
| loCear 1 (NN I ed2)
T (-%) 1+= l+z
But, if ~3<x< 1, lim z*=0, see ln:mt(l) below;
Fi—-m

O‘. ‘#{z} "_;liﬁ ¢ﬂ(x} = l +
(1
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Therefore, if ~1<2<1, the power series 1 —x + % —23 e i8

1 . .
sonvergent and has T+z for sum to infinity,

Two Important Limits,

® ¥ -1<z<l, lim z2=0. RIS 1

=0

Consider first 0 <z < 1; put 2=1-p, so that O<p<L ()
Then 7'\

: 1 . « W

" =(1 —PJ"iW, sinee (1 —p)(1 +p)=1 —%32;"‘{ s

1 1 i

<, A\ N
T+np ™ np

S, @ can be mads less than any given p_Qsitive number, «, by
e N\
taking n large enough, (n = %) 3 but ™ ia\xposit.we H
¢ -~

Soates 0 when::'n‘;)- @,
Algo (~zpr=( 1 a0, thereigre the resuls holds also for
—,'13:;‘%1:-{ 0.
RN 0 .
(ii) For all valnes of z, .. lm >. —g, RN (3
ANl .
Consider first x > Q:,;:‘}uke any fizxed integer % greater than 2z,

. OLE AN
Then, if w, ="
o3 g
UnlUE Ly x
| Wk gy B2
<+ by wuitiplication, w; +r<(D)T s but wu, is positive;
.\'\ > by {3), lim -ul_”:(); oo bm z},,:l).
o r—w

i =3

< ¥ mta 3; ete.
Yrr2

/\Also, a3 in (i), the result can be extended to all negative velies
“Nof x.

\

The Symbol x|, Tt i3 often convenient to use the aymbol |z | to

denote the valus of z if vis positive and the value of -z if ris
negative,

Thus, the condition - l<x

<1 is written more shortly in the
form [x|<1; the statement

that z lies- in the range of valued
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a-¢ to a+e is represented by |& - | <e; the positive square root
of o may be written [a|; ete,
The statement in equation (3) above would therefore often be
given in the form : :
i jzj< 1, lim z?=0.

Bt B

Expansions of sinx and cosx, We proceed to expand sinx and

tos# in power series, and for the sake of completencss we include
the fundamental results upon which the prect depends. 4 \“.\

It 0 < « {7, end the angles are measured in radians, we assqn}e
that sin & 4 M};
coBw < — < L. A\ 3
E AN
\"
sin . N
When #-—» 0, cosz-»1, thus ——---—» 1, Sinca the value of
’ &€
sing | \
=~ I unaltered when w is changed to x—':{\.lt follows that

lim ss_:;..? =1 when x> 0 in any manner. \Fbis result is required for

-

the differentiation of sinz and cosz. _\
By the definition of a differential copflicient,
[/ i -\ .2 =+ 3h)sin th
- (sinx) = lim sin{z +k}_‘s‘,m:rr: himn 00s(z + $4)sin §
dx A0 b, " h—0 ] .
iR
=cosT, lim."*m =CO8 .

R\m);h

Similarly, t%; (cosk) ="—sinz, or this may be deduced from

fo8x =sin (E - f),\ ”:Also, results like

"\ 4, .1
.~'§w 7, (tan z) =sec®s, ——tan Tp =
may bederived by the usual processes of the Caleulus. N
m!h{{x) i# a one-valued integrable function of z which is positive
\ "< 2 <a, then the function fi{z}, defined by

e
har={ ro

:al;i?edebj r<a, i3 also necessarl;ly positive, Similarly, if f; (2) is
h=| o,

-

N\
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this new function is also positive, and by continuing the process Wi
get & series of functions all positive in the range 0 <z < 4.

Now take f{x)=zx -ain %, and suppose that o is positive; the
f(z) is one-valued and positive, and therefore

f,(a:;E!: u-sine)ds;;-:mosz-x. N
]

f,{m)a[ fl(t}dt=——+smz -z, O

f,(t)dt:— —coaxz +1 ——-'.

.LJ 21 ("}‘.

ll")’,,,{t}ck-u— —smw+x %s\.\ .

Jalz)=

Jilz)=

o

AY; )
are all positive, Thus, tf 2 4s poﬂ'ﬁve u.n\cl} i anuy positive integet

s o Al g N
81n$>z—§+5! ...‘—maﬂs’, 8ay ;
S\

a TR . -
Ab smx<:m—§+- m (4?-[—1)'_3’”!’ RRY,

These inequalities ma,y be wmten 83, << 8in 2 < 814113
2P+

" S T
frae e 1 8

m ~0, when p— w0,
Also s,,_u\- binz i8 positive ;

Sumlad:.!ér 8ince

\0< amm»—a,,<_s,,+,-a,’, % —> Hina when p— w ;

@ﬂ" sinz B T8
But by limit {ii], p. 78,

++ 83y > 8inz when p— w,

A\ r b s

a4 Y. sin s the pum to infinity of the series, 13t E 51

o N

“NY Whenzis changed into -y, every term of the serjes changes sign,

V' and 5o does sin =, Thersfore the resuls holds also when » is negatives
it is obviously true also if 2=0, Wo have therefore

X z8 xv

ing=2_%T * X o vaemrisenslB]
Blnx 1 3]+ B 7|+-no l.uaa--.l.t-ﬁﬂi. {

for all values of o,
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Bimilarly, from the relations on p. 80,

1 x? ot plo-t
cosE > —§!+E...—m=%’l SA8Y,

x4 -1 P

. xl
and ecoax < 1 _§I+E'..—{_4}3_—§ﬁ+mg_c!’+1' BRY.
wi? N
Hence, ¢y, <cozz< Copere Where egp ., —6yy =(Tp-ﬁ . \ Q
Therefors, by the same argument as before, it follows that,

Capyy > COBZ and cyy—>cosz when p-> .l )
. . 7 '\.
xd xpt xf N
W = - rr it UUUIDU‘.;I-}."-"""'.' 6
o have therefore cosx=1 Gt it (8)

for all values of @, _ x\\

#%4
W

, Note, Attention should be called to a cruachalpoint in the argument used
intheseproofs. The faot that Nm (syp; —8,p).2 0 shows that if either syp4,
0 .

O 34y t2nds $o & limit, the othgr_ymust tel:l’c}"to the same limit; but it_does
uot ensure that either of them actuallygends to a limib. It is essentinl to
prove that the limit exists. This ig dome by the inequality,
24y < AINZ < 855
~hich showa that 0 < {a,m_,m-@in Z) < (9ypqy —5a2p) aDd thereforg
(B (8,9, —8in ) =0,

o .\)ﬁm( a9+t ) )

% 3pp4y —=Binx, when p—»w, It then follows that a,5 > sinz, or this
@n be proved in fhe 'Bsme?way. Both these results are needed to show

t the sum to fitérins tends to sin # when n—> .

7 S

Exampla 1" Caloulate sin 36° to 4 significant figures.

&
\ o_ o W T ! s v
S e B B vt
@ 2l = 0-62832 — 0-04134 +0-00082 = .eed

Also, with the notation of p. 80,

. Ll '
8 ~BINE <8y =8 = < 10-%;

. & uin 38° =0-5878 to 4 significant figures:
“'. '
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Example 2. Find the first three terms of the expansion of tanz
in powers of z.

Since tan(-w)= -tanw, taux is an odd function of ». Tf then
we assume that tanz ean he expanded in powers of z, the expansion
must be of the form tanz =Ax + Ba® + a5 4.,

2 xl :
Then (Az+Bz® +02%+,..) l—i—f-—-... =tanx.cosx
il 21 4 X
E . X a2 gt ,\“\
=Blnz=ﬁ—-3--!-+a':...,.

Equating coefficients: A=1; B-fA=-1; C-%B-I-(fg'{\=i—%u;
SoA=L B=}, 0=2; tanx=m+%z"+€§%“+....

It should be noted that this process does not prove that tan: can
be expanded as a convergent power series in % This is, however,
true, and, for small valiies of @, T, ®AHFEY 241ed 4 B0t are

successive spproximations to tan .

Egample 3. Show how to expand cbé;’:?: and sin® x in powers of 2.
Use the formulae: 2 costy—1 +C0827, 48ind2=3pinx —ain 3o,
Ezample 4. Solve cos 0 =4 approximately.

Inspection of a rough graphighows that there is only one root and

that its value in approximately 0-7. For a value of 0 of this size,
we have cos § = —}?&i\ o=l g,

c. 02498 axz\;\'(é+1)=a3; 0=k /3 -1; =107,
Pub §=0-7 +g\then eos(0:7 +a) =07 +q;
SN cos(Qo‘{)casu —sin(0-7)sina =07 4 «, where a is small ;
IIP08(0-T) ~ g 8in (0-7) = 0-7 +¢, approximately ;
NV - - T .
9 0-765 — 0-7 .
'\\“ Soa 2—1-%%{ =004; 8 =074,

ol cloger epproximation, 4 «0-739, could beo found by putting

\'=0-74 + 8, and repeating tha process just used,
4

EXERCISE V. a.
Find the suma to infinity of the series in Nog, 1.5,

110 1,1
1, “—-3—14-51—.... . 2. l-'2—1+4—l-'-u-\_-.'
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2 9% 25 2 4 6
'1_!+ﬁ 5!+...- 4. 3—!——51—7—!—...6
' 71'. 'ﬂ"

B, 9.472.4.6.872.4.6.8.10.12 """

6. Show that the positive square root of the sum of

2 2"‘ 25 4 4 8

l+ i 5itEi . 1a the sum of 2 - +ET

7. Caleulate from the series the cosine of 1 radian, correct £6°)
? significant figures. N\
.8. Caleulate from the series the gine of 3°, correot to 3 aig:niﬁbant

3. 1-

R JTTEY

figures, N

8. Prove thet tan x —sin x== }23, if x is small, ’\'\ /

10, Prove that sin?§ = (? (] % 24?3) if 8 ia srna!l

1L, Express wcosecz in powers of , ne%eeﬁng 2% and higher
powers. "

% 3
P

12, Express sin (E+x) COSZ B8 & power: %eries in & and give the

general torm.,  Also express it as a powlar geries in — i LWy

13, Find the general term in bhe pxpansion of cos?z in powers of &

3 Slg:g diﬁers from 0 by about & when 8 is smail.

& .
15, Find whether ~t$z —34tan> or 4sinz — 162 is the greater
When x i small and’ \pésitive, 2

18, Prove ¢ t. lu:n (vl—«.cot.’ )
}i& z—+0 z?! i
sinf +eina 8
e tanz.
Sh@ra o Tetng
13 Find an approximate solution of cos 8 =20.

17, If‘l% smell, prove that

\ ;I‘J Find an approximate solution near to % of tan 8 =0.
2, 14 tan (8 - ) =(1 +th¢ and X is small, prove that cno value
of tan b in approximately (1 - }M tan

21, Prove that, for 0 <<z <,
(i} 2(1 —cosz) > wsinz; (i} z(2 +cosz) > 3sinz.
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22. Prove t.hat.

-
—a h =,
}8111 m'w en f<a< 2

5
28. From sinf= B—g! g'—.... obtain the successive approxi.

mations, @=xginf, @=xsinf+1sin?f, §eginf +}sint & + 3 sink 4,
8 being sall,

24. i nt=¢ —¢sin, and & is negligible, prove that -
¢ =t +¢gin nf + 4 5in 2ne.
25, By the method of p. 80, show that, if « is pes:twe, gm- \1
an

e -]1-z 01— m-m,. oy 8% — l-x—z—i—...—m a.raall‘posxtlve
26. By the method of p. 80, show that, if x is pomtnxe. ’
. ro) L E BT .m.\‘

R TAETE TRt

The Logarithmie Sories. In equation (1),}3 77, a, is the valua
of ¢(z) for v =0, and 4, +a,x is its apprcﬁsunate value for a amall,
positive or negative, value of =, Thus~t,he fact that logx is mean-
ingless when 0 suggests that it cannot be expanded as & power

series in z. But the function tog(l{#=) is capable of expansion for
& certain range of values of RS

Using the sum of a g.p. g;ven’m equation {2) we have
1 ~ {- z)m
=1 - 2 - 1)1 01
1+ 1 a:(m A e J R
We ehall suppose\ﬁ{a;t ¥ in & positive number; then

N\ LS |
l 1 2 - =] — 3 _—
og{ +yJ.§L ‘d# Ll+xd”’ by putting £=1 44,

"X .
£ Y '] .
iN” =‘ {1 SR Y R g l}"“-"z“—l-i-{ —:t)n}dm
O 142
N RN -
K, =y 2+3 . tonterma+(-1}“[ gl
N kL
N\ Als F=-) R y .
° K= [ 1+zdx~:§na:".da: a1’

2 1 .

Sifygl, l’(<1'7‘f-+—1 and — 0 when h— o,
& from {7),
log (1l +4)= lim

H—ras

. .
{y—"—’;—+gg—... tontomm},ifﬂ{yél- (8
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. 1-¥] ¥ 1
-log{l -¥) = ..E .;df.....{ T d:c, by putting t=1 =z,
1 ¢
¥
=j {1+$+$2 —er }dx
o 1-
¥ a0
=y+?f Lo +y_ i Lot wmrennisisnens(9)
3 1- \
— v A
Also Hai ﬁ—dx<!—x—“—dx; .'\\’
I]‘l - l "
Loy 1 N

i L _r
<y L RS 4 S <TopmD) &4

de-;OWhan n—> o}
» from {9),

-log{l -y) = hm {y+9:+y3'+ tonte:@a\} Ho<y<l, (10)

The resulta of {8} and (10) may bel combmed into the smgle

atement that log(l+z) is the sum ‘to infinity «of the series
E

"“§+§~... provided that 0-,:‘9;51 or ~l<a«<@ Also the

tasuld is true for £=0. We j;hb}éfore writa
x* x¢

-~
log(l +x) =.‘a“% +§ Y o i ~1<xE L ceennnnn(11)
g™

Note, lCare must pe, taken about the insertion in {11) of such a value
8 -1+2 for 2. This gives a true result if » is positive. If, however, it

mere o roposed to make # —» @, ib could not be assumed that either
side haq &Eny 0\01: that if the limita existed they must be equal. Actually
in thm c the l:mlta do not exist.

ubove that H -+ 0 definitely requires y < 1, not merely y < Lo

s "
,..\tf%m log(l +x) =2 -%+'%'-%+... (-l<zg])
\/ . 4

fad log{1 —z}_—.—:c—%—g—i——m (-lgez<])

by Bubtracting and dividing by 2, we have

£1°s1+x-—x +’:+;’+ﬂ+... (—1<x<l) wonll2)
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An alternative form of this result is obtained by putting
l+x _y-1
T:_m_y' then x_y+1,
N y-Iy 1/y—1N\ 1 y—l)‘
- = =]+ (>— =| = 0)....(13
- gloey (y+l)+3(y+l) +5(J+1 Fee @20 ]‘
Equations (12) and (13) may be used for the numerical coms
putation of logarithms; convenient methods of proceeding aare

indicated in Ex. V. b, No. 4 and Ex, V. e, Noa. 17, 18. )
°\
Ezample 5. Find the sum to infinity of Lo
2 L3, 4
1.2.373.4.5°5.6.7 ’ "\'\‘
n+1

th x [ Bd
The n™ term is s yr e and ma:y be expressed in
Partial Fractlons (soe p. 231)mt.he form ) \
i _de \
2n -1 2?1 2n+‘l
., the sum to n terms iz N\

§(1+1+1 L1 LR AT o l)
e\ T3tyte 2n—-1)_ PAYS 2n)+ (3+5+ ETYS

N l 1 1
(lh‘+3\4 : ) Z(I_2n+l)
When n—» w t.heo limits of the two brackets are log 2 and 1;
e sum to infinity is log 2 - 1.

2O EXERCISE V. b. -

1. Wntb\down the sums to mﬁmt.y of the series
1 1 1 1
\““ 3Tited (“)2 Fetmatay

o 11

AN {iti) 3+33 3tE g 5ty . . |

\“ 2., Prove the following results, finding the conditions under which
“they hold : -

(i) IOg(-'c+a}=loga+f—2%+;-a, S
- 2oy, -yt It P
(i) Iog:c logy=—S4+ S + 500
2

{iii) xn+

2
2$‘+3ﬁ‘+.“—-§_z l+3(23’—l)‘+"..
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3. Expand the following functions as power series in x, giving
the coefficients of 2™ and the conditions of validity :

) 10 {1-3); ) log((1 -a)(1 4303
(iii) log (1 + 5z + 62%); (iv) log (2% + 22 +1});
(v) log (93 +2); (vi) log (a2 +3x +2);
{vii) log ~ 22 ; . (viii) log (1 +x+a%),

4. (i) Use series (13} to ealculate log 2 to 4 places of declmals $

{ii) Use series (13) to caleulate log §, log §, and log %, evach
to 4 places of decimals ;

(ii) Use the results of (i) and (ii} to obta.m the Ioga.rl,ﬂ]ms of
3,4,56,7,8 %and 10; \

(iv) Prove that log,,N =log, N+log, 10 and uge ths resulta of

(iii) to deduce the correspondmg logarithms to base 10.

5. What is the coefficient of = in the expanmcméof the following

finctions as power series in # and for what. \(ﬁlues of = are the

expangions valid ? PN\
{i} (1 -22)log{1 —2a); (i) (@ +3a:)=log(1 +3%);

_ > 3

{iii) {1 ~x)log(1 +3- ) .:j:’; ’

8. Given that |2| < 1, find the ‘surms to infinity of thd series whose
nth terms arg 4 .

\
. ratl zn -

T. Express log____“;“ in powers of - ! when |z| > 1.
A

1 &, Expresa l{ogn log(n+1)- I.og(n—l) as a power series in
5 Phen n 1;\‘

gﬂxpreas log (% +2) - 2log(m+1)+2log{x—1)—lﬂgf~" 2) as &

Setiogaf powers of o 2 e and find for what values of x the expansion

S to infinity the following series :

01,1 1 [P IS S
Latg gty g+ L VRN R
11 1
Lag g atass

\,\
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| 1 1 1 1\_ 1
13. 13, 3+3 re 5+5 & 7'!'.... 14, m+*2:-5 g, 7+v--
15. 1 1 ! e

1.2. 3 2.3. 5 3.4.7
16, Prove that log|ecot}A|=cosA+}cos?A +3 cosPA +... unless
A=nr; deduce that the sum to infinity of 1+§-—12—,+g~1?.+... is,
log 3.

17. Evaluate lim (2F2108(1 +2} +(2 -z)log(1 -2) R\,
=0 z ' N s\
18. Evaluate lim 1 =% +logz O

-l I - 4,/(2x a:“}
19. If zlogw +x ~ } =¢, whichissmall, prove that u'* \l +§c ~ gt

20. Find approximate solutions of the equatxq&? logae =2-7 - g .

R
Gregory's Expansion of tan-lx. From™thé sum of a G.F., equa-
tion (2}, p. 77, we have R ~ ' '
1 1 —z8 gt 1 N3 n 0
=] - = — Ll —_
T4at ¥ 4t — ...+( N If“ x +( 1) T
R - y
o Ll_'_x’dm_y ----ts e b (= +(—1) |
h K ¥ a;lra #\J
It -1gys -!-\ ,‘Bhe numerical value of K<! othdr=_——3 |
Z 2n+1 i
\\ S K=>0, when fn-»w; !
& tfl\eum $o infinity of 2 y_—,_, r_.l_
X byof y-35+% in o Lol

(Bt g'—;dx is the value of tan-1y botwesn - and 4
‘;“ ol +z1 ¥ _§ a0y 2’ i
\ |
- tan*iy=y-§+y—6- A4

5 R4 W NertANEbmmaaknbEt

provided that -1 g y< 1, a.nd that the value taken for tan—ly lies
in the rangs from —‘-;-— t0 7 inclusive,
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Evaluation of m. By using (14), we ocan obtain 7 as the sum %o
infinity of & geries. Putting ¢ =1, we have

Ir=1-3+3 =3+ e 15}

This series converges so slowly that for practical calculation it is
pecessary to employ alternative series (Bx. V. ¢, Nos, 3, 4).
The reader should verify the following results:

- 1 1 =
; in’ “lr_fanp-l-— =-—.
() Machin's formula, 4 tan B tan 239=1 A
{ii) Rutherford’s formula, 4 tan—* ! —tan‘LI- + tan- 1.7 ¢ \ '
8 Jormity 5 70 WL >
These give = as the sum to infinity of rapidly convergent Sorion)
’ KX )
EXERCISE V. o, N\
1. Find the sums to infinity of ¢ \ ’
1,1 o)

"

{iy1 _W+B'__2‘" LY
@ -3 -30-3"hadtt-3h-
2. Give the pum to infinity of t:&n&é"«-!;tan‘x +}tantx ~ .., when
bz, ’
4’ A
3, Caleulate = to five plages of decimals by Machin’s or Ruther-
ford’s formula. \R )
& Caleulate  to_fotir places of decimals by the formula,
P\,
N
8, §im ﬁyt&n*l +tan—* § and vse the restlt to express r a9 the
sm to 1&37 of sgriea. :
8. Bind the sum to infinity of

o 37 cen T O T *
[l}r<@< (u)_‘;_r‘;g:{_;_r; (m]mr—-‘i<x<ﬂr+;.

§=2mn-l§+tan"}-

gt §
\ s

SRR
1. Find, when possible, the sum to infinity of
PR YRS PRk R
cos § 4-sin B

8 X " i
i tm:g}.xpaﬂd, when possible, tan l(eos 7 —sin 8) aa 8 power seneés
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9. Ity=2-%+%, and z is so small that o7 is negligible, obtaia
: I . Y ¥, 2
the successive approximations w2y, z o y + El et AN T
Interpret this with « =tan 0. : :

10, If ¢ i small, prove that one root of tan 1y =¢ —a is given by
wz=te+ e, and find the next approximation.

The Exponential Seriea, .
It we assume that the functiori exp (x) or 2 ean be expandp\d’iq\
the form 6xXp (v) =e® =ay +a,& + 2527 +... +aa’ +... L >

NS

and if we also assume that O

d d d d (&
5O =g @)+ g @)+ ()

and thet we may continue to differentiate in this\way, it is easy to
find the values of a,, ay, a, ... . . p* ;'\

Putting ©==0 in the Hrst equation, we hqv};x I=a,

The second equation is o\
€ =ay +20,% + Szl 44,20 4 .. .

The equationa obtained by cont.inﬁjn‘g the process are
=1, %, +g:§;§5x+3 cdapt 4L,
e®=1.2.30,+2.3. 40,2 +.,..

sz verres

Patting 2 =0 in ©,"wo hava

12¢, 1=1.2q, 1=1 2,368

O 1 1
ANe=1, @y =1, a,=-2—|, a,:-ﬁ,'ete.

Therefo;e\'t;i}e"expansion is
\’\.“ —af = x x_‘ Ef Ef
exp (x) == 1+11+2!+3t+ ekt el {16)

(Bul the assumptions' stated above are not easy o justify. A valid

process which sometimes replaces this method is based on Maclaurin’s

Theorem. We shall now, however, procesd to obtain the result by
a different method, based on integration by parta.

2 T

To prove that the series l+%+%+ +T_—| + ... is convergent for

all values of x and that s sum fo infinity is €2,
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Pub u,= ‘: s~tg"dé, » being a positive integer,
Fa>l, u, .-—-I: —et, t":l: + K: et gt tdt = — =%, 3" tn T
Bl
If n=1, ulzl: -e—‘.t]:+ ! e=tdf= e ®. x+1-e"; -

: 0
©
| +:c=e"{l —1—1!};

.. by adding the results for n=1, 2, 3,..., m, N
xm 1 ] l’{:"
— T ” - . .,mk."..-
1+l +2'r +mI { m!f "\;}
We shall now prove that lim Ym_o y \'
m—sa M 4 (.

Consider first « > 0; then for 0 << s, e(‘-— <lki
. Titrt:r i MET gy 2T
SR td“tg ot B o TP

& by Emit (ii} on p. 78, o> ﬂ~whan m-x o,

Next suppose =< 0 a,ncg“pxt #= —y so that y>0.

Upy i-ﬂe_t t": \_{_I}m-{-l! gsﬁds, puttmg g== —1.
0

m |, !
But for O{sqy_./a“{s"'
N (¥sm y™
g 5™ v dg =t L —;
.:\'0{ Le .m!ds-:e Lm! o m 1Y

-
1

™\
- by\hm‘t' (ii) on p. 78, E e, E«I ds—>0 when m— @

"\* )
W 4 1

\> * —" 5 ( when m-»> ®.
m!

The required regult therefore follows from equetion {(17)

Caleutation of e, Putting z=1 in (16) we have :

g1

{17}
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s # 18 greator than the sum, 8y, to 1 terms of this series; but

1 1 1
3«+w“8"_ﬁ+(fe+l)!+"'+(n+p—1}1
<l(l+1+l+ + ! {1 1 = !
n! nond n”*‘) n! 1 (n-1).(n-1)
n
and a3 this is true for all Ppositive values of p, it followa that N
ne
empgg — O
LA P | T >

NS
™

For exampls, taking n=10, we got “:
1 1 1 1 1 AN
l+1_1+§1+'"+§!<s$-(l+.1_:+:ﬁ+"'+§“1-)'+9_.-§z'

and this is found to give the value of e to § plnbers of decimals,
(6=2-7182818.,. )\~
Note. I & function f(p), which — & lixgift £ when p—> o, satisfies

the inequality f(p)< K for all valuesiof p, K being independent of
P, the correct conclusion is not f .« K'but I K. Thus in the ahove
1

work the conclusion e -, <

m would not be justified;
it can however be proved {s: _

R o R V2 S 1
D 's“f-g;{s'\""m +n-!(r-‘—§+;;+... +;£:T-i
“.‘_‘l”__l_i_l+ 1) 1 1
ANO Al TRttt Thoni T meip
O 1 1 1
oY <(ﬂ-l).(n—l)!_n.n!+(ﬂ+l)l’asab0ve’
O\ “ g—s 1 1 1

* :; .

) Wature of o. It is casy to seo that ¢ i8 not rational. For if

s=‘§, where p, ¢ are integers, Spp1 < e=1;<a¢+, + 1 7 and multi-
g

ns - -1 n sy -0 .moI)

Plication by ¢! gives K<P-(g—1)!<K+§, where K is an infeger,

but 2.{g - 1)t is also an integer, so the inequalites cannot be true,
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. &
The Compound Interest Law. It was proved on p. 64 that % =g,

We shall now show that every function y which has the property

%‘r:y is of the form Ae® where A is constant.

dy de 1 . _ LT
It ot ] Ty ?-—5&533—1083"‘0'
2 A
ad, if we put C = - log A, we have o N
gzlggg;—lggA:log%; oy =A% .,'( S Y
AV

The equation g% =y means that ¥ is a function whosé rate of in-

arease with respect t0 = is y.  This i the rate tl;at%curs if money is
lmt at Compound Interest at 100 per cent. per unit time, the interest
being added continuously. Thus if £A is lenbunder these conditiots,
9d the unit of time is a year, the amount after = years is £(Ae%).

It the interest is compounded at:‘ilii:bx";rals of %th Ofl {?0 year, the
ameunt after ko periods for each qifyi?hich the interest ia - P oent.
would be £{A (l + %) kz} . if‘or continuous addition of interest we
Tske & <> o 5 we may Q@efora expect that

oW 1\ k2
2o lim I+—) =g¥,
.‘.\ L k

" (N
Writing “4dr &, and guccessively @, -2, for y, we have

Q) Em (1.,.;)":3:' eesreresenssenn18)
:’\' . e
A .
d Um (1..5_) =e%, ........................{19}
B0 n

Vf‘ﬂl‘mal proofs of these limits will be given in -the' cc?mpsmiczn
Eo'l'm on Analysis; another method of proof 18 indicated in
%1V, g, Nos. 15, 16, 19.
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Emmple 8. Fmd {in terms of ¢) the sum to infinity of the

series 1 4 7
! 2[+3' kP
rth term 3’"‘2_ﬁ—3, ........................ (i)
r! ot
: 3 2 ..
whif:h, ifr>1, - _ ={T T it SRR | 1) B
2 :Q >
Thus, by (i), Ist term =3 T \' \/
d i) gi 2nd term = 5 - 2
and {ii) givea o) em_i-i—_zl, K \
H H . M'\’\
N nth term = 2 E,- v
(r=1)1 " n
. the sum to n terms is N

1 1 1 1 1
3{1 +1I+2!+... o 1)'} {1!4'21&'314" A }

When n — » the sums within the braclmts tend to e and to (¢ - 1)
respectively, thus the sum to mﬁmty- de - 2(e ~ I=e+2,

Example 7. Find the sum to mﬁmty of
5 +2 6 3.:?4_3_5_; +.
a 3t e
It r > 1, the rth term 1@"‘\

r(r+4}&\(r Dir-2)+7(r-1)+5

e e e

COLEL B B T i

ind thm,ﬁriﬂ' (r—2)!_+(r—2}!+(r~1)l’ ........... (ii)

Y 1 7 5

f P T Ll s el Y | 111

nd h‘?’ﬁﬁb 3, STl P T oy v (i

’\ The 1st term is 5,

O the 2nd fsm-m=o+7+E by (i),

the 3rd term =1 4 171 +251 by (ii),

1 7
the 4th term_.l-+2 +3' by {m},

nd (iii} givea all the later torms,
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Thus the sum to infinity is found, by the method of Example 6,
to be e+7e+5e=13e.

Kote. In the above example, the exceptional terms at the beginning
of the series could be found by (iii) if conventions were ma.de to the effect

that ®=1 and -x]—'i =0 when z i3 a negative integer, The reason that they
can be found in this way is shown by (i} and {i).

Ezample 8. Find, by successive approximations, # in terms of a,.

when z +¢* =1 + g, and 2 is small. (N
z 1 A \’\
z=14+ag ¢ —aax—ﬁ—ﬁ— i ‘
. 9y o o A
. a:_a—?!-g—!—.... _m\\'

For first approximation, neglect a®; then
2e=a; . w=1ia. \\
For peeond approximation, neglect a®; thsn\ .
PO | (E)'=a 2 e e
21\ 2 s i \\d 2 18

For third approximation, neglect, a‘ then

l/a a1 /a\s  at @
2"‘““‘5(5 :{6) ‘3‘:(@) =a -3 +gg’

2 s 3
\"v :E‘ [114 43
,\" T=5~1{s 92"

For fourth apprﬁiuma.tlon, neglect u®; then -

1 «n ANt ]/g 6\* 1/a 1
%za__ 3 T £ EAVE ) __<_)
2k %16+192) (2 16/ ~4\2

~a g gty 1 1 1 1 oot at
=00 P _ — e —— e ———— | = +
e\ 3+96+2< 556 192 T 64 192) EREAR T
"\,:f»;::‘_'_f_kia__‘_ at .
NS 2 167192 3072’
end 5o o,

EXERCISE V. d.

Find (in terms of ¢) the sums to infinity of the geries in Nos. 1-16.
1 1.1
+II. »

1_“_1_11 .
-+ 2 fitartE

IV TIE TR
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3. “'121 23!+;I+.... 4, 2l+32! fl-!-....

. TR g:-:-i:i-.... 6. 1+23+g,+ s

T, 32!4. 4!+76!+,,,. 8. 1+22,+43!+:,+....

I W B 1.2 10, n+1$2+——”§f2’+'..\.\-
11, 1—:+§:+ Faens 12, 1=+§:+$:+.... \\ "
13, 3_1_8!_‘_1?_!_ 1?_'_.“; 14, 12!3+23 4_‘_3“5_!‘_“”
U5 S 16. 28080
Find the valuas of the following : AT

7

9N
1 : 1 1 R
17. ( 2!+ +... (1+31+5! ), \

18, (21'""1"'6!"' ) (1+ +Eu ,” )

Find the sums to infinity of the! s’enas whose rth terms are

r 1498, 40 P28y, 470
19. (f"'l)l. 20. T—;i_u_h. 21. —T_":'_—l')' '

B 2

@or
e 1}1 Y G "@enic P gy

Expa.nd the follcéhg in power =eries, giving the coefficient of 2"
in each .

2. e’(2+3:c)‘ 27, 1+20 4321
. e
4_*&»4-1) [a:;-!l}' — 29, s°°+e=-
,\ gz
(l+2a:—4z‘3).

N\ \31 Bum the series (21 - y¥) ..l (24

) 2

~y')+§-(x‘—y‘)-ma

32. Sum the series 1952. “"3!2)’ fog2?_ .
33. Find the coefficient of g | Inn (% 4 gepm,

34. Evaluate lun {e* +log(l+z)~1 -~ 2x}-+a®,



"\

\/
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logx ~a®+1
36. Evaluate Iun Rrers L
+ 3
36, If z is small, prove that (1 +&)l-%==] +2 42t +tge
37. Show that (i) e* << %,if O<cx<l;
. 2+x .
() f< g, if <2 <2 R
A
sad examine the results when « is negative, PR, N
EASY MISCELLANEOUS EXAMPLES: o\
: s
| EXERCISE V. o, O
L. Give the sums to infinity of 3 . O
W‘ IR
R T (i) § =3FE — 4o
1 I 1 LY 1
(m}l+2 st or 5tas 7 7-|-..., @vyr_—3+ﬁ-ﬁ+...:
1,1 N 1.1 Y
{v) 2,-!- +6!1-..., R (VI} “ 5I+BI+'"'
8 ENni “a_= 2___"- UL
how that the sumto\»mﬁmty of 2 31 41+61 in the 8q
th "_ 7\ t
hat of 1 5' ,\\,

3. Prova that 6 cotﬂ—’*- 1460 — 0% if 6 is proall
4. Show th{ﬁ the error involved in replacing 6 by 3 (8 sin 5 —sin 8)

i3 about 38:}5 ? is small.  Hence solve sin § =§0 approximately.

gin § —gin (8 +2a) +sina
cos @ —cos{f+2a) +coE@

Be, :E‘md an approximation to when & i

ool that o is negligible.

6. Prove that 13++3c?3 b y/{cos B, if 6* is negligible.

1K ©o8 {a 4 0} =cos a cos ¢ — cos F&in asin ¢, where ¢ is small,
rove that one value of 6 is ni‘.i.rly $ 008 B + i cot asin’ B,

m‘)g‘. If ¢ is small and positive, prove that & —e=3 T sin®z has .t\hrﬁe

i . e
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9. SBhow that @ :% is an approximate solution of
16sin 8 =128 + 1,
and find a better approximation,

10, I x is small, and e’ta_ng =g, prove that

3 L]
& =20 —4(1’-;-i‘§1 L 1i2a

5 -

e )\
11. T£9issmall, and 6 cot 6 =1 ~¢, prove that 8= /(3¢). (J\ )
12. Prove that the sum to infinity of N

7
 {

I 1yl 1 Inl
l+(2 3) + 4*5)4:"‘(@4‘?)4—3 - i8 ilog,rz
13, Inis posmve, prove tha.t. the sum to 1{ ty of

Tm:T) Ta—(m)—s‘fs 4%1:*4.—1;s T
iml- log(l+l) _ A :w' ’
14. Expand as power series ma:,vgwmg the general terms:
{i) 103(1 +—-—~)’a . {ii) log {1 — 2% + a4},

¥
15. Bxpress log(» +y)\— log (@ -%) as a series of powers of 3
stating when this ig possibl ) P

16. Express 2lqg +R) -logz ~log (x +2k) as a series of pcﬁ’““'s
of —— zTh and sta,te when this | i8 possible,

1 1 1
17. Prové\f.hat log10= 3log2+2(9 +3 9=+5 gs - )a,nd hencs

evaluaﬁg»log 10, given that log2=-693147. Deduce the value
of log,, 2.

“\I,S Ifa=log$, b =log12, and ¢ =log ¢4, prove that
4 log2=3a +b +e,
/ and hence calculate log2 to 3 places of decimals.

\

18, I 0< 0 §, prove that Zcqﬁ‘z—ril—zg—-logcot 8. What hap-
pens if T {9<1rr
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. . . x 2 - 25
90, Find the sum to infinity of I +x“+3(1 +x’j3+5(l 2 s

and the values of = for which it converges. Expand the sum in
another way and find the coefficient of ™ in the new expansion. '

2l Find the sums to infinity of ;

11 11
(‘}1 stsatget o’ {“)2 stagte. T

1 I

B ot B . OV

i} 1.2.3*5 6.779710. 11

fiv) 5 . 8 11 . U

1.2.372.3.5" 8.4, 7 A\

snd prove that in (iv) the sum to n terms differs from the” sum to
.\‘

3
mﬁt. M
nity by less than o7

2% Prove that the sum to n terms of the series \\:

1234 3456*567{@*“'

il 8 4n+5

53 to 2n terms of
P~ 12+12(“+U{2n+1)’ whors s,,,ls the gum to 2n
I-}+3~}+.... Honce find the sum to infinity.

al

2. If x is sma,ll prove that 39
g 5xy ad

(i) loglog (1 +x]z _‘2+ 21 §;
(i} élog— —\}xV(l +x?) ==

A g% ﬁ‘ .
U, Prove tha,t.lngam f=logf -5 —1g5 if 6< b <m.

N
3, Prove that Ii 1 ) .
AR i e Tege) T
%, R‘*Ikd bhe gums to mﬁmty of
7
BN I B

sx 13 it e
MWHM

27. Evaluate 1 tan~-la ~gin @
ave ljl_?ox’—2a:+2log(1+x)'

2. Neglecting 2%, choose numerical values for a and b, so that

. . X - "]
amamx+bsm’2—ztan 15 = —}gas
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cos a +cos 6_
1 +cosacos

in tan g » and state the conditiona of validity.

28. Expand when possible }cos—l( ) &8 & power serieg

Find the sums to infinity of the series whose rth terms are

t 1+243+...+r 2r¥4r -1

01 (m‘ 310 —__(‘r-__.‘-.—l)l_‘—_. 32- —r!_-_‘ .

r+1 Br+1 {Zr+1)*
“{r+2) .1 34. (2r+1)1° . {r+ [N

'\
38. Express 1 +(_a_#£) +(a -;?x)’ +... 88 & power serigs“in 7,
proving that the coefficient of 2" iy %an . , \ :
. \

37. Prove that e"—4ex+eg-=-4e-==+e~5-ale'fb}—z‘} if z is
small, .

38. Prove that (1 + )47 =1 g 4 g2 +4a% ifg\ig small.
39. 1f = im large, prove that (1 +£)¢¢ s’{}\;%; .

T 13
41 If o™ =gr, b is gmall co;p;:»é.réd to n, and g >0, prove that

xﬂa(l ~ﬁloga). Ny

40, If x is large, prove that (1 +E mH:ﬁ_ e (l 1 )

. 42. Expand 1-acosu 'Q“ascendiug powers of o as far as a?, if @
is small and w=% +¢ sine

&
HARD:E:R MISCELLANEQOUS EXAMPLES.
)  EXERCQISE V. .
1. Fj “\é.z'a, approximation for 26 — 2580 0 +sin 28, when 4 is

3

PR

srmall, o\ 9+6cosf
&:’;f @ >2b >0 and 0 <z <, prove that x>(a—+b)ginx.
\ a+ibeozx

N 3 Prove the inequalities (due in effect to Archimedes)

j . 3 . T
2 t —_ a
$(2sin g+ an9)>8>2cosecﬁ+cote, if 0<8<2-

4 Xz and y are the lengths of the sides of regular polygons of
n sides inscribed in & cirele and circutnseribed about it, prove that

the circumference of the circle is approximately g[Zx +yh
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5. If A and B are the areas of the polygons in No. 4, prove that
the area of the circle iz approximately } (2B +A).

6. Two regular polygons of m and » sides have equal perimeters I,
Prove that if wm and » are large the aress of the polygons differ by

ity 1 1
sbont E(@NT_{B - .
1. Bhow that log7 differa from 2log3d +2loghs-Slog2 —%
2 A
by less than s —739 450" R O
8, If # is small, prove that log (secx) =2 tan’g » neglecting 2%\

8, If log 1tz+at =% (a,x") where z < 1, prove that ifis'oven
R ¢

6,=0, and that if » is odd and a multiple of 3, ¢, =< %:hnd that if n
s prime to 6, a“xg. N

10. Find the coefficient of z" in the expgﬁ@i}n of

log (1 + 22 4242 + 2%}, when 2% < 1,

Consider separately the cases when n;’&, 1, 2, 3, 4, 5, (mod &)

1L If g, b, ¢ are eonsecutive positive integers, prove that

&y pan—1 1
logs ~}(loga +logc)’=zfﬁ_—1, where @ =5--—.
: o 1
12. Assuming that the cosfficients of 4 may be equated when the
two sides of the iden% log (1 +a*) =log {1 +z) +log (I ~2+2%) are
2panded in powers/of @, find the sum of the series
1-3-3,@ -9)(3n-5)_(3n-5)(Bn-6)(3n -7}
21 .8 31 41
1. From-tHe identity log (1 - az) (1 - fz)=log (1 — sz +p=?), where
8=a+ 0 mwaf, by ex';an%lgng and equating coefficients of various
Powers 6f'w, show that
¢ \Iljoaﬁ +B§ 28(8" —582}3 _!_5?8};
AN 0 4 G138 g (513 — 1350 + 65" — 166s%p" + 1825t
\ - 91s%° +13p%).

U Tfatg4y=0 = = ve by a method
i =0, By +ya +af = —a, a8y =p, prove by
Smilar 4o thag 07; o.B]jé, t‘l\;at 8 By )

I

(i) *+22+y"=3p;
(H) o + 3%+ =5ps;
(ii) a7 + 87+ =Tep.
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15. Deduce by expansion of log (1 ~ax)(l - Bx}{1 - y&}{1 — i) that
Za* - 33a8y =Za {Ja? - Zaf).

16, Express a* + 47 in terms of » and g, where @, 8 are the roots
of ot —px +g=0,
17. Use the identity (1+y+v2 +Hl -y V2 + ") =1+ and the
expansion of log (1 +x) to prove that
2B gy 2072 (2n-2)(2n - 8) _

Zn 21U tonTs- 81 O\
n—3 (2n —-3){(2n - 4)(2n —5) Co s
-3 T 3 +~‘.j.‘ Hr
where # is an odd positive integer. "G

18. If || < 1, prove that {1 +zy-+2(] - gji-= >1{ Y

b A\
Deduce that a®h ~ t;—b)‘w if @, b are positive'and unequal.

Tz \® ,x’}\-}'-z)"
W Ifz>y>zmo, prove that (:r_:_z)'géy——;. .
20. If 2 is small, show that the followinig functions can be arranged
in ascending order of magnitude by gxpénding in powers of @, ag far
83 #® only, and arrange them : A0

(i} sin (ban-2 2} ; (ii) tan: (éi::E1 @); {iii) tan-1 (1;.&11—1&'»'); .
(iv} ten (tan z); (v)Naid (sinz); - (vi) sin~? (sin— 2).
o 22 +3r-1
21. Evaluate 21‘ R

: L
22. If 2 >0, prqve\that (-8)et+4a2 42213 0,

RS "
23. If = is dakge prove that (l+£)mﬁe(l—«-2l$+dii_g_@).

24, If P{f sl prove that successive approximations to a root of
)

P = g0 ohe n, ~{aploga, and 2{1 ~1ploga +1p? (2 +loga)logah
whe =0,
25, 'Show hat the cosfficiant of 4 in ¢ jg
\ 11 gon | ™m
\. ni '1'—I+2—!+...+;—!+...}.

" and hence find the sum of the serjes in the bracket for n =4.

- n!
26, Prove that {2i;‘§li“‘4l“:‘"-+(7%f}-"’ differs from ‘p
bylesathann—zj.
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. or 1 1 1 .
21, Apply the inequalities m{log (1+§)<ﬁ’ where n is

positive, to show that (1 +?%) (1 +-§—,) (l +£,) iz less than _
ye.5/e, but greater than +/e.
28, If » ie a positive integer, by expanding (¢* - 1)*® in two ways

and comparing the eoefficients of various powers of z, prove that A\
B T
end find the values of _ O
et a1y 42 f;(;a _gj - (115’2(%21 (n -3 +*
(i) a% = (r — 1)n+1 +”;—le (n -2yt - ”‘—'1”2‘“3“ 2 (n «3)}34 "

(i) 1 = (n — 1ye2 4 2 = {n -2+ (=D 2B -3yt .o

1.2 12‘\

8. If » is a positive integer, prove that 4N )

ﬂ_E — m n(n—l) - ﬂ.._w =an !
n l(n 2) +y g (n ‘:e'l}:“ .. =271l
%0. If n is & positive integer, prove.that
I* g g0 +’l(—i"-“2—” 3 - . $0n 71 terms =( - 1)".nl.
81, By expanding (e® 511)}”(33—1)" in two ways, prove that
G- 10 ey (n — 313+ .. =R (n +3) . 2774
where ¢, ¥ +e2? ... ={1+2)" and 7 > 3.
.1 n is a figd positive integer and 2 is positive, prove by

differentiation xﬁ{ - (n ~(|- 1:;}3:‘_“ increases with @ Deduce that
~i n
NV

A\ A z_\oh
_"."s\ (1 +ﬁ) 4(1 +ﬂ+1) .
8085 is 5 positive integer and 0 < @ < 7, use the method of No. 32
NN +1
\t'o‘ﬁnd whether (1 - E)" or (1 - -f—--)n is the greater.
f n+l
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The rulé does not apply to properties depending on the periodicity
of the eireular functions or the values of the ratios of special angles;
©.g. the rule must not be nsed in connection with.

Bin{2r -z)=sinz or oos (m + E) = %2 {coszx —sin x).

For the present, thiz rule should he regarded merely as a
mnemonie. Its justification is best left til! circular functions of &

complex variable have been defined, see Chapter X. O\
A\
EXERCISE VI a. A
Prove some of the following formulae in Nos. 1-10, a.ﬁCi cﬁéck t!
others by the rule on p. 105, ~ '
1, eh(- m}#ehm; ch(-x)= -ghx; th{-z) > ;tﬂz.
2. sh28=2shch . e\

3. ch 26 =ch?6 +sh?0 =2ch?0 — 1 = 1 +.2 5Hef"
4 l4cha=20h3d; 1-cha= -2 s d
2thz : ,,’:l
1+$hig” AN
8. (i) ch(a-pB)=chachBphashj3;

(ii} sh (o - 8) =sh achR - chash 3.

7. (i)shf-sho=20n 2,09,
V2 3
(i) cha-ch¢>23hﬁ_‘2‘.?sh9;‘#_

b. th2z =

P o< . 2
Write dowi the corresponding formulae for sh§-+sh¢ and
c¢h§+chg. o \J
O tho-the
oy = B¢
B R )= am e

?:.ﬂi\)sh 30 =3sh8443gh; {ii) ch 30 =4 ch*) - § ch 0,
) ,EVt‘ite down the formula for th 36 in terms of th /R

\M0. sech®r=1-th%z, What is the corresponding formula for
gosech®x ¥

Write down alternative expressions for the following :

11, 1 —coth2z, 12, shes, 13, sh2x —ah?y.
14, sh@sh¢p, . 15. shdch ¢, 16, ch Gch ¢.

17, {ehz -shx), 18, {chz 4 shx)™, 19. (chz ~sha)™
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20, Expand th (x +y +z).

2. Prove that ch{x +y) ch(x —y) =ch¥ +sh?y,
. fzﬁg =oh 20 +sh 26.

23. Expross ¢ch @ and th @ in terms of sh @,

24, Express ch # and sh § in terms of th 0.

95. Express sh & and th § in terms of k, where £ =ch 2.
26, ¥xpress sh 8 and ch 8 in terms of ¢, where £ =th 0.

22. Prove that

107

N ¢
AN

2. If #=sintchv and y=cosushy, find a relation between ‘

(i) z, g, ; (H) 7 ¥, 0. Y

S
7
)

28. Prove that cot,hg —coth # =eosech 6. 'fx ’
29, If tanf=tanath 3 and tan ¢ =cotath g, Prove%at.

h 2
anenBE D

30. Prove that ch¥(§ + ¢) —oh*(§ - ¢) =sh 20&l 2¢.
8l Prove that sin?@ ch?¢ +cos*d shi$ —'i‘(ch 2¢p - cos 20).

1 +shg +ch ™0
32. Simplify "“Ti_?h $ RN N
33, Express sh 2 +sh 2y +sh 2z (22 + 2y +22) in factors.
M. H sinx chy =cosa and ¢od shy =sin o, prove thai
shy Ledpty = teing.
85. Simplify sh {log 7} dnd ch (log z).
36. Prove that chg fch 2z +¢h 3z +... +chn equals
($sh(n +})w cosech {v - 1

2N/
Differontial, Géeéicients and Integrals, Using the definitions,
ve
N d 2%~ e 46"
— | = =chX ....ce sennar
\ sh x) = ( 5 ) 5
’ ’o _ p—
o) < (chxy=— “”*__*’_f);’"e S S
<\' dx(Ch x)_d:u( ) 3
Ishx.dx:chx; jchx.dx:shx.
Further, '

d d shw) _chiz —shiz,
d—x(t.h:c) = (ch:c ;

chiz
4 (th Z) =3eChIX.  ovivrmisinmarennn
tdx

wa

(13)
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In general, expressions invol ving the hyperbolic functions are
integrated by methods similar to those used for the circular functions,

diy

It should also be noted that the general solution of the equation

dz3 Y Way be written in the form y=Ash®+Bchzx where A, B
are arbitrary constants, just as that of % = -3 may be written in
the form y=Asinz +Boosz (See Ex. VI. b, No. 27.)

d P )
Example 1. Find e (bh 5)]. S\
:%: [tan“ (t.h g)] o + % sechi 2 "\ .
1+th?s R
] O
_ I N 1
= e (Nz\ Z2oh®
8 iz
E(c.h;é‘\-i-_al 2)
, =% segh .
Example 2. Evaluats ]s}a}f;&m.
. S sh’x';dz‘&:'],i{ch 2z —1}dz
i \ =}sh2z — = +c,
,\\‘..
) EXERCISE VI b,
Differentiate with respect to
1, shzxteh . 2 ch?a, 3. shtx,
4»\Bf5}‘éh ., 5. cosecha, 6, sech .
A \cothz, 8. log (sha). 9. log{chz).
\ 10. log (thg). 11. tan—t(cothz), 12, log(shz +cha)
Integrate with Teapect to 5
13. ch 2z, 14. shaz, 15, tha.
16, eotha. - 17, shtz, 18, cosech®x.
15, thix, 20. cothiz, 21, secha,
22, cosech a, 23. shxsh 2z, 24, chiz.,
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25, What is g;(ch zeoax +shaginz) !
26, Find the value of !ch & sin x da,

27. If y=6shnr+bchne where @, b, # are consgtants, prove
that 2Y =2
d—zi—ﬂ » . !
28, {Behaviour of sh = and ch 2).
(i) Prove that cha is always positive and that shz has the( \/

Bame sign as . O

(i} Deduee from (i) that shx steadily increases as » inor dges,
that chx steadily decreases if x is negative and gfeadily
increases if # is positive, a8 @ increases. { ¢ 7 '

{iif) What is the minimurmn value of chz ? \V

{iv) How does chx behave when x - and wh@.x—r -w

(v) How does sh 2 behave when z— o and Wh;&l z> ot

\
., Find the limit of %&? when @-» ke’ and of ';_lzg-when
- -, « \
I R h
7 Find_ the Limit o ”i‘:‘ when (#» + and of 225 when
- &N

(viil) Draw in the margin the graphs of shz and chz, Compare
each with the graphs‘ef e® and e-%, [The graph of cha is
celled a Oaienary, hacanse it is the curvein which a unifortn
flexible chain ; fxed ends hangs.]

29, (Behaviour of the ahd cothz). .
i) Prove that thz-and coth are both odd functions of 2.

(i) Prove thabythe steadily increases as x increases. What
congluﬁﬁn can be drawn from the fact that

(§ ol (% cothz = —cosech'x ?
(iil)Find the limits of the when z-> +o and when 2 —a@.

PR “\' What are the limits of cothx in these cases? .

N\ Aiv) Discuss the behaviour of thz when -0, (a) through positive
values, (b) through negative values.

{v} What is the slope of y =thz at =01

(¥1) Prove that |thz| <1 end [coth| > 1 for all values of £,
(vii) Draw in the margin the graphs of thz and coth®.
3. Draw the graphs of sech x and cosech z.
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Inverse Hyperbolic Functions, If y=sha, then e® —e™% =2y,
. oo €% =2y gt =1 4yt
o (B -y =14
St =yt v+
But e®>0; . v - +/(1+4? i3 not a possible valne of ¢*;
S =y+ (1Y

& z=logly + V(1 +32)]. R, \))
Since shz increases steadily as = increases from — e fo (+'o, it
ia clear that for any value of sha there is only one valug ofz. If
y =eh x, we write x = sh‘ly The function sh—ly is therefore & one-
valued function of ¥ given by the relation ’»\\
shoty =log[y + V(L +39]. adbieerseronnnen(14)

This inverse function, sh"‘y, is therefore not! réa. v & new fumction,
but nevertheless the notation is nseful, ,

The reader has seen (Ex. VI, b, No. 2§) ﬁhat if y=chw, y has no
value less than 1, and that to any valus-of ¥ grester than 1 there
correspond two values of , numencaﬂyequ&l but of opposite sign.

The function x =ch 1y is therefo’i-e”only defined for values of y = 1
and is a two-valued {function. &3

The reader should prove, hy the same method as that used above
for sh~'y, that

\
ch=y =log y{E.«‘?’(y” 1) =tlogy+ V(¥ - 1)1 ......{16)
Similarly, the reader will ses from the results of Ex. VL b, No. 29,
that, if y=th®, =1 ¥ < 1, and that to any value of ¥ in this range
there correapondﬂ one va.lue of z.

The functm\n T = th—‘y is therefore only deﬁned for the range of

values — <y <1 and is a one-valued function. By the same
method{ua “before, it may be ghown that

\:,\:fj’" thiy = Llog(i'{”;). S reenrens(16)
Applications {o Geometry and Integration. The equation
ch?0 —gh?@ =1
shows that the coordinates of any point P on the hyperbola
@t gyl
"
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may be written (ach 8,5 ¢h §}; this iz analogous to the use of the
eocentric angle for the ellipse, (¢f. Bx. VI, ¢, No. 13), Further, if O
is the centrs and if A is the vertex {a, 0), it may be shown that the
ares of the sector AOP iz § abf (Ex. V1. ¢, No. 14).

Another important application occurs in integration. Just as
integrals involving 4/(1 -3} or 4/(a® — 2%} can often be evaluated by
the substitution  =sin 8 or & =a gin 8, so integrals Involving /(1 +2%) »
ory(a?+a?) can often be evaluated by putting z =shforz=ash§,
and those involving +/{x? —I) or 4/(x® ~a?®} by putting z=ch # om

Q

g=qch 8, R\,
1 O
Examp!e 3. Evsluate 5 m dz. i & s.}"
Put z=|ol.shf; ., dr=|a|.chf.df; &
. [a].ch 8 N
& = 1de=4
the integral § St sareiny 40 E\’ 020 +¢
N

=gh-l (W) +e \ v

=logx + +/(a? +,xi)]'4-6.
where ¢ is & constant. AN

Ezample 4, Evaluate ( (x’ A;i,idf:c, where z < - 2.

Here it is not possible_ put. @ =2ch 6, because % i negative,
while 2ch 8 is positive. .‘B we con put w= -2chf, and we can
take 6 as positive.

Then /(a2 - 4}—+25h8 also dz=~2sh6.d0;

. thamt\agﬁal [(23}19)( —2sh6)do= 23(14ch29}dﬂ

\"\ =26 -sh20+c=20 -2shfchd+¢
.\\ X l
R _2ch—1(_§)+§w(w=—4)+m

-~ he}‘e £ ig & conatant.
\\ 3 The difficulsy of sign illustrated in this Example does not arise

I numerical work because, if an integral such as 5 izt —4)de
Oceurs, it is natural 4o begin by substituting = -4 aud this reduces
the mtegral to X V{1 — 4)df, so that §is positive throughout the

Biven range of values,
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EXERCISE VI, ¢.
1. Prove that, if y » 1, chty = slog iy + /(2 - 1N
1 +y,
T-y°
3. Draw the graphs of ch~tx and sh—1z.
4. Draw the graphs of th‘lx and coth—tz.

2. Prove that, if ly| < 1, th-ty = log——2

N

st

5. Prove that, if 0<yg 1, sech—ly = +log l_+_-\/_{_l__y) o\,,\

6. Express cosech“-y in logarithmie form, {i} if y >0, (11J~1f y <0
1 N

7. Prove that —(sh“x) v’{l Vii+a g\
\\

8, Prove t.ha,b - (ch‘“lz] 'v’(w’ I’ and explain the arnbiguout
#ign, showing how to d.lstmgmsh betweeon the\}wo cased.

- 9. Prove that, if [z} < 1, -—-(th‘“’a:}

\l
“lx

10. Prove that, if |2[>1, uwacl:at.fr"x) - !

P

11, Eliminate « from the eqqat,mns:
(i} = =aghu, y=bshu;
(iiy#% =a ch (u+a), y=bsh (u+ 7).

12. Prove that x<ach(u+a), y=bech(u+B) are parametris
equations of a hyp bpl

13, Prove that*the chord of the hyperbola z? — 4% =g® joining the
points {a ch 0, ashd) (a chd, ash ¢} is

A\
\ xch .Hb -ysh 8+¢'

8 2t g
..\Emve that the ares between the hyperbola 2t B =1, the

¢

ach2.

2
z-aki%, and the ordinate from P, (ach#; bsh6), is Jab (sh 20 - 26)
nd that the area of the sector bounded by the eurve, the x-axis and

is Labp.

15. Evaluate [a’ 1:6,@:1: by putting z=ath#, and compare he

result with that obtained by expressing -the integrand in parbis!
Afractions.

3

nl dx k] -
18, Bvaluate I VwE =gt Where 21>k, (i) for z > 0, (if) for 7< 0
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17, Evaluate [ VAo +aY) da.

Eveluate the following integralae

a . % 1
18. |, viat -4) do. | 19, { —ra—gde.
L _ _
2. Lsmdx. 21, J,/(a,a +9)dz,
. xl R\
22, ]wxs_as)dx, if 2> |8l 23. jmdx&\ O
2. Prove thab !seca:dx=2th‘1 (tang) if tan?3 < 1. sud -find
the sorresponding result when tan‘g >1 (ef. Noa. 8, 10), 0

EASY MISCELLANEOUS EXAMPLES,
EXERCISE VI &0

1. Prove that (chx +shz)(chy +shy):=bh (2 +y) +sh{z +3).

; i-iP'rove that ch®z —sh®r=1+§sh*2z and express it in ferms
o ehdp, :..

3. Simplify N\
{gh (z - )} + sh 2 + sh (zg))~{ch(z -y) +chx +ch{z +¥)}

L
4 1220 =
Prove that { 15208 = ch 66 +sh 60.
Differentiata with'respect to @ s z
b 21 +a:=.+’§ir"lz, 6. zv/ 2" —g? —o%ch™! -
A\ 2
I aach:“{é::_, 8. cosech 5
9. gz 10, .c%sh b,
F?ﬁfigfate with respect to 24
(B e (th +sechtz). 12, shash 2xsh 3z,
\/ 13, eszgy b, 14 shi

" {T+ohz)(g +eha)"
15. Find the parahola which most ¢losely approximates to y =chz

near the point (0, 1), and deduce the radius of curvapure of the
®atenary at that point.

Vzles; Find the angle of intersection of the curvee y=1+che and

s H
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17. If 8 > 0, prove that ch >shf>0>ths,

18. Evaluate lim i- and lim 7
x—0 & z—»ot'hx

19. Evaluate l.lm ( 1 - ¢oth? )

20, Prove that lim S22 =SR2,
L= 2

21, Show that sha —tha = a3, if = is small. - \

22. Express z cosech z in terms of powers of x when z is 500 smaII
that #? is negligible. .

23. Prove that chz<§, Hlzl<l. o
24, Provethatshx< ,ﬁ0<m{l.

25. Prove that 2{cha - 1)< #shz. , \:

26, Show that z=1-9 is an a.pproxuna.t‘c\ solutlon of x=2thz,
and find a closer approximation. \

27, Tf tan =th ¥, prove that 2ta.n‘1(mn 2z} =tan—1(sh 4y).
28. Prove that sh—l{cot 8) = Ioggcbtﬂ + | cosec ¢ |}
29. (i) Express th—1x +th2y ity the form th—1p

{ii) Prove that if &, y are the coordinates of & point P and
th™1z +th~1y <c\a constant, then P lies on g hyperbols
with asymptotes parailel to the axes.

0. IEP, Q ame t}Q\pomta (zch 8, bshé), (ach <f>, bsh ) on the
2
hyperbala < i B_’ -*} , brove that

{i) the aregiof ‘the segment cut off by PQ is fab {sh (0 - ) - 0 + ¢}
(ii) the{amgant at (a ch—+ 8 +¢) bsha +¢’) is paralle] to PQ.
).

\ 81 By expressing eh, sh§ in terns of th! (._tj, find from

(m}‘the pole of PQ is (ach B+¢ 8 d-’, b h6 +¢

z=agchf, y= bshaﬂ rationel algebraic pa,rametnc equations to the
hyperbola, —§—le Show that two points of the curve oB

opposite branches cannot be represented by one st of parametric
equations in terms of 6, but cen be represented by one get of pars:
metrie equations in terms of an arbitrary parameter,
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dy\?
3%, Use the formula, s = {1 + e }dw to show that y* -s*=1
for the catenary, y =cha. i

"33. What curve is represented by the parametric equations,

] 2
z=0shtd,y=2ash 81 Apply the formula, s:[\j{(g—%:) +(%) }dﬂ,

to show that the length of the arc of this curve, measured from the
origin, is & {? +sh 6 ch ).

a
2\

HARDER MISCELLANEOTUS EXAMPLES. PR
EXERCISE VI, o. A

1. Tf &fﬁzﬁi%% =ch 2 +coa 2y, find th 2z and tgn\ﬁg}'m terms
of ¢ and &, \%
2. If tanz=tan A thx and tany =cot Ath Hkgpve that
tan (z +y} =sh 2p cosec 2%\ &

8. Prove that tan {2tan~1(tan athﬁ)}:’ﬁ%}};—g-ﬁ.

4 Tf chu=gec 8, where —= < 8 < 'and if uf is positive, prove

lbat shu=tan, w=log(sec 6 +$Anb), and thy =tang . How sara
the results alfectod if w0 is negatilye 7

axa, A +2,) +¢
. ‘ y v ¥ )
Y= oz 4 2@\{-(_3) and g, = 4/{ox,? +2bx; +6)-

6. — ;
Evs.luate. K @~ ;) v (aa® +2bx +¢)

O -
T.1in >"\l;§;{i'ove that L {4/(a%+1) _m}“dx=ﬁﬂf"1'
s ,Ii"éﬁthﬁt %(2 +chx) > 3she, for &> 0.

&, Fvaluate %th—l , whera

dz by means of No. 5.

&N, thz . )
S g Find whether = Or 5= is the greater when z ia small.

) . he 2 _ T
N/ 10, 15 35 smalt, prove that @E;S_“SB‘%_-F& == o5

1L. 8olve the equation eh (log =) =sh (log }z) +1.
12. Show that « =log 2 +}a is an approximate solution of
Zershor=3 +a
“hers a iy small, and find a closer approximation.
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13. Prove that sin z =thmz where m is positive, has an infinity
of roots, and that the large pesitive ones ocour in Pairs near(2n 4 §jr,
and that closer approximations are

{(2n+4)rta-ma? where a=sech(2n +3) mm,
14. Prove that (ch ¢ +sh 8)% =ch né +sh n#,
15. Prove that 2chne=(cha +sh a)"+(che —sha),
16. Expross ch 5z in terms of ch .

17. Express shz in terms of sha. A
shés A\
18. Express ohy b terms of sha, O

19, Prove that 84ch’z =ch7x+7chfz+21ch3x+ ?iaé!fe:, and
express sh” # in terms of hyperbolic sines of multiples of Z)

20. Express sh®z in terms of hyperbolic cosines Gf aniltiples of z.

21. Prove that .

. A
{1+¢h 8 +sh mn:zn.:hn%(@’ﬁq;}h”—f).

y 2% Find an expression for (chf+sBlw'l)" similar to that in
No. 21, \
23. Prove that N

_atan 20 +¢h 24;) (.téﬁ‘& —th

1 22 = TID &4 - fPRG Y — 1

tan (tan28 ~thag) PP G iR
24, Sum the series sha+gh2a +sh3a+,.. to n terms,
25. Sum the aseries ohgrﬂ;\zh (a+8) +chia +28) +... to n terms,
26, Sum the seriaak‘&h.ﬁ’+2ch 260 +3ch 38 +... to n terms,
27. If n is & positiye integer, prove that

=tan~1{cot f coth ¢}

chz +'ﬂch: 2:’}-&3&(" —Den 8z .., to (n + 1) torma
~\:\ =(2 chg)“ch{i:?-)f-
28. PedV4 that the sum to infinity of

1 1 .
\' l+ch0+2—!ch28+§—lch39+... is e oh (5h 0).

\'28, Find the sum to infinity of
1 1
sh8+-2—lsh28+3—!sh 30 4...;

30. If 0 < a < S, show that the sum to infinity of
ehe sh2%  sh3a . e +gf
T agh T ggE T B log %,

N
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81 If -f# <a < 3, show that the sum to infinity of
she sh3e shie _l(shu)
P 7 R R Ay

32, Find the sum to infinity of

smﬂ
chf+- T

$3, U |»|< e %, prove that if > 0

= sha .
;[x"sh(n+l)ﬂ]=imm‘ @)

117



CHAPTER VII
PROJECTION AND FINITE SERIES

Projection. The projection of & point on a straight line is the foot
of the perpendicular from the point to the line.

If, in Fig. 45, N;, N, are the Prejections of A, A, on O, Lhen'.j\L{N,\
is called the projection of AAy on Oz, 2\

If O is the origin, Oz the z-axia and (s 3.},
(4, 35) the coordinates of Ay, Ay, then N

Projectior of 4,4, on Ox =N,N,=z, -E’xl. ...... (1)

This relation is true for all pesibions of A, and
é_ﬁ‘__fq_'}' 2 Provided that the usual igh conventions of
b1d. 45, coordinate geometry are obgerved. '
The coordinates of a point are directod fie.
positive or negative) numbers 5 NNy réprégents the displacoment
from N, to N, and is measured by a pofitive number if N,->N, and
O-—x have the same sense, and by aegative number if thoy have
opposito senses,  (See also M.G., p.3%.)
I Ays Ay, Ay are any three poinigen a plune and tf all the projections
dre laken on the same line O, then
Projection of 4,4, = projection of A,A, +projection of A4, ...(2)
1E Ny, Ny, N, are the xdjoctions, and (z,, y,), (%4, ¥a), (5 y5) BTO
the coordinates, of A, Ay, A, then
projection ofu{\, a =NN; =2, — o, =(z, —&y) +{zy — ;)
P =N;Ny + NN,
AN\ =sutn of projections of AA; and AA;.
A similarBrpiment shows that, for any nurmber of points in &
plane, the/Prvjection of AQ is the sum of
the prejections of AB,, B,Bs, B;B,, ...

Ay

;

B

]

. 4
BaiBi B,C. (See M.G. Ch. V) A, \
Ahe following results are evident from \ 1 ,B’ )
kKig,)46. PN
/ (i} i 0%’ is pazallel to and in the same v i e
. 1 ¥
L3

sense as Oz, the projections of AAg on Ox o ! *
. —l Lt 5
Fia. 46,

and 0% are equal.
(ii) If two lines A A,, B,8; are equal and

parallel and in the same sense, their projections on any line Ox
are equal.
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{iii) The projection of A;A; on any line Ox is equal in magnitude
and apposite tn sign to that of A, on Ox. For, if A; is (z;, y,) and
Aq i8 (%4, %2}, the projections-are a2, — = and #; — 2, respectively.

Measurement of Angles. An angle from a directed line Ox to a
directed line AA, is defined as follows, (see Fig. 47). Through A, draw
by, parallel to Ox and in the same sense ; then if &

wtation through an angle 8 in the anti-clockwise  gpds N\
direction will bring A,a, into the position A;A,, the ¢ N
angle 6 ia called an angle from Ox to AjA;. This is Ay & \))
sometimes writton )

L{AA,, Ox) =8, ...... (s) o g i‘;&,"

The fn]lnwmg facts deserve notice :

(1) If 6 is an angle from Ox to AA,, then § +2n7 ig aﬂs} an angle
from Oz to A,A,, 1 being any positive or negative intgger:

(i) Ths angles from Qx to ;ﬂl.g,‘f\1 aro not the same)as those from
0z to AjA,.  If one wvalue of o (A Ay Ox) is Q{tl}en one value of
L{Ahy, Oz} is B o,

({iii} With the notation of (ii), one value of .f_ {Ox, AA.)is - 6, and
the general velue is 2nr — 0.

The equality sign in equation (3} is it ot tho sign of congruence
fmod 2r} ; and the order of the elem,enta in the symbol, £ {A;A;, Ox),
is relavant, . O

Evaluation of Projectwns.\lf the length of AP ia I units, and if

L{AP, Ox) =8, the proj Qﬁn of AP on Ox = lcos 9. ... (1)
%\ 8 direct consequence of t.he deﬁmtlon
8 of the cosine of the generat angle (E.7', Ch. VI,
Ay 1 NP 93), TFor, if Az, is parallel to and.in the gaine
P ,\ Sense as Oz, 4 (AP, Agey) = £ (AP, Oz) =8
ey ., projection of AP on Ox
0 e . +
N\ =projection of AP on A%y
Fm~33 .
=1 cos @,

EHﬂﬁ hs a signless number and the statement is true for all valuss
\ 35 Tcos 6 may, of course, bo either positive or negative.

hPusmon of a point on a directed line. On a directed line AA,,
s;’m are bwo positions of P such that the length of AP is I units,
© Fig. 49 (a) and Fig. 40 ().

tiurhls ambiguity can be removed by a natural use of a sign-conven-
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If the sense of A,P is the sarme as that of AA,, we write AP= gy
and if it is opposite to the sense of AvAg we writo AP = —f, By means
of this convention, the position of & point P op g directed line is Rxed

p
] 8 3
Ay x Ay L
a, A, . .
e e i 30
6-—-—._...? Py > 2N
Fia, 49 {a), F1a, 4% (3), "\

uniquely by the directed (positive or negative) number wgﬁ;zh iz the
measure of A\P. Tt iz often convenient to represent this directed
number by AP, (¢

[

We can now replace equation (4) by the following,.)

If the directed line AAs makes an angle § with Oxpand if the posision
of P on A A, 45 given by the directed number A 1P Q&en

the projection of AP on 0x=4,P. cos 6, b {5}

For, in Fig. 48 (a), L{AP, Ox) = £ (AYA], O2) =8 and AP =+,
where { unite-ig the length of AP ; o\

“. by {4), projection of AP on Om={'bos @ =AF . cos 6,

In Figs. 49 (a), 49 (b), the Projsttions of AP on Oz are equal in
magnitude and opposite in signgy

. in Fig, 49 (), the Projection of A\P on Ow = —{ cos 03
but in Fig. 49 (b), A, = *<0

s the projection ig A{Pcus 8, as before,

- Ry -
Projection on the a%is of y. The axis of ¥ is the directed line
through 0, wh.ia{n’ Hakes +-g with Oz, and the y.coordinate of any

Point P is the, projection of OP on Oy.

It follows,{by the same argument as before, from the definition
of the sing'ef the goneral angle, that if £ (A,A,, 0Ox) =48, and if P is any
point on'the directed line A;a,, given by the directed mumber AP,

tk‘xgr\;f " the projection of A,P on Oy=AP.sing. .......(6

\ Example 1. Find, with the data of Fig. 50, the projections of
0B on Oz and Cy. ’

£{QA, Oz} =a; but the directed line AB is 35” ahead of OA;

<. L(AB, Ox) =¢g +3—§;
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» the projections of OA, AB on Ox are ! cos a, m’qﬁa (a___-t- 3%);

., projection of OB on Oz =lcos a +m cés!(u +§;—-) L

¥1a. 50. . &\

=] cos a+mein a.

¢

&

Bimilarly, projection of OB on Oy =I sin a +m sin (a’ +?)
A\
=lsna- ers a

Note, It saves time in working examplesvto adjust the signs of
the terms by inspection of the figure ; & glance at Fig. 50 shows that
the projection of OB on QY is Isin a —{eﬁ: eos ¢, not I ein a +m COE a.

'
LN

EXERCISE VIL .

LIn Fig. 51, ABC jis\dquilateral and L(AB, Ox)=0; find
expressions for (i) & (BG; 0x) ;q (ii) L(CA, Oz); (iii) L{BA, O=);
{iv) £(0x, AC). '

N\

o~
(N
¢ "\ W B
.J§ A
&l e v e——
0’ . O ’
i i\ P, 51, Fia, B2.

2 In Fig. 52, PQRS is a d 2(PQ, Oz)=¢; find ex-
- . 52, quare an . O2) =

Mressions for (1) ¢ (P . i) L(RS, Oz); (i} £(5Q, Ox);
{W) L(RP, Oz;.l) ( 8! Om}’ {“) ( )

8. With the data of No. 1, name a directed line such that the

. 2
engle fromn Oz to it equalz (i) %+ §; (i) 8- —3“-.
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4. With the data of No. 2, name a directed line such that ths
angle from Oz to it equals (i) ¢ - ?’zj; {ii) ¢ +3%r.

5. With the data of Fig. 53, find the projections of the directad
lines AB, CD, EF, {i} on O, (ii) on Oy.

F
; o )
. A
5’ s 7 A\
e /* A\
el £B QO
D e’ Ar \
o x N
F1a. 53, ’

8. With the data of No. 2, if the length of PQ is.einits, find the
projeciions of the directed lines R, QF, Q8, (i) on'Qw; (ii) on Oy.

7. In Fig, 54, ABCDEF is g regular hexagon ;\iho length of AB is

i un(i:ts ; find the projections on AK of the dirﬁé%eﬂ' lines AB, BC, AC,
D, CF. - Nt

F1a. 54, AN Fra. 55,

: )
8. With the data e{i&g 58, find the projections of AG, (i} on Oz,
it} on Oy. \

8. With the dafa.8f Fig. 56, find the coordinates of ¢ and D.
N .
oh ¢

} Fra. 58,

F1a. 57,

10. Fig. 5'?1'_1'oprasent9: & whoel of radius 1 ft. on an inclined plane;
JA =0 ft.  ¥ind the height of ifs centre above the horizontal Oz.

11, Tf from the point (&, k) a line of length + is drawn in a djrection

naking an angls 0 -with Oz, what are the coordinates of its othet
Xtreunity !
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12. If the directed line AB is of length s, and if £ (AR, Ox)=4¢, and
it B is the point (k, &), what are the coordinates of A ?

13, If AB, BC are of lengihs r, r, and make angles 8, 8, with Oz,
what iz the length of AC ?

14, In Fig. 58, OD and PR are perpendiculars to AB, the length

of 0D is p, snd the coordinates of P ave (A, k); 6Gnd the length of RP
by taking the projections of RD, DO, ON, NP on GD.

e feee iz

Q N &z AV
. FIa. 58. )
Addition Theorems. To prove that N
o D
{i) cos (A+B):cosAcosB—31§1 &in B
(i) sin (A - B) =sin A cos B +cog A sin B ;

No/

lor angles of any magnitude. \
Lot the directed lines Of, OP, 07, mﬁkﬁ angles A, A +B, A +§ with

0z; and let tho projections of Rion 05’ Oy be N, M. Suppose that
op eontmns ! units of length. #

The positions of N, M on,the directed lines OF, Oy are given by tho
divected numbers which{mehsure ON, OM, and thess are, by the
daﬁmtmns of the cosipe and sine of the general angle, {cosB, Isin B,

. by equation (5}, P 120, :

F1a. 59, ) Fi1a. 60,

Projection of ON on Qx =l cosB . coz A
T
Projection of OM on Oz =Isin B . cos (A +§)-
4Also the projection of OP on Ox ={ cos {A +B)
!
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But the projection of OP on O is equal to the sum of the pro.
jections of ON, NP, i.e. to the sum of the projections of ON, OM, on G,

P
ve LcoB (A+B)=lcosBcos A +IsinB cos LA +g)

But cos (A +g) = —sin A, see B.7., pp. 169, 200 ;
« €03 [A+B)=cos A cos B —sin A sin B. PR | )

Further, if the directed line Oy makes += with Oz, the projecfiols
of ON, OM, OP on Oy are 2 N

! cos Bsin A, IsinBsin (A +g). i sin {A +B)y ‘::},
«+ &3 before, ? '\"

Usin (A +8) =1 cos B ain A +1 sin B sin (A +’\§).

But sin (A +§) =cos A, gee E.T,, pp. 199,:2%';

~. sin{A +B)=sin A cos 'B‘-i-:cos AsinB, ... 0B

This proof holds good for va.lues,of Wand B of any magnituds,
positive or negative, Figs. 59, 60Bhow two possible cases; the

N

[+] A\ =
Fig, 66,

Fia, 80,
mader(;%t{@?ﬂlﬂ draw other figures {o.g. A =100°, B =50° or A=220°

B =160%)and satisfy himself that the proof applies to them, withou
anymodification,

¢~Since the results of this chapter and their proofs hold for negative
\angles (see B.T., Ch. XIV, p. 198), we may write —-B for B in (7)

and (8), This given
cos(A—B)=cosAc03(—B)—sinAsin(—B};

- cos(A—B):coaAcosB+ainAsinB ververrnrnersnans(B)
sin(A—B)=ainAcos(—B)+coaAsin’(—B);

» 8in (A -B) =sin A c0a B — cos A sin B, wsrervneneenso{ 10)
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Application of Projection to the Summation of Certain Series,
Sum fo 1 terms the series
(i) cos a +cos {a+B) +eos (a+28) +.uu 3
(ii) sina +sin{a+0) +sin(a +28) +....

In Fig. 61, OA;, AjA,, ..., A,_A, are equal chords of a circle of
radiue R, forming an open polygon with exterior angles 8.

F10, 61, P \%

Each shord subtends an angle 4},@ at. ‘the circumference snd
* from the formula R= E—A’ itd) feng'hh is 2R smE also OA

tibtends an angle -ég a} the cu-eumference, therefore OA, —2R sin =,

2
Draw Oz so that £(OA,, Oﬁs—

Thon £ (A Ay, Oz) =defi3S £ (AAs, On) =a+285 ..
Elhe Ay Oz)=a 4{n—1)B. Also L(0A, Oz)=a+}(n-1)B.

Now the pro]echm of OA,, on Ox is the sum of the projections on
02 of OA,, A;A,!,o\. JA, AL

ﬁcos(u+nzlﬁ)

'"\“ ‘2Rgmﬁ{cosa+cos(a+ﬁ)+m"""o"“"'" 18k

\ SN 008 a + ¢oa {a +B}+cos{a+2ﬁ)+... +008(u+ﬂ'"1;3)

=,m( Feeerinseen11)

8111"-
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Bimilarly, taking the projeetions on Oy,

sin a +sin (a +3) +sin (a+28) +... +sin {a+n=1p)

sin(ct-l-n—-—*]ﬁ) .siﬂ1E£
2 2
= 7 . rerrereenn e {12)
8111'—2— “
Relation {12) may be deduced from relation {11) by writjng
T tor D)
a 2for a. A
EXERCISE VIL b, S\

1. Examine the proof on pp. 123, 124 for th‘g.'je;:pe:hsim of
c0s (A -+ B}, drawing appropriate figures, in the follogwgcases:

(i)r<A<§;, g<B<1r; {ii)%‘”<A<?f.-,’1}-<B<-3§;

(i) 0<A<°i2r, -2<B<0; (iv) %?,{“’-’\”’ —923< B< -

2. If in Fig. 69 the coordinates of P}eferrecl to Ox and the line
Oy which makes +g with Ox as axes, a%a x and ¥, what are the co-
ordinates of P referred to 0f and'i)n?

3. Answer the same questjb;t‘a'a'in No. 2 for Fig, 60.

4. Write out in full theroof by the method of pp, 123, 124, that

cos (J};«%ﬂ =c0sA cosB +ein A sinB.
,\\“. .
P M
\ n" a8

I . i

\? 774y .
N\ 0. x 5
\Y F1a, 82

\:“}. 5. In Fig. 62, OA =0B, AM =MB, L20A=0, Lo0B=d; express

jthe projections of OA, OB in terms of those of OM, MA, MB, end, by
v adding, prove that )

™

(i) cos B teosp=2 0039;¢c036 ;(f)-

(i) 5in 0 +sin ¢ =2 ain—g%qécos 8 - ¢
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8. With the data of No. 5, by subtracting, prove the corre.
gposling formulae for cos @ —cos$ and sin @ ~sind

7. By projecting the sides of a regular pentagon on suitable linss,
prove thab

{i) cos 5° +-cos 77° 4+ cos 149° + coa 221° + cos 203° =0;

{it} sin §° + gin 77° 4+ gin 149" 4+ 8in 221° 4 sin 293° =0,
8. Prove the results of No. 7 by formulae (11) and {12).
9. Prove by projection that

cos0+cos(3 +2—;’r)+cos(6 +%r)+... o n terms =0, N\

Is o similar result true for sines ? . N
10. Uge formulae (11} and (12} to verify the results of N\ck 9.
11, By means of the identity \/
2 sin @ cos k8 =sin (k4 1)0 —sin (& - !Q’
prove that 2 sin 6 {cos 8 +cos 30 +... +cos (2n = ]9} =sin 2n0,
Prove this alsa by formula (11) \ \ '
12. By means of the identity O
2 sin 6 sin k@ =cos (k - 1}9 Sbos (k + 138,
fnd the gum of the series sin 0 +31'11'36 +sinb0+... to n terms.
Check your rosult by formula (12

..,

Beries, "The formulae (I{I}, (12) give the sums of series of sines
O cosines of angles wliidh are in a.p. Their utility justifies tho
addition of an analytival proof, which algo illustrates an important
method of summatipn

Sum to 1 terms t?w\ Serios
L85 @+ cos (a+ ) +cos (a+26) +... .
Mumpl?ﬁ&h term by 2 sin }5. '
~., 2 cos a , sin 43 =sin (a +43) —sin (a - §8),
‘"\ 2cos(a +8) . sin %ﬁ-—sm(a-i-z,@) sin (@ +36)

/ - - - - . - * - Ll -

2eos(a +n'-1 B) . singB =sin (a + 7 - §3) —sin (a +n - n - 30
By addition,

Zsin 43 (Sum of geries) =sin (a +n - %ﬁ} —sgin. (a b 343
=2 cos (@ +}n — 13) sin infh
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This gives for the sum of the series the same ©XDression as was
obtained in relation {11), p. 125,
The sum can be expressed in words as follows :

cos {average angle).sin(n timesg semi-difference)
sin (semi-difference)

PN &)

and it is best to remember it in this form,
The reader ghould show that the series

ein a +sin {a + &) +6in (a +28)+... +gin (a+n -1 ,3}_ ne,

N 3

can be summed by maultiplying each term by the same, fa;:}m- o

~

before, 2 sin g. and that the sum may be written N
sin (average angle} , sin (n times semi-diﬂert;;rc:e)

sin (semi-differencs) ’

The fact that the second series can ba dedﬁééd from the first by

writing a - §r for « shows that the multipli§3>2 8in g required for the

eenenn(14)

firat must equally suit the second geries, ™
H » + 8 is written for 8 in the twa geries, we obtain

(3) eo8 @ - cos (a +f8)F cos (@ +26) ... .
(i) sin @ —sin (a FB) +sin (a +28) - ...
These could be summed;djrectly by using the multiplier,
L 3

‘\\édn“;;—€=2cosé—?-

The sums of(the sine and cosine series are deducible from one
another by differentiation with respect to a,

The application of differentiation or integration to deduce the sum
of one series from that of another is frequently useful,

It js%miﬁed by the identitics ;
Qe b b 5
AN du dy d(ute) ] udz+§ udz:j ( +v) da.

-} a

N

dz" dz"  dw '

]
" But this srgument does not apply to an infinite series, because the

fact give the differontial cooffeient or integral of the sum to infinity,
unlesa special conditions are satisfied.
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Ezample 8. Sum to n terms
cos?d +cos?28 4 con?38 + ... 5
The series =4 (1 +cos 28) + § (1 +cos 40) +... +3{1 + cos 2n0)
=§n + k{eos 20 +cos 40 +.., +coa 2n0)
cod {rn + 1} 0 sin n§
=t gdng
n 1 B e 3 .
=§+m(ﬁm 2n +18 —zin a)
—}(n 1) L8 (Zn+1}0
Example 3. Sum to n terms m"\""
gin*a 4 sin® (e + B) +5in® (2 +28) ... »
gin 30 =3 sin B —4sin”9; . sin*d= 33 Bukﬁ'—sm 3
«. the series =§{sin a +sin (a + 8} +... +aine (hq-n 18}
—J;{am 3a +sin 3{a +£) +..\+sm S(a-+n-1 [3)}

“3 sin ( sin 2 —- “sm (‘.}a + ;3) sin 3.—:;@
ismz—‘ﬁz N 1I:su13‘8

N

A\
EXERCISE VIL e,

L, Bum to nterms ) cosg+eoaﬁl+0033—8+....

2 2
‘2 Prove t.hag.nos 27 oos T 4 o0s 87— -
7 7
7 Gar :
g Pfﬂil‘tfmt eos— +ccua:i1 +cos?’{+cos 11';-+cos =4

4 If'ﬂ 1 is a positive integer, prove that

25“1 _ri_ and Zcos 2;— for r =1 to n, are both zero.

. Pm"'ethat“cosz ,forr-lt,oﬂ, -t

+1
stvet} gin§ +3in 260 +... +sin{n - 1)8 tan—’lg. B
ot cos B +cos 20 +... +cos{n - 16

1

Ay,

4sindg

129-
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SBum: cosa~cos{a+ ) +cos{d+28) —cos{a +35} +...
{i) to 2n terms; (i) to {2n + 1) terms; {iii} to m terma,

Sum to n terms the series in Nos. 8-17.

8.

9
10.
11,
12.
13,
14,
16,
16.
17,
18,

sing ~sin{a+ ) +sin{a+28} - ....

cosf — cos 20 +cos 30 ...,

sin?f +sin?20 + 811230 +....

coi{2n - 1)0 4-cos {Bn -3} +cos(2n -B)O + ...

cas G gin 20 + cos 20 sin 30 4+ cos J0sin 46 + ... . A
cos 6 —sin 20 — cos 36 +5in 40 + cos 58 —sin 66 —, .., ) \ \J)
2080 +cos¥(f + d) +cosX(f + 21+ ... « \
sin®0sin 28 +sin®20 6in 36 +xin®30sin 40 +.... L™

cos®d + cos328 4 e0s30 4 .. . " :

coslf + cos*28 +cosildf + ... . _ “’\

Tind the sum to n torms of sin & +sin R Eain 80 +... and

doduce the sum to n terms of cosf 42 cos 28 % Fcos 36 + ... .

19,

20,

Prove that sin @ +3 sin 30 + 5 sin 504 &) to n terms
_cos 8 siu 218 — 20 sindleds 2nd
- 2sin®) T o

I C==rcos(a+r-15), for 81 to n, prove that

2(1 - e0s f3) C =(n + 1} cos (a4~ 1 3) - cos (@ — 3) - n.cos (a +nf)

21.

*

If —%— < < E, prove that (i) the suzn of any number of termsof

the series cos @ —cos 30 €005 50 —cos 70 +... is positive or zero and
less than 4/2; and thet{ii) the sumn of # terms of the sories

. . ) 2
sin g -3} 8in 36 +lﬁs}h\59 - ... d8 X 2scox{l +({—~ 1" cos 2nx) da.
(N o

. \ ¥ .

The Diffgrehce Method. The serivs on p. 127 wero summad by
expressing{gach term as g difference. No rule can bs given which
shows\exdctly when or how to apply the method. Considerable
expgrience and ingenuity are scmetimes required.

The essence of the mothod consists in expressing the general (rth)

{term,

) 2

., in the form f(r41) ~firh ’
Then w; +e; +et +oos Htty =3{f(r + 1) -f(r)}, for r=1ton,

=f{n+1)—f(A)

The difficulty disappears if the reader is asked to prove that t,h‘e

sum to any number of terms, say r terms, ia ¢ (r), that iz to a8y,
he knows what the answer is to be.



PROJECTION AND FINITE SERIES 131
For w=(aey 4 26 + o ) — (2 Fog 4o )
"‘#‘ r) - ‘f’ (?‘ -1}
and the knewn form of the answer therefore supplies the form of the

difference which he must obtain. In such cases, the work is sub.
stantially equivalent to the method of induction.

Exgmple 4. Prove that the sum.to n ferms of .
tan 0 + 2 tan 20 + 4 tan 40 + 8 tan 80 +... iz cot & — 27 ot (2%8).

It this form for the sum is correct, the 1st term, tan 8, must Bqua]\ g
eot -2 cot 20 ; we therefore start by proving that thisiswo, )

%
s

28 _ aind P |
Now cot & ~tan & ucos 6 S_.—m 8 = ww§ 0 —sin’g A\ 3
sin® cosd sindcosd \\

.

= co_s 20 =2 cot 20 ;
$sn20 \
NV
. A t-smﬂ:cotﬁ—2cot28";.
!, writing 20 for 8 and multiplying by 2,
2 tan 20 =2 (cot 26 - 2 cot 40) =2 cot 20 — 22 cot 48,

Bimilarly, 29 tan 46 =2° cot 4§52¢ cot 80.

21 tan (20710) =277 éét'(zﬂ—le) - 9% cot (2M8) ;
<+ by addition, the surm, 1,6\11. terms of the given series i3
\‘&t B - 27 cot {278).

Example 5. Sum,jsgm terms :

i} cosec 26 ﬁ—‘é})sixac 48 4+ cosec 80 +... ¢

fii) 2 eose\'t\ﬁ"éot 26 + 4 cosec 46 cot 48 +8 cosee 80 cob 88 + ...
(i) Wa\hge cosse 26 —— 1 m2 coa"‘.ﬂ —cos 2B=

? gin 26 gin 20

"

1"\ ¥ 2 costd coa 20
\¥ =" " L =got 0 —cot 20,
} cosec 26 2gin feoa @ sin 28
Bimilosly, writing 20 for 0,
cosec 48 =cot 28 —cot 48,
cosec 86 =cot 40 —cot 80,

L . L

cosec (2°8) =cot (2" 16) - cob (2"0) s

\
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. by addition, the aum to » erms of the given series is
cot: § —eot (294),
. {ii} Sinee dfé (cosee nf) = —n cogec nf cot nd, it follows at onge

that the sum of the second series is
'g@ [eot & - ot (276)] =cosec?d — 2 cogoct (278},

I a series auch as (ii) occurred apart from the series {1} which'has

here served as a guide, the method would become apparent'bf wing
integration. Thus

N,

jz cosee 26 cot 28 49 =[M = —cosaé 26;
sin?26 L,
"‘\

EXERCISE VII, &,

1. Prove that tan 8 sec 20 =tan 20 wta.n:&}:hence find the sum
to n terms of tan 6 sec 26 +tan 20 seo 49 & tan 46 sec 80 + ... .

2. Prove that tan 6=cot § — 2 cot2By hence find the sum to
n terms of tan 64} tang-i-{ta.n —g-t% tén g+ .

3. Prove that tan (a +f3) tani(a ++ — 1 )
=cot B‘{bén'{a +rf) —tan (e+r -1 A}-1;
use this result to sum to n.tering a certain series,
4. Prove that tan 2609 tan 0 =tan6 tan 26 ; use this sesult 0

sum to n terms a cortéin series,

N\
5. Prove that, s\mw -2 |3inség =2c¢oz 8 sin’g ; use this result to
sum to # termem certain soriss,

R \ ¥ sin &
6. (i) ;’{qye that cot +8 - cot {r+1)8 =Gnvo snF T 00
(i#)\Stm to # terms, cosec § cosso 29 +coseo 20 cosec 30 + ..+

7Prove that the sum o n terms of
N t&ngsecﬂ+tan§see—e-+tangsec§+
AN 3 £%°3 g7 g Ve

\: Qquals tan 6 - tan 22,;
8. Prove that the sum to r terms of
Sin®  gin®36 sin® 08
o8 38 " § cor 98+9 cos 270 T
equala §{3“"I tan (3%0) - tan 0.
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Sum 6o » terms the series in Nos. 9-15,

9 gec @ sec 26 +soc 20 sec 36 +sec 30 sec 40 + .., ¢

10, tan § tan 20 +tan 20 tan 380 + tan 30 tan 460 +.,.. ..
11, ot @ cot 28 + cot 28 cot 30 +cot 30 cot 48 +.., ,

1 I 1
" oz 0 +cos 3B+cos f +cos 58+cos O+cos T

13. sin & o 30 +sin 36 sec 96 4-sin 96 sec 276 +... .

12

&+nocl

9 1 6 £

14, mec?d +22 s00? 5+ 43 sec® ¢ it O
- 8
E) 17 &
15 tan®d +5; n? 5+ gs bant g4 AN 3

18, Prove thet ten—'(n +1)-tanln=ceb1(l+n -m’}‘ Hence
fum the series, cot—13 + cot17 + ot 113 +... + cof 1l ka +n).

Bum to n terms the following series : . \\J

2 2 g2
17, tan— - an— .
! 1(1-»1.3)H Jl(l+3 5)” N\ i75e e
af2 _
18, tan 1(13)-1—1‘;&11 1(22) +tan? (3,)+....

19, cot-1 (!3) +cot1 (28 ) +cot'4{ )+ vee n

2. cot™1(2.1%) tcot1(2. 2‘)+c0t‘1(2 3%+
A0

Y

EASY MIQQE’LLANEOUS EXAMPLES.

:.“ » EXERCISE VII, e.
1 In Fig. 63 AB;BC are of unit length ; prove by projection that
.\ 7
NV cosa-smazv’&cos(a%—i).
Whet "-?f\m}maxunum valus of cos2 ~sina?

wY
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2. Use the method of No, 1 to find the maximurg value of
Teoza + 24 gin a,

3. AD is an sltitude of AABC, and Z is the middle point of AB,
Prove that the projection of ZC on AD is {esinB.

4. If a and b aro given numbers, express ¢cosf +bsind in the
form rsin{f +a). Give geometrical interpretations of r end «
What are the maximum and minimum values of ¢cos® +bsind,
and for what values of @ do they oceur ?

N\

* 5. Prove that E(sm%'-cos g) sfor r=1to n, is zero. \

8. Prove that ¥ cog? (9 +g;1r), for r=1to n, iﬂg- B N

7. Find Z (cosrf cosr + 1 ), forr=1to n. ‘.,j\i

8, Find I fsin {a+rB)sini{a+r £18)), for r NI\o'n.

9. Bum to n terms : .\\f

5in 20 5in® 0 +sin 3 5in® % 4 sin 49 Ainr20 ...,

10. Prove that ’ PN

n « \
~14+2 2 (cos racos #f3) =§J_snacq3§ﬁ + 1) B —conin+1) accsn,ﬁ'.
r=] N\ cos ff —cosa

11. Prove that ¥(rsin rg), fg;:r:-;-l to n, is
{rn + 1) sinnd —n8in(n +1)8

S 2(1 —cos D) -
12. Evaluate T(r2 c}és‘r}i), for r =1 to .

13. Prove that(sin 8-gin A =2”'cos—acos 9 ... 008 o and deduce

79, 2n 2 22 an’
h I 4 T g S /]
the values of?® 0g cos 5z and ¥2 "tan?, forr=1to n.

N 14-{3 S“.fﬁ;.%he Series log cos 8 +log cos 26 +log cos 46 + log cos 88 +-.»
o n :

15}:EV&-IU!}[’;9 lim 8—-—21 s, %—"__‘:ﬁ! when 8q is equ_a,l to the 5111‘11 to
o N . LIRS
\n}emmofl—1+1—1+1_.]+_._.

/16, If s, = Xsin r0, for r=1to n, and if 04 2, prove that

1 31+32+...+8nz
i S oo,

Alzo find the same limit for Zecos(2r - 1) 6, far p =1 to n, when 0 £ 57
17. Bum to  terms tan @ +2tan 20 + 4tan 48 +
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18, Sum to n terms tan® 6 + 22 tan® 20 +42tan? 48 +....

19, Prove that 42 {3'—1 sin® (gqr)} , for r =1 to n, is equal to
a sin:% _sin0. Deduce another result by differentiation,

90, Tn attempting to draw a regular polygon AsAy A, & person
fraws the sides A;Ag, AgAy, ... in order each of length ¢, but makes
sach interior angle of the figure too great by @, ° Prove that the final

2

91, If O i the circumcentre of the regular polygon A, .4 F,,,
prove that the sum of the projections of OA;, OA,, ... OA, on sny dine
i zero, N

92, In No. 21, if P is any point, and R is the circumradi [iug, prove
thet PAZ +PAg + ... + PA,Y =n (R +OP?). O

23, If P is any point on the minor are AjAy,,, ofbllo circurncircle

- of a regular polygon A;Aq ... Agpyr Prove that 7 \\.
PAy —PAg+PAy — . SO

94, Tf O is the centre of tha in-circle, radiu¥a, of a regular polygon
Ay ... A, and if P iz any point, prave thatthe sum of the squares of
the perpendiculars from P t0 AjAy Aghyt .- s Ag-afar Auhy 18

n(a® 40P

. . . na T a
vartex, Ayq,, will be at distance esin - cozeo (ﬁ_ 2) from Ay. ¢ \

~

HARDER MISCELLANEOUS EXAMPLES

7 3 .
X \EXERCISE VIL f.

1. ABC iz a triangle, whose side BC is divided at X in the ratio
ofp:gq. If _thé\ptgjections of AB, AC, AK on sny given line Ox are
denoteq by AB, A€, AK, prove that {p +g)AK=9. AB +p. AC.

Obtain g.spiéial rosult by taking Ox to be the side BC; and deduce

that (p +ghoot AKC =gcotB -peot C.
2..0A) OB, OC are concurrent edges and OD is & disgonal of a
vectdngular box, If OP makes angles e, 8, y and ¢ with OA, OB, OC
40D, prove that
\/ {i) OD cos 8 =OA coga +0Bcos B +0C cos yi
(i} cos?a +costf +costy =1.
3, In any quadrilateral ABCD, prove that .
a? 451 4o _ J? =2abeosB +2bceoaC — 9accos (A +D)
4 In any pentagon ABCDE, where AB =a, BC =5, ete., prove that

@438 g2 . g2 _ o2 —9gb cosB — 2edeos D ~3decosE +2cecos(D + E}

Q
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Bum to » terms the series whose rth terms are

5. sinrwsin rysin rz, . 6. cos®r6 sinded,
7. cos’rl, -8B fn-r+1)cos {r-1)0,
9. rcos{n -8, 10, (n—r+1)coé’{r—l)&.

11. Prove that
n+2n~1)eosd +2n ~2}eos28 +... +2cos {(n-1j0 = 1~ cosnd

1-¢osd’
12. Bvaluate (n - Dsin 8 +(n - 2)8in 20 + ., +sin{n - 1)8,
13. What is the product of ¢\

14xcozfd+atcos20 4, +2"cosnd and 1 - 9% cos 3—%«‘:&‘? ’
14, What is the produet of \

xsin0+x’ain28+...+x“sinn8 and 1 - 2xcosfh2r

15. Prove that S
4 H+1
€08 0008 § + 00836 o8 26 +... +cos8 cos ne ﬂmgj;fkg_@_
16, Prove that - A\

() ;
1 +cosdsec -+ cos 2paeetd +... +cos mﬁgéc"tﬁ:% .
Sum to » terms the serjes whose ﬁh:wtrrﬁs are:
AT, BT 8in® (2719) gog {2r-16), 18, s1(2r + 1)0 sec 2rB sec (2r + )
19, sin 478 cosec 1. 20, 60s { 3r-18) cosec (3*0),
21. Bum to infinity the serieamy
= the T

' gath* T +...

22. AA; . A, 05 regular polygon, prove that
)
AR AR 1'\\* AiAS_y =3AA,0 (n cosaczg - 4)-

23, AA, .. A, i s regular Polygon inscribed in & eircle centre O,
radina R; Pig &point near Q. Prove that

N

1 .z L¥Na
g3 th* 5t qath? 7+

O op?
O PR +PA 1. +PA, ﬂn(R +amw )

'"\Qt
24, ')Km,’glﬂa,r polygon of n sides ig inscribed in a ecirele centre O
" radivg "R P is a point at distance ¢ from O, Perpendiculars are
drawn'from P to the sides of tha Polygon. Prove that the sum of the
sahares of the sides of the pew polygon formed by the feet of these

“Pérpendiculars is {R? +c?) e:inz%:E .
20, AB is 8 diameter of & circle centre 0; Q, is any point on the
circumference; g, Qo Q, ... Q, are the middie points of the arcs
ARy AQ,, .., AQ,‘ﬂ'raspectivaIy. Prove that

BQ, -BQ,....BQ, =:—‘QQE . OA®,



CHAPTER VIII
COMPLEX NUMBERS

The Idea of Number. In elementary algebra it is found thab
sertain equations have solutions, whereasa others, almost of the samse
form, have none, The idea of number is gradually generalised, end
the posaibility of the solution of a particular equation may depend™\
on the point to which the process of generalisation haa been pusth?' )

Consider the equations ; « N
{i) 2x =43 (i) 2x =5 (i) 2z +3 =0
(iv) ¥ =4 (v)x1=23; (vi) 2 = <18

In the algebra of natural numbers (i) and (iv} aTe sitisfied by = =2
and the others have no solubions. In the algebranof fractions (i)
and (iv) are satisfied by 3 and (ii) by §. In th®,hlgebra of directed

{positive and negative) numbers of the typ’e,\ég, each of the first

three has & solution and (iv) has the two solutions +3 end -3, but
{v)and (vi) cannot bo satisfied. o
~ The most difficuls step in the process of generalisation is the
introduction of the real (rationakand irrational) numbers ; this will
be discussed in the companion vélume on Anelysis. Inreal algebra
¥2isavailable for the solutien of equation (v). For many purposed
it i3 enough to have ahimber which approvimately satisfies an
equation, and this is thie, reason why the introduction of irrationals
18 10% urgent, \

The rational respldumbers have properties exactly analogous to

\X
those of the Qinécted numbers ig, in much the same way as the

Posifive difestod numbers have properties like the signleas fl_'a-ﬁtiﬂnﬂ-
0 reakmimmber satisfies the equation #?= -1, even approximately.
In$lte present Chapter, by introducing the complex numbers, wé

Sallearry out a further generalisation of the notion of number, and

\b}f suitable new definitions of the meanings of addition, multiplica-
Hon, ste,, ghall show that equations like %= -1 {in which -1, a8
7 892, i3 & complex number) are satisfied by numbers of the new
e

Definition of 5 Complex Number, Consider a plane and in it two
Tectangular axes Oz, Oy. 'The position of & point P in this le_wn
or the displacement made in moving from the origin O to the point

187
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P, requires for its determination two real numbers, e.g, the eoordi.
nates of P reforred to Oz, Oy, '

An ordered pair of real numbers is called a complex number; and
if & and &, in that order, are the real numbers, the compiex nvmber
is denoted by the symbol [a, ).

5

Som : §
ol s " AN
Fig. o4, \"

Thus there fs a unique complex number corresponding to every
point P of the plane, viz. the number {=, &) correspondg to the point
P whoss coordinates are {a,5). Conversely, given 2 €otnplex numbsr
[@, 8], there i3 a unique corresponding point ‘B¥ Wwith coordinates
{a, b}, or a unique corresponding displacement\irhose COTOpOnents
along the axes are @ and b, AN/

The statement that the pair of numbers “Quax constitute a complex
number is * ordered ”’ means that [&{8] and [b, a] are distinet
complex numbers (unless @ =b). But &or ‘this, the one-to-one corre-
spondence between complex numbeps -and points in & plane would
not hold ; just as the points (2,5) and (8, 2} are distinct, so too
are the complex numbers [2, 5pand [5, 2],

Definitions of Fundamental Operations. In a logical introduetion
to the theory of fractiofia\or negative numbers, it is necessary o
begin by defining the Théanings of the elementary operations as-
applied fo these nutthers. In the same way, we must start hore by
making definitiony 04 equality, addition, ete., for complex numbhers.

Theso definitions simply stato what meanings are to be given %
the signy =, MY -, x,and +, in this new kind of algebra, whlc‘h
might be oalled the <algebra of ordered number-pairs’, but i
actuallyreghed the « algebra of complex numbers’,

() Bfality. The two complox numbers [@, b] and fc, d] are
callach equal if and ouly if a=c and b=d. In this case, we Writt
1) =c, d}. -

\\/This definition securcs that the points (and displacements), which
‘rorrespond to two complax numbers, are the same points {and thf
same displacements) if and only if the complex numbers are squal.

{ii) Addition, The complex number [g4¢, b +d) is called the
sum of the two complex nurmbers (2, 8] and [¢, d] ; and we wrile

[ bl +le, d]=[ate, b+df oo (1)
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I P and @ are the points corresponding to [a, b] and [c, ], sea
Fig. 65, and if QOPR is a parallelogram, the point R corresponds to
[¢+¢ b +d], for the projection of OR on Oz is
squal to the sum of the projections of OP, PR ¥
or 0P, 0Q on Oz ; and similarly for projections
on 0. .

In vector notation, OR =OP +0Q, so the dis-
placement corresponding to the sum of two

complex numbers is the wector sum of the dis- © o A
placements corresponding to the numbers. Fia. 65. . < \\
{iii) Subtraction is defined by the relation, _ ¢ Y
[a’ h] e [cv d} = [a- — By b - d]. T P | ::&-.(2}
This is chosen because, by equation (1), - +£0)

. o~
(z-¢, b —d] +1e, d]=[a —c+e¢, b —d +d] [ b].
{iv) Multiplication is defined by the relation, )
(8, B] x [¢, 4] =[ac ~bd, ad + BERY evvrnrrmreecen(3)
The reason for this {at first sight pecu[iqa‘j:daﬁnition will become
epperent in the next fow pages, see espécially Note 2, p. 142 A
complete discussion will be given inwbhe eompanion volume on
An&l&‘ﬂlﬂ Any definition is legitimate, if not self-contradictory, and
this one happens to be the most canvenient and uaeful one to make.
{(v) Division, {a, b] < [c, d] igndefned as the complex number
[% ¥] given by [%, 4] x [¢, d}={a, b], provided that such a number
exiatg, 2N\
By (3), this gives %{*g}d, ad +ye] =fa, 8] ;
cowe Yyd=a and zd+ye=b;
« solving, saZothd  _bo-ad
" '\:ﬁ didt’ YT Erdr
R ac +bd  be —oad
NV - = B S enveeneenn{d
O™ [@, b]--Te, dj.—[c,+d,, c”d,] (4)
Tﬁf";ﬁ%nition of division excludes the divisor [0, 0]. The number
[0 81Mays & part in the theory of complex numbers, analogous
34, that played by 0 in the theory of real numbers. Division by
% 9] is not defined.

unless ¢=d =0;

EXERCISE VIIL a.

x[;[‘h? bfginner should work through all the examples in this
TC13,
L. What are the values of (1, 5] + (2. 3] and [2, 3] +[1, 6] ?
t general law does this illustrate ?
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2. What are the values of [2, 5] x {3, 4] and [3, 41 x[2,5]1t
What general law does this illustrate ?
3. Verify by a numerical examplo, or ghow algebraicully, that
late, b+d] x[e, f] =[a, 8] x [e, f] +[¢, d] x[e, f].
4. What are the values of ;

(i) [2, 0] +[3, 0} ; (ii) [a, 0] +[c, 0] ;

(it) [2, 0] < [3, 0] ; (iv} {2, 0] x[e, 0] ;

(v) [a, B] + [a, &] +[a, ] + [a, b] +[a, 5] and (@, 5] x {5, 0}' l\
5. What ere @, b if [3, 5] +[a, 8] =7, 8] 1 A
6, What are the values of ! L

{i) [3, 5] +[ -2, 8] ; (i) [-9, 2] +[~7, <15
@6 -41-12,-00;  Gv) (-6, -4]4[ 28] ;
V) [8, 113, 0]; {vi) [6, 1] = [0, 33}

(vii) [4, 5] x[ -8, 2] ; (viii) [3, 11]-242,'3).

7. Simplify (i) [a, 0] +[0, 3] ; NG

(i8) [a, 0] x [1, 0] + (&, 0] (0, i}.

8. Write down the square of la, BN, [a, b] x [a, 5], What
are the squares of [1, 0, [-1,0, [0, 13770, - 1] 1

9. Simplify [cos 6, sin 6] x [cog: &;. win @],

10. If [a, b1 x [, d) =[0, 0], Pprove that (@® +5%)(c? +d2) =0, and
hence that either @, &] or else €, d] wust be [0, 0].

Notation. It appears §fom results such as those of Ex. VIIL &,
No. 4, that complex, uumbers of the special type [a, 0} behave
rather like real nuﬁs.b\ers. Iz is therefore convendient to denote [a, 0}
by the symbol g, gnd in paricular [0, 0] by 0. Thereis a preecedent
for this in elergentary algebra, where, for example, the symbol 2 i
used with several different meanings : sometimes it means the
natural nufhber 2, sometimes the fraction {, sometimes the directed
number (F3 and later * the real number 2 * ; Dow it s given a further
passiblevteaning, the complex number {2, 0] Complex numbers of
the form [a, 0] corzespond to pointg en the z-axis,

P {It’ is also convenient to use an abbreviated notaiion far complex
\Rumbers which correspond to points on the y-axis. The nwumber
/[0, @] 48 denoted by ia or ai, and in particular (0 1] by .

Further, since [a, &] = [q, 0] 4 [0, b] and since [a, 6] and [0, 4] are
denoted by ¢ and b or 1b, the general complex number [a, b] is denoted
by a + i or g 1B,

Just 85 in real slgebra ¢ xz x g x -.. to n factors is denoted by &%
80, if 2 is any complex number 8+4b and n is a positive integer:
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the product z x 2 xz % ... to # factora iz denoted by 2" Also :—“ ia
written z~® and, in particular, i is written 21,

Machanical Application of Algebraic Processes. If g, 8, ¢, 4, 4
stand for ordinary real numbers, we have : -

(i) (3 +58) +{c+di)={a +e)+ (b +d)i;

(ii} (3 + b) x {¢ +di} =(ac + bdi®) + (ad + be)i. 4 s;
. It, on the other hand, ¢ +¥ and c+di stand for the compléx, "
numbers fa, 8] end [e, 4]}, we have N

8) (6 +53) + (¢ +di) =[a, b] + [, 4] =[a +6,b +d]} =(a +0) +{bBd)i;
(i) (a +5i) x {c +d4) = [a, b] x [¢, d] =[oe —bd, ad +e] { &
=(ac - bd} +(ad +be)i. ¥

The two relations (i) are identical in form, as thepstand ; the two
relations (i) become identical in form, if — 1 isribten for i,

Thus, the correct results of both addition/and multiplication are
fiven by o mechanical application of the ondinlry processes of algebra
to the symbols in their abbreviated formyprovided that —1 is written
Jor €, wherever it vccurs, ANT _

_ The reader ray have anticipated-this fact from the result obtained
in Ex, VI1I, a, No. 8, where he found that
[0, 17 = [0 x [0, 1] =[~ 1, 9]
.o, using the abbreviated motation, 2= - 1.

Other operations, Eqﬁti-a.ction, division, ete., can alwqys _bB
reduced so as ultimately to depend upen addition and multi.phc_amlm
s the definitiofis~on pp. 138, 139]. The statement in ilalics
therefore holds £or all the fundamental processes of algebra.

Rots 1. ,Th} equation, 1= -1, does nof mean that thera exist_s

8 Dumbe ‘i 'whose gquare is the megative number -1 In this
equaﬁqn'\,- is simply an abbreviation for [0, 1], and -1 is noi the
negative number — 1, but an abbreviation for [- 1, 0. :
. Mor’ does the equation imply that {0, 1] is the only complex
{, Wihber whose square is [ - 1, 0], and in fact, as was found in Ex.
. @, No. 8, [0, —1] is another complex number whose squarte ia

I‘ L0} The equation, ? = — 1, has two, roota if ib is an equation
I coruplex algebra, i.e. if & and — 1 denote ordered number-paira.

In real aloohra, it has no roots. More generally, it will appear

tar that the equation of the nth degree in complex algebra alw:?ys

M 7% roats (subject only to the nsual conventions of language with
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réspect. to * equal ” roots). Tn real algebra it may have n roots or
fewer.

Note 2. The advaniages of the definitions on p. 139 can now bs
partly approciated :

{i) Tt appears that complex numbera of the form (., 0] have pra.
perties much like those of the real number n. From the law of
eddition, [, b] + [a, b] +... to # terms, equals [na, nb], and from the
law of multiplication {a, b] x [, 0] also equals {na, nb]. N

Therefore, {g, 5] + [a, 8] +... to n terms = [a. 8] x [, 0]. {0\

‘This would not be true if multiplication was, for examplesdefinéd
by the relation [n, b} x {, d] = [ac, bd]. Py

(i) It is desirablo that fundamental lawa should bg4he\same for
complex as for real algebra, The reader who has worked Ex. VIIL 8
Nos. 1-3, has verified this in some cases and should, be able to do so
in general. ’

(iii) The result of Ex. VIIL. a, No. 10, show that the fundamental
factor theorem, that if the product of twomarbers is zero then one
of the numbers is zero, also holds in complq& algebra,

We give now some examples of the" manipulation of complex
nambera, \ o :

Ezample 1. Caleulate [z, Y’ : ’
By the principle established\on p. 141, wo have
(7 +yi)® a2 + Ba%yi + By Lyt ;
s writing -1 for'llz’"a?nd -1 for ##( =i* . {), we have
(PRYP = (2 - 3y} + (3a%y - y¥)4 ;
¥ [ P =t — Bxy?, Bty — g,
The reader :Bhbuld show that ':e same regult ig obtained by two
app]ica.tiq{z{ of the law of Inu.l}ip]jca,tion for complex numbers,
m{@)é'z. Divide [a, 8] Hy [c, d) when [e, d] [0, 0].
a+bi_(a+8i)(c {di) _ (a0 +bd) +(be ~ad)i

\' c+d€_{c+di)( di) cErar
\ ac +bd be—ad
e +dt’ g |

L esonp. 139, (g, b=, d]=

Fzample 3. Exzpand [z,
{z+yf) =an ('i‘) "1

1%, where 7 is a positive integer,

)+ (3) "Ry 4L (g

=6 = (@) 5N 4 )+ () 2y - (B ety 4
Ne L

LT
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Nomenclature. Complex numbers of the forma [z, 0] are some-
times called * real,” and those of the form [0, y] are called, in
contrast, * pure imaginary.” This language, which is a legacy from
the time when the theory of complex numbers was imperfectly
understood, i# most unfortunate end should be avoided. In
the same way, when & function of [, y] has been expressed in
the form [a, b1, e.g. [=, ¥]®=[+® — 32y Bzly —3°], in Example 1
ghove, the expressions a end b are often called the real and
imaginary parts of the function; this is an equally misleading
form of words, They may be called the * first and second parts "\
of the function. : N\ N

Complex numbers of the form {a, 8], {a, ~¥] or @ + &%, a - biare
celled conjugate. This name is due to Cauchy. £

If, a8 in Examples 1-3 above, a function of a complex number
hes been reduced to the standard form [«, b] of a candplex number,
we have an equation of the form \/

Pl + i) =X + Yi. \\

n this case, it also follows that \ N
plw —yi) =X - {ip" _
for the only properiy of ¢ that is usediih the work is = ~ 1, that is
(0,3} =[ 1, 0], and this remain§¥rue if ¢ is replaced overywhere
by -1, sinee [0, —1J2=[ -1, 0]ay "

Consequent,ly o {z +yi) S - yd) =X + ¥, 0] =X+ Y% ... (6)
K

Huronicar Noxa, 'nge‘ ldes of the possibility of dealing with the
Bquare root of a negaﬁi e number is certainly as old as the time of

ophanius {c. 245-380) and arose from attemptis to sclve special equations.
Probably Cardan f3501-1576) was the first to assume the spplication of
algsbraic procegbelido symbols of the form, a+a/~b. He discussed the
problem : divida.f0 into two parts whose product i# 40, and gave as the
Buswer § $4/216 and & -~/ ~15, (nob however in this form) ; he then
showed ﬁ‘bﬁtﬁis answers satisfied the given ecnditions, if the ordinary ritles
of algelita, were applied.

Complex numbers were used freely by Fuler (1707-1 788), to whom the
syivbiol i for -1 is due, and by many of his contemporaries (John
wBemouilli, Cotes, De Moivre, eto.). Their real nature was first made clear
By Wessel (1797) and Argand (1806), who introduced the geometrical inter-
Pretation, ' The name * complex number * {a due to Gauss (1777-18563),
who developed in far greater detail than Weasel or Argand, but o eimilar
lines, the fundamental prineiples of the theory and afso used them in his
Wvestications of the properties of natural numbers. The work of Gatss
Prepared the way for $he discoveries of Cauchy, Riemann end many others
which form the foundation of modern Analysis and play a large part i
tedern mathematical Physics. .
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EXERCISE VIIL b,
1. Express the following complex numbers in an alternative form;
(3, 875 [6,0); {0,715 {0, 0]; [0, — 11; [a, -7].
2, Ezpress the following complex numbers in the bracket form |
Y4205 55 3-24; T -2; -i-2; ai+ 3.
3. Simplify the following :

(1) I3, 2]+, ~ 5] (ii} [4, 6] - [6, 6] .
(i} 1, 2] < {3, 4] S (iv) (2,013, 0] o
(v) (2+30) —(3 - 4d) (v} L4 +(1-4) ™
{vil} 3¢ x4 (vii} 34+ 44 >
(ix} [a, B1+[0, 0] (x) [a, B] x [0,"(}@"3«.
{=i) [a, B %[1, 0 (xii) (7 - 98) {1 4m).
Express the following, Nos. 4-80, in the form X +Y‘£}\:
4. (1424) x3. 5. Bix(l -4), BT +1) % (1~
T (2 +4)(3 - 20). 8. (4+3i), N8, (g i,
10. i{a + M), 11, ai x b4, ,".\“12' a4,

13. (cos 8 +4sin 0)(cos §+isin by, O
14, (cos 8+ sin 8){cos § i sin Bod v
15. (cos 8 +4 sin 6)(cos ¢ -4 sin )

16, (cos & +4 sin 0)s, N

17. [rcos 8, v sin 6] x [s cog ¢, a8in ¢,
18, [cos 0, sin 6] + [cos.dby kin .

19. (% ~com 8§ —4 s Qj('x’— co8 § + 4 gin 9).
20, (@ +sin ¢+ €08 H)z +5in ¢ - § cos $),

A . 1+i
21. (l+z)..‘.\ A 22. (1 -gp3, 23, L
l+2£f.\'“ 2134 (1 +i)’
24' _T'i\:s. 25¢ -l_-+_21_" 26, —-—-——1 =3 .
27 4o % iy, as, 1 29, 2+,
R\ @ -y x -y
WA 30 ey where z = [z, #]-

31, Stmplify (i} (1 44)*4.(1 - )3, (i) (1 +4) 2 4(1 -4
82, If (2 + 34)(3 —4%) =a + bi, find the valuo of a? + D%,

33, Show that the cubes of 3 — 1+44/3) are each 1.

34, Bimplify (x +yi)w - i) and factorise (z — 1) +(y — 2,
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35. If {z +¥i)" =a +bs, express a? +5? in terms of x, .
36. What is the series whose nth term is (1 +:3")(1 457} ?
37, Find real numbers x and y such that
(2 —i)e +(1 +3i)y +2 =0,
38, Prove that {3, 4] is one root of the equation z? - 6z +25 =0, and
find tha other root ?

3% If +/(z+yi) =A +Bt, where A>0, prove that A -B*=z and
2AB=y. Hence expresa 4/(5 +12¢) in the form A +8. O\
Bimilerly express /% in the form A +Bi. AN
40. What iz the condition that one root of the equation W
?+2(a +ib)z +¢ +id =0 in of the form [k, 0] 1.

¢z ¢

&
The Argand Diagram. The figure, referred ta R vp. 137, 138,
in which the point P, or the displacement OP, dofresponding to a
edmplex number {z, ], =% +yi, iz considerad/is. "
talled the Argand Diagram. N\

_ Medulus and Amplitude, If the length)of OP
is r units, and if £ (OP, Ow) =0, then we have

X=rc080; Y=rsin@lunieiereni(B)
alse T= 4 4/(x'+ 77, WA N U )]
nd  eos0:3in0: 1 =x: 3% /(2 +¥): oonn(8)

T8 called the modulus, or sometimes the absolute value, of the
tomplex number & + i,{énd is denoted by |z +yi| or by mod (% +yi).
8 is called the amyﬁituda of the complex number = +y¥, and ia
denotod by am (x4 i)
A complex mufdber is expressed in terms of its medulus and

amplitude by, thé relation _
fU<rcos 0 +irsinf, or «+yi=r(cosd+isinf)
O Somgtitnes, if there is no danger of smbiguity, by @ +yi=(r, 6).
Iy 18 Customary to denote the complex pumber % +yi by z and to
R i *=lz|,§ =am(z). If this is done, z is called tho argument of
\:the point P in the Argand Diagram. The symbol fz| for mod 2 is
g‘m to Weierstrass ; its uge in conmection with Teal numbers has
%1 explained on p. 78.

s
[+]

Flg. 66,

The Modulus-Amplitade Form. It is frequently necessary to
SEpress & complex number, given in the form @ + ¥, in terms of ita
wodulug gnd amplitude.

ax x
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By definition, r ia sssentially pesitive and its valuo ig obtained
uniquely from r= + izt 442,

"Equation (8) shows that there is alsa a unique value of 8 in the
range -~ < 8 < +7; but any value of 8 which differs from thig valge
by & multiple of 27 wonld lead to the same representative point P
and iz therefore a possible valuye for am (z 4 i), The unigue value
of  in the rangs —« &< +7 ia called the principal value of the

amplitude,
Sinee x=rcos 8, y=rsinf, it follows that tanB:g—"; but‘bh{s
x & N\
equation is not sufficient to determine the amplitude, sincerit. givés
two velues of § botween -x and -+w. Of these two valud, it is
necessary to select that one for which cos o a® ¥ ad
¥ W)

+o
. ¥ o
therefora also sinf = v W v \
Example 4, Find the modulus and __a,mplitﬂ{sle‘ of — 2434,
From Fig, 67, r cg@hx = -2,
PEO =y = +3;
VIR S A il T RV )

And 8 iy the élnéla (between g and wr) givenby

aﬁ’fﬂ:cosﬂ: 1=38:-2: 4183,
Fia, 87, As i@'pointod out above, it is not sufficient to
say.that 8 is the angle given by tan 6= -§, |

L 3

. _ 3
Erample 5, Expi‘gés T-cos0-isin 6 in the modulus-amplitude
form., X

: ‘1'\':-663 0 —iging =2 sinzg - Zisin gcosg

"’t\“ H2*;'1G sing z os-ﬂ)
\1“\ s 2( g%
O\ .0 ..
R\ _ :261n§(cosce+tsma),
% D - .6 . 0
Where a is chosen so that cosa:smé and gina= TO0R .
§-x

These conditions are satisfied by a=

. 8.
" The result now obtained is of the required form only if siné 18
Positive, i.e, if 4nr <0< (4n+2)
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It aing ia negative, i.e. if (4n - 2)7 < 8 < 4nT, wo writs .

1-cosf—-4sinf= —2sin—g( —cosc —4sina)

.8 —— L =
= —2sm§{cosa+1r+13ma+1r),
where a=‘?—;1—r, ad before.

It is instructive to consider this example geometrically. We ),
¢hall take the special case, 0 < # <7. In Fig. 68, the points A and® ™
represent the complex minmbers 1 and g ™
cosfl +48in 8.

To find the point corresponding to
1-(cosf +isin9), we take the displace-
ment OA -OP, and this is PA. Now
LAOP =0, and OA, OP are esch of uni}

: o\

length; ., the length of PA is 23in§ v WY P

and the principal value of the amplitude(of PA is measured by the
-0 e8-7 .

angle from Ox to PA, which iy ~ T=T .

O

.\ ag before,

Y a- o B
l-cos@ -isirnﬁ:gﬁing (cos—-g—ﬂ.-i—@sm 2 ).
Note, 1In n-umericax%a.fnples, the modulus and emplitude ean
often be written down by reference to a figure.

. EXFERCISE VIIL .

Draw ﬁgm‘é'ﬁ’}and give the modulus and the principal value of the

smpiituds.of the complex numbers in Nos. 1-16,

L 2. -1 3.4 - 4, ~i.

AN 4iys, 6 1-iys T —1+iv3 8 -1-ivd
O%i-va 10145 1L -1+ 12. -1-4

3. 1-4. 14, i -1 16, v3-i. 18 -i-v3

. Express in the modulus-amplitude form : _ o

17, 3 444 18, yv241-4. 19. -3+4i. 20 -3-4i

L1 RVE 99, cos @ —i 8in &.

23. sin g —% 008 d, 24, gin @ +4 cO8 &,
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25. What are the modualus and the principal value of the amplituds
of cos®a +4 sin a cos « if i

(i) ~§<a<0; (i) j<a<w; (i) ~T<a< -3t

' Express in the modulus-amplitude form :

26. 1 +itan a. 27. 1 +icot a.
28.-tan 8 -4, 29. -gin B -fcos @,
30..1 +cos 6 +4 sin 4, 31. 1+cos 0 —isinb. O\
32. 1+4sin @ +icos@. 33, cosa+isin a+cos § #iginf
34. cos @ —isin B +i(sin @ +4 cos B , ‘,’;.‘ y
35. Y4+rcos ¢ +irsing. e \ e
36. Interpret geometrically the relation '»‘;\\
i +(c03-2g+isin %E)+(cos4—;-+?s\i{; %')=0,
and generalise the result, O

W

37. Interpret geometrically the relatidh »

1 +{cos 8 +1zin §) =2 ¢o8 g’(cos g +4 gin -g)

48. By using geometrical congiﬂefations, find #, and r,, if

r1(cos 6, +4sin 8,) +ry(cos 034 sin 0,) =sin 8, - 0, (ces %+ isin g)-
2 § :
. N
Applications of'the Argand Diagram., Tt was shown on p- 139 that
if P and Q gre’the points of the Argand Diagram carresponding t0
(V" the complox numbers, a + b =z, and ¢ +di =7
then the point R which corregponds to their st
%) +2;, i8 found by completing the parailelo-
gram QOPR, :
Since the length of OR is not greater than the
sumn of the lengths of OP and 0Q, we have, 5660
Fig. 69,

where 0< 0, < % < 0, <

(224251 < 12y ] F1Za] vorrrerneeesl)

Thke reader should show in a similar way, o
deduce from (9) {see Ex. VIIT, d, No. 5] that -

120+ 23] 21250 ~ [2Za] cernire e eeneeneee(10)
and 12, - 24| 2 |2} ~1Z5h rrerersrrrerereeeeene{ 1Y)
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Suppose A and P are the points of the Argand Diagram corre-
sponding to the fixed somplex number 2, and the variable complex
number z, sea ¥ig, T

Then z -z, corresponds to the displacement AP, ’
end |2 -#| is the length of AP,

If [z -2 | =constant =¢, say, then P moves on &
circle, centre A, radius ¢. '

I am (z — z,) =constant = a, say, then P moves on o "
the half-line AP, such that Z (AP, Oz)=a. e 1.

Tt z =kz,, where & is & positive or negative number, P is & point an ),
the line QA such that op =k. '

. OA + N

Eaample 6. Two points P and Q in the Argand Diagram represent
gomplex numbers z end 2z +3 44 If P moves rodngd the eircle,
centre the origin and radius k, how does @ move ?

Hors92484i, |2 -3 i =|2] =2]z] SERY

.. @ moves on the eircle of radius 2k whose centre represents the
complex number 3 +1, i.e. the point whosg’coordinates are (3, L),

Otherwise : thepoint representing 2z is at R
in OP produced So that OR =20P, see Fig. 7 1,
and the digplacement from R to @ consists of
3 units parallel to Ox and 1 unit parallel to
Oy. /AsP describes the given circle, R describes
tlgq’nbncentric circle of redius 2k, and thus Q
. . kgeaéribes the vircle found by displacing this
direle & distance 3 nits parallel to Ox and 1 unit parallel to Oy.

P
A/j'
¥

t

x

L ™

o &
F1a, 71,

N<  EYERCISE VIIL 4.
o0 L, Givenf Pwé points A, B in the Argand Diagram, representing the
(i}mpla dimbers ¢ and B, construct the points which represent
w=BaNH) fa+B) ; (iii) a+2B3 (iv) a 3B
n 23 B, © are collinear points, such that AB ~BC. KA andB
. :ﬁl{l‘es' ent complex numbers « and 8, what does C represent ?
Yood: A, B, C are collinear points, such that AB —28C. If A.B, G
QPl'eE;a];t ¢omplex numbers a, 8, y, What is the relation between
4 4 given point P represents the complex number z. Construot
v points which represent (i) 2z {ii) —3; (iii) z+3; (iv)s-13
©+49; (vi) 8 -3 )
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5. Show geomstrically that
UREN +2al = (2] - (2] 5 .
(i) |2 - 25 = [21] —|2,]. (Bes Fig. 69 on p. 148,
6. If P and Q represent the complex numbers 7, and z,, state the
geometrical condition for the equality signg in No. 5.
7. If |2] =1, what is the locus of P, when it represents the complex
numbers (i) 32 (i) 2 +8; (Hi) 42 +9 ¢
. 8. If P represents the complex number %, what factg about,the
position of P are expressed by (\A
(i) 12| =5 ; (i) ]z-1]=2; (i) }2 + 2] =83)
(v} |22 -11=3; (v)[2~2~3{|=4; {(vi)am (2150
9. Use the modulus notation to express that the puit P which
represents the complex number z lies M'\'\
(i) inside the circle, centre (8, 9), rading\q ;
{ii} on the circle, centre {a, &), radins o
{iii) outside the eircle, centre ( - 1, QJ}}ra:dius I.
10, What are the greatest and least va.ll}jss:bf jz-38)if |z)g) ?
11, What are the greatest and least yhliies of |= + 2] if 2| < 1 ?
12. What are the greatest and leagh, values of [ if [z - 5]< 21
13. What are the greatest and 1dest values of |2 +1]if |2 —4|g 37
14. What are the greatest a.pcfje‘ast values of {2z - 4| if |z +3¢| g 11

15. A variable point P represents z; whab can be said abeout the
posttion of P if 1« {e+2538 < 2 9

16. ¥ |z] < 1, whap e&;;’be said about the possible positions of the
point which represents +2 1
17, If |2| <1, Prove that the principal value of am (1 +2z) lies
P A
between -3 and +3
18. 1f |g,j;=\§, find the range of principal values of am{l +z).
lzﬁp{and P; represent the complex numbers z, and z, and if
m; ar My are any positive or oegative numbers, (1, +ms+0):
M2y F 11y

explain the significance of the poing
£} my Ty

\"20. Generalise No. 19.

Products. Let the numbers corresponding to P and Q, expressed
in _ _the ) medulus-amplitude form, bhe r(cos f +isin ) and
:(cos) ¢ +i8in ¢) ; then the polar coordinates of P, Q are {r, §) and
& P
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The product of the numbers is {r cos 0, r sin 8] x[# 208 $, 2 8in ¢].
By definition, this equals
[ra{cos 8 cos P —gin @ sin ¢}, rs (sin 6 cos ¢ +coa B gin $]
= [rs cos (§ + ¢}, rs sin (8 + )] '
=18 {cos (8 +¢p) +isin (049} rerrermreenareeenenn{12)
This resnlt may be expressed in the form '
|2y . 2| =12, | - |Za] ; 810(z; . 2;) =amz, +amz, .'.....{l?)\s\
But the second result in (13) ia not necessarily frue of the principal -
uaiuea. . . s N
From (12) we ses that the product is represented by the(point K
whose polar coordinates are (rs, 0 +), which is found E)’y taking
the point A {1, 0) end making the triangle QOK AN 4K
directly similar to the triangle AOP. For, g
OK:0Q=0P:0A, ;. OK=rs; also )
20K = £20Q + £ QOK = 20Q + LAOP _{ &

=d+0. . AN
Repeated applications of formula (12),give

: A x
ry(cos 6, +4 gin §,) . ry{cos 0; +Esims) o Fro, 72,

ra{cos B, +3 sin 0,) =77y ... #u{008 (26 +4 sin (26}}.
In particular, if + =1y -—\’ ty,=1 and O=0=.. =0, =0,

wo have {cos B.-u\’siﬁ 9)2 = cos 10 +1 5in 10, <.vareersnnsee(14)

wharela nis any positi.ve\integer- . :
This is a specjal\dase of an importent theorem which. will. be
discussed in Chaptet 1X. I

Quotientgr {An expression for the result obtained when éne
complex. Aimber is divided by another may be deduaced from formula
“2} ,asjfc W3 1 . . . o

~\\ ' —:(003 GG 44 sin 0 - §) xs(cos ¢ +isin $}

=£-s{cos §—¢+¢+i‘sin B~ +¢)=r(cos f+4+isinf);
2. {r{cos 8 +isin @)} {s(cos @ +i sin @)} - '

o ¥ (cos BT +3 80 8- @) corrsnireenreeeen(16)
-]
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This result may be expreossed in the form
%2 =]2,1-{2;]; am{z,-2,) =am Zy ~amz,.  ....(18)

But the second result in (18) in not necessarily true of principal
values,

In particular, putting =0, r=2=1, we have

1 N -
——— = - sm ) =cos ¢ —i 5in ¢p. .1
cosep +isine c08 (= $) +ésin (- ¢) ¢ A

e\,
If P, @ represent the complex numbera P\

ricos & +isin ), a{coa¢+iain ) Y \.
the point H which represents {r{cos 6 +1 sin )} =+{ s(pﬁ}s?:f{-{-i sin &)}
is obtained by making P in Fig. 73 play the partof K in Fig. 72.

Thus, if A is the point (1, 0) eonstruct the tri-

4 angle AOH directly similar ta’the triangle QOP;
P ¢  then H represents AN
E (coa T 3E%N sin §= ).
H C\V
o a > _ Notation.' The expression cos § +i sin & is often
Fla. 73, denoted by cis 8,"8and (cos € +4 sin 6)" is denoted

"by cis"f. Equation (14) may then be written,
eis"d =cisnd. And since, fromy ¢17),

cos (- 8) +£sin(_@"=cog 8 —isin 0 =(cos 8 +1 sin 6)-1,
wa may denote cos # {*ts‘in & either by cis { - 8) or by (cis 61

Ezample 7. 'The points B, P, Q in the Argand Diagram represent
the complex nymibers 2, z, 22, If p describes the circle on OB a3
diameter, ind\the locus of Q.

In Fig./74 A is the centre of the given
eircle ; the triangles AQP, POQ are similar ;

t.here\ » if (¥, §) are the polar ¢oordinates

of @, P
‘:'\:'OP=V{0A.0Q)=1/:- and LxOP =49, _ /}‘ >

) 8 °© 8
Also OB=2; . /r=29 0035: :
S ¥ =4,c03’—g =2(1+cos ). ¥ra. T4.

This is the polar equation of a cardioid. The reader should
sketch the locus. .
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Ezample 8. The pointa B, P, R in the Argand Diagram represent

the complex numbers 2, z, 1 If P describes the circle on OB as
dismeter, find the locus of &.%

In Fig. 76, A is the centre of the given. circle; the triangles ROA,

AOP are similar, by the eonstruction given above {ses Fig. 73). But
DA=AP; . OR=RA; ., the locus of R is the
perpendicular hisector of OA, namely the line
T4, .
Otherwise: if K is the image of R in the
z-axig, OP . OK=0P .OR=0A%=1; .. P,K are
inverse points w.r.t. the circle, {z|=1. .. the
locus of K is the straight line, z=4. ButR
ia the image of K in Ox; . the locus of
Ris also the straight line, © =4, *This applica-
tion of inversion is important,

It ehould be noticed that as P moves im an anti-clockwise
direction round the circle from B towards O ailp}ag the upper semni-
tircle, K moves from the z-axis upwards payards + co, and thersfore
R moves from the x-axis dowmwards towards — o . Also when P
continues frora O to B along the lower gertii-cirele, K moves upwards
from - e to the z-axis, and so R mo}xe:s”downwarda from + o to the

™

T-axia, P~

EXERCISE VIIL e,
Bimplify the following ;. {Nes. 1-24).

1, %08 2a 13 sin 20 L g, 08 B+isinf
Cosatising " cos B-isin f
| R | o 4 cosqb—isincﬁ_‘
" cos 20 1 { BT 20" _ " cos 2 +is8in 2
5, o8 3c§+}sm 3a 8. %8 48 —{ gin 4#
' f;g;:isina : . * cos 20 —4 sin 20
e (P05 a +isin a)(cos B +isinfB) o {cos b +¢ sin oy
o N cos v +isin y © % cos g —isin ¢ .
) 9 (cos §'-{sin 6)%, 10. {cos 20 +4 sin 26)%.
11, (008 8 —i in 6)2 19, {eos 268 —isin 2008
! (cos_ﬂ_‘i-_iﬁ_ﬁ}? ' {cos 30 +4 sin 38}
Sr . . 3w
.13, (cosg+i3in g)s 14. (cos—ﬁ-ﬂ-—!-t sin —5-) .

15, (sin & +5 coa 0)s. 16. (sin @ -1 cos B).
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17. {1 +oos & +i sin §)%. 18. (1+{sin 8 —cos ).
19 1+eos 26+isin 26 1 - cos 28 +1 sin 29

" cos 20 +imin 20 " 1+cos 20 —7sin 20"
2 (1 +min 20 + ¢ cos 20)* 99 . 1

" {(1'+sin 28 4 coz 26)% " (l-sin 0 -7 cos 87

cis? 58 (eis §)-2 {1 —cis G)3
2. ciz> 2§ cis?38 ° 24, {1 +ois (- B3%
25, Write dowﬁ the cubes of cia g, cig i —!-3211-’ cig i -}-34“‘. 'ngﬁ‘t
'\ .
inference can be drawn from the results ? \

26. Write down the values of £ N

cigta, cist (a + g) y cisf{a+a), cist (ad—%) .
What inference can be drawn ? \ .
27. Simplify cis A cis 8 cis O, if A +B +C =~
28. Simplify (cis 6)" + (cig 8)-". o\
29, H z=co8 8 +14 sin 8, express in t4rms of 4

T T N N I
(1) Z +; » (11} 2 —'_z' H Sng} YAl +£E H (IV) F4 '-gn-
80. Ifu=cis 6, v =cis ¢, oxpress %+5 in terms of 8, d.

31. If i3 a pogitive infeger, prove that
’{ 3 + .
32. If the compldx number z is represented by the given point P
and if |z] = 1,8h0% how to construct the points which represent

AN () 2275 (i) 2°; (iii) 2,
33, Givern the peint P whigh represents any complox number 2
. mnabn%t"the peints which represent
)\ (2% ()22 43; (ili) (z +1)2; (iv) —2L
(81, If the point P which represents the eomplex number ¢ moves

‘?i'on_g the z-axis from x = — 1 to ¢ = +1, describe the corregponding
motions of the points which represent z +a + bi, az, iz, and (g -+

35. If the point P in No. 24 moves with uniform speed, describe
the corresponding motions of the points representing z2 and 1/2.

88. If z,~1fz, zy=1/(1 -2}, 2,=1/1 ~z,), ond the point which
represents P moves along tile a:-znxis from 2 = ~1to =41, find

¢ corresponding motions of the points Tepresenting z;, 24 %
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87. 1f the point which represents the complex number z moves
round the circle |2| =1 in the anti-elockwise direction starting from
the poiat (1, 0}, describe the motions of the points which Tepresent
the complex numbers

() 227 ; (ii)%; (iii)rf—; (iv) (z — 12,

38. Answer the same question as in No. 37 for
. . | e 2 . 2+1
z-1; () ~Z; (i s R G Bov 2
33, Answer the same question as in No. 37 for ,
. o 3 e 22 + 1 . az+h "
(iet+2; (11)m, (m.) 213" (iv) @1d
where @, b, ¢, d are real numbers.

9 '\ 4
40, Answer the same question as in No, 37 for o)
o iy s ey 4 A A\ 4
(i) dz; (it} £{z+1); (iii) P (lf){q_gn_i'
4L K 2, =(1 - iz)}(z ~£) and the poiné repr{e@'mihg z moves from

~1to +1 along the -axis, how does tha(point which represents
£, Move ? O

2 With the notation of No. 41, if 4\

 A=(L-dn(z —i), 2y =(h&iz)/z, -5, eto, :

deseribe the motions of the pcuint.s}ﬁvhich reprosent Za, 23, Zis eee o

43. If P is & given point on the dircls Iz — 1| = 1, state a construction :
for the point &, such that the complex number represented by P
18 the square of that repr@g&xted by Q. Find the locus of Q when
P moves round the circﬁ'\ o

Pringipal Valugss? When a function, f{z), such as sin~'z, tenlz,
OF am(z 4 37) hag'Wiore then one real value for a given value, &, of
% the numeri¢glly least of these values is called the principal value
of f{z) cor ponding to 2 =z, ; and if there are two numerically egual
%st values; the positive one is called the principal value.

.']_‘}.l\ugg"‘ﬁan"l( —1} has values ?i‘:, ?, e s _E, —i—#- ... and of these
O\ T

\:":%oall ~g the principal value. Again eos~'} has values 2n7 £,
hich include both +% and _f; of thbse, we call +2 the principal

Valug, 3 3 3

The aggregate of these selected principal values of f(w) is called

* range of principal values of f{x). o

. 9r6 i3 mo recognised standard notation for distinguishing

Principa] valyes from general values. We shall henesiorward usually

th
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mean by sin~%x the principal value of the f unction, and, if we wich
to call special attention to the fact that the general value is intendad
we shall write Sin—1x; similatly we shall use Tan=%z, Am 2, eto., to
denote general values, But, if the context is such as to remove any
possibility of ambiguity, sin—1z, c0s™ Xz, etc., may be used to represent
general values,

The beginner is advised not to omit any of the examples which
are marked with an asterisk in Ex.VIIL, f. No. 8 is particularly,

important. O\
EXERCISE VIIL f. O
Verify the results of Nos. 1.4, N
1. —% g sinlr g g 2* 0g cos_l.."f;;_:\ﬁ"
3+ ~g<tan“1m<g. ' 4. —w?&r}l(x;iy)ggﬂ.

5* Draw rough graphs of sin1z, coaf}s't;; ‘“and tan1z,

6. Find the values of (i) sin—1z cod\e ; (i) tan~lz +cot-1z.

1. For what values of & is sin-t .3:;9(;1“.1&1 to
(1) cos™ /(1 ~22) 5 (d) cos1{ < GAL —22)} ; (iii) -cos1y/(1 -3
" 8. From the definition -auf%’ém(x +1iy) < w, prove that

(i} if >0, amfn+5y) =tan1Z;
- ) CL ¥,
(ii) if x{{éy, am(x +iy) =7 +tan p]
(i) if #<H0 and ¥<0, am(z +ig}= -7 +tan'-1%-
9. What(are the values of am (z +yi), (i) when y=0, (ii) when
=01 Dfaw the graphs of amz and am 1z,

10.;1{11}%}' the graphs of (i) am (« + i) ; (i) am(x — iz).

w
11NIf m i positive, for what valuos of nis tan~lm + tan-n >3 !
Answer the same question when m ig negative,
N\
\Can tan—1lm +tan—n be < -—g ?
4 .
12.* Prove that the value of % io the formula

—mn
is zero unless mn > 1, and that if mn>1, kis +1 or -1, according
as m and n are positive or negative.

tan~lm +tan—1n =fr + tan—? ( 1L+ 2
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13¢ If r,, 0, and »,, 8, are the moduli, and principal values of the
that
fifd +0,< ~m, 0=0,+6,+2r;
fiijif ~v<B, +0,<m, 0=6,+0,;
(i) if r < 8, +8,, 0=0,+8, -2r.

14. Draw the graph of 2tan—tz - fan—1 : %’;ﬂ

15, Draw the graph of 2 coslx —cog~1(2x2 - 1),

16 What meanings must be assigned to the many valueéi\

functions 8inlx, Cos—iz, Tanx in order that the following relations
may be true ¥ . A\

. P | . . NG

(i If j=} <1, 7 (Sin m}_m\/(lvz*}’ ;"\'\.

YT d -1 )
(i) if |=| <1, d—x(Cos"Ia:}=m; R
() for all values of 2, L (Tan-1z) = ey
iii) for all values of x, Z(Tanta it

N

EASY MISCELLANEOUS\EXAMPLES
EXERCISE VL g.
L. Bxpress in the modulug:smlb]it.ude form (i} % (i) (1R

2 Evaluate (1 -4 1/§)§=1—?‘l -V 3

3 K =egig §, prowe t \t _2_ =1 -{tan ?, and that
N 1+z 2 _

142 =g c:ot;E .

’\~“ 1-2 2

4. If n is.a positive integer, prove that

g™

O

O (1+6m +(1—d)y* =27 .cos—.
B34, B, © are the vertices of & triangle in the Argand Diagram
JePFﬂS‘Bnting the complex numbers a, B ¥s '“‘:};]at( are the points which
NePresent () (6 +y) ; (i) d(@+B+y): (iii) ka+(1—F)f, where k
8. ABCD is a quadrilateral in the Argand Diagrem: E, F, G, H,
P, Q are the midd%e points of AB, BC, CD, DA, AC, BD. IABCD
“Bresont the complex numbers a, G, ¥» 8, what numbers are repre:
ohied by £, G and the middle points of EG, FH, PQ? What con-

0N can be drawn from these results ?

smplitudes, of two complex numbers, and r,  of their product, prova

N

). G
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7. Four points represent the complex numbers a, 3,4, 8. Inter
pret geomsetrically the condition a +y =8 +35.

8. Two fixed points A, B and a variabla point P represent the
complex numbers a, 3, z. Find the locus of P if

) fz—al=iBl; (i) |s-a|=]z~Bl; (i) |z~a|=3]z-g).

9. Verify that 34/2,(+1+i) are four fourth roots of -1, and
deduce two quadratic factors of a* + 1.

10. If a=cis2q, b=ris28, ¢=ecis 2y, and d=ejs23, express \in
the modulus-amplitude form : M
N

Datd; (ia-b; (i) (@ -e)(b +d), \ \
11. If a =cis # and b =cis ¢, prove that cos (8 + ) ={(&B +Elf_;)'

¥
12, Interpret geometrically the relation z =—d -FI;}B ~a), where a
und § are fixed complex numbers and ¢ is a redl. viriable,

18. If {21 =1 and amz =9, find the valuey9s.
(2 A
(i) |1 i (i) am(l—\rf-;),

where am w denctes the rrincipal va}ué 6f the amplitude of w.
14. ¥ g, -24| =|2, +2,, provg' that am z; and amgz, differ by
T T &N

éor 5 .f’.' ’

15. Two fixed points, Aand B, and a variable point P, represent the
complex numbers a, Lirémd z. Find the locus of P if

(i} am (z "*Q'\fﬁmﬁ; (if) am (z - @) —am (2 ~ §) =F -

o 16, In No. 15N becomes variable and P deseribes a given curve

2, what is thedécus of the point that represents f3, if (i) f=o+%
(i) B =z, and(iii) B =|a|+-2

17..THs transformations zZ -_—:i_j: s Zg =a_:%‘zl

AN\ c+dz ]

of 24 §’nd 4 b, ¢, & s0 thab the resulting single transformation msy

be%gy=1-1,
) z

give z, in termé

N

) 18, T]}e transformation z = lz+|_z; when repeated a second time
leads to 2. Do any other transformations of the form z =% 7 havo

¢+dl
this property ?

19. What i the condition that the equations 3z + 4y =p, 2* +§° =d!
can only be solved in the algebra, of complex numbers ?
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20, If ' =1, but w is not 1, prove that
(i) 1 +w+w?=0;
(iiy w? is aroot of 22=1 and of 22 +2+1=03
{iii) ¢® ~ab + b= (wa + o?h} (w?s +ob).
* 21, With the notation of No. 20, find the values of

(0 (1 +w)?;
{ii) {1 +20 + 3w?) (1 + 3w + 2u) ;
(i} 1 + 0 + 0! +of +... to n terms, Dy
22. With the notation of No, 20, expand \\ )
(i) (@ - bo)(a@ - bu?)(a-b); N

{iiy (& +b +¢) (a3 + bw +ow®) (3 + bo? +ew). o

HARDER MISCELLANEOUS EXAI{PLES.
EXERCISE VIIL b, \~

1. Bimplify P \4
{{eosr —cos ) +-4{sin a —ain 8))" + {{Qasd cos,@) —-i(sina —sin B)}*
Ai) for n even; (ii) for n odd. ~x :
2. Prove that {cis 20 +eis(— qu)} cia ¢ =2 cis # cos (0 + ¢).
3. Express 37" in the form x +yi, and prove that
Piyrady 3, 2+BOSI9+‘I ity § :
. den% (ifap +ig =z cis aﬁmﬂ +y cis § cis 6, obtain a relation indepen-

(b? - ulh
5 If cisa =g m1¢~c1sﬁ =5, prove that sm(a -BY="gm

6 If a =ginda, b —cis 26, c=0is 2y, and d =cis 28, express in the
modulys. &mﬂh‘}ude form A 4 . .
N\ (1) af ~b?;  (ii}ab-cd; (i) abed - Thed"
“Ef“,'H (X +cis 8)(1 + cis 20) =1 +iv, prove that

o \¥;

\3 {Hle= umn';_g

a
73 (ii) u’+u’=lﬁcos’9coa‘§.
8 I (1 4+ dm,)(1 +é2)(1 +12y) =A +Bi, prove that
A tan (I tan—lz} =B.
J. The complex numbers «, z, Z~& are represented by points

f P, Q. If A is fixed and P describes a given curve, what is the
oeng of Q,
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10. If the point P, which represents the complex number z,
describes the circle centre (1, 0) and radius 1, what locus is deseribed

by the point representing ., Where a, b, ¢ are real t

az +b+ci
11. Tf 2% — 1| =2, prove that the point P, which represents z, moves
g0 that PA.PB is constant, where A and B are certain fixed points,

12, If the point which represents z moves on the unit cireley
centre O, what curve is described by the peint representing 2z +z14

z -4

N
13. If z =z +yi, where y is positive, prove that rd 1\ ‘\

_ . o e¥pisy -1 T T Dy 1
i4. If z=x+1ys, Z —-W and 2{ Y = 3 prD\(B.t{}a.tIZi< .

15, The fixed points A, B and the variable poi.r;%é’repreaent the
complex numbers a, 8, z.  'What is the locus of B

0 ()G ()5 iy (=)o -4

Z—d Z—-0Q

18. If 2,(a, — &) +25(z, —a,) +24(at, —-agj%i), and a;, gy, a, are real
prove that the points which represens the complex numbers 2,, 23 %
are collinear. W

. 17, 1f A, B, C are points which xéprésent complex numbers a, f 1,
and if a=|f8—y|, b=[y -a|, ¢ wla’- B}, prove that the in-centre of
ABC represents e +68 +oy & What numbers do the e-centrss
represent ¥ @ +b+eny

18. Interpret the _relation “-;_I =ciag between the complex

numbers a, £, ¥, &’)mve that a® + 8 + 42 =8y + ya + a3 follows
from it. B ‘}'{i{ : Byi=fy+y 8 !

19. Interprasthe relation :_ 7:1—_5 between the six comples
7, - yy

numbers a/8,%, A, g, v, and shaw thas i can be written

& a i v |=0,
’\ A pow
O 111

) ,\~: '20. If o and b are real, prove geomotrically that

R

X

27 A T .2 2 " .
{(“003?*bﬁmi—)+t(asm—£+bcos£)} =(a + )"

21. An ellipse in the Argand Diagram has foei (£d, 0) and Zp B
are complex numbers which correspond to the ends of conjugaté
semi-diameters, prove that z,? +2z42 =d3,

22. Draw the graphs of (i).cosee=1a; (i) sec—v; (iii) cot—iz; of
principal val_ues only,
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23, Draw the graph of secx +secy +2=0.
24, Prove that, unless x ={2n + 1),

@ —amfcisz) [z -+ (Seo footnote, p. 46.)

2 Tar
25, Prove that the relation £ ={1 +Z#)/{Z +1¢) tra.nsforms the part
of the axis of x between the pomts z= =1 and z= +1 info a semi-

cucle passing through the points Z2=1 and Z= ~1. Find sll the
?'ures that can be found from the originally selected part of the axis
o

by suceessive applications of this transformation. RS » N
26 1f w* =1, but w# 1, prove that w® 4+ w?® =2 or ~ 1, where n is\a
positive mteger Wl

7. Prove that o? +xy +4* is a factor of (x +y)* —a™ - y"; wh&ra n
is odd and not divisible by 3.

28. Prove that a? +4% +2* —yz —zx —xy is a factor c&‘\
(¥ -z +(5 —)* +(x —y)", if nis not dw;sfole by 3.
25, Prove that {@? +y? +2% —yz —z —2y)? is @ fdctor of
(g 2 +(z )" + o ~g)", i pel mod. 3)
30. W'nte down the product of z+y&, +zw % +yw? +2w whers
w=dis —3 ; henco express x? + 3 +2* —3:0_?;2 and
(07 - el 4 (g7 —2)® + (2% S B(at —p)y? - 22)e® - a)h

each as tho product of three factots. Prove that the first-expression
is the square root of the secondh

8L 1f Fulz) is the sum $0‘n terms of the series whose rth term it:]
8%, what do the cxprésdions,

(i) £l + F oW ploteds  (3) fal@) o fulum) + 0t olw"2h
Tepresent when PN —xl but w£11

!

&t L



CHAPTER IX
DE MOIVRE'S THEOREM AND APPLICATIONS

Definition of a3, where a is complex and n i3 a rational number. Fof
integral values of n, the definition has been given on pp. 140, 141, 1t

2
# i8 frasctional, it is equal to g, where p and g are integers, gan\d\ﬁhere

is no loss of generality in supposing that g is positive ; '&;id\f-hen any
velue of z which satisfies the equation, 2?=4%, ig calléd 4 value of
a®.  'We reserve the notation, i/a®, for the prim{pal value of a"
as defined on p. 165. ')
De Moivre’s Theorom. If n is any- mm‘ona{ nurmber,
coé nf +1 sin nf is a value of (coa\ﬁ ) (
(i) First, suppose that » is a positiv@’};meger.
We have proved on p. 181, by actaal multiplication, that
(cos B, +1i sin 6,){cos 6, +4 sin 8y) ... (cos 0, +isin 0,)
: . =cos {Z0) +4sin {Z06).
Putting 8, <0,=... =8, =8ye have
{cos 0 + jin B)® =cos nh +1 gin nb,
(ii) Next, suppose thit ' is a negative integer. Put n= -m.
Then (cos 8 +3 Q{m" =(cos 8 +{sin §)~™, and this, by definition,
1

T{cos 643 sin 0)™ " cos mb +1 sin m0’ by (i).
But (cos m8+ < sin m0) (cos mo — ¢ gin mf) =cos?mb — ¥ sinmf =1;

. I 1 . .
":'Bb‘simﬁ +m =co8 mli — ¢ sin mh
.s'\\“ =eos(—m@)+isin{-mb);
= < {cos 0 -+48in 6} =¢oa nf 114 sin ré.

“\ Therefore, if n is & POsitive. or negative integer, thoro is only one
“value of (cos 0 +i sin 67, and this value is cos nf +1 gin né.

(iif} Next, suppose that 5 is & fraction. Put n =2, where p, g 819
integers and g is positive, g
In this case (cos § +{sin 8)* iz many-valued, and swo shall prove
Presently that it has ¢ values, At the moment, we merely wish 10
show that cos nfd 44 sin n8 is one value of (cos § + 1 zin 6},
162

N
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g .. Ll .
By (i) (cos% +4 8in %g) =cos pl +1 sin po.

Ao by (i) or (ii}, cos p8 +¢sin pf =(cos B +isin §)7;
. (cos%? +1 sin E;Y:(cos 0 +igin 8P
2, by the definition of &®, given above, it follows that
cos %ﬁ +isin %E is a value of {cos & +i sin ﬂ};!. L\
'\ *

Ny

The theorem is therefore proved for all rational values of.z, §
Wiiting — 6 for 0, wo see that cos nd ~4sin w0 is a value of
{eog B — i sin 67, for all rational values of n. o\ §'~
: ) Q)
The values of (cos 8 +isin 8)9, where p, g are integers and g is

positive, Do Moivre’s Theorem states thab c{q ‘q'+‘isin% ia one

id X ) .
value of (cos 0 +4 sin 0)9. Suppose that a{cos'p +isin ¢) represents
bid \ o
any value of {eos 6 +1 sin 0)% o

Then, by definition, RN\

s%{cos ¢ 44 sin rt:i'flé(cos § +isin 0)P;
~ 8%cos g +1§1‘1 g} =cos pb +4 8in o
R cf{?s.t}q‘: —cospf; sin ¢ =sin pd,
But ¢ i3 positive, finee it is the modulus of 8 complex .number:
&'%‘.l.&“ =1 requ’ife\g that s =1; since, if 8 > 1, 57> 1andif 07 < 1,
Also the ﬂﬂﬁgr" ;equa.tions require that g = o8 +2rm, where ¥ is an .

integer or £orp?
Tﬂki}{gx 1 succession, # =0, 1, 2, ..., (g — 1}, We obtain the g values,

N _/p8 2(g-1)m
s 22 cis (?—99 + 2_.77)’ ein (224. i‘_'f), L cls (2_ +_§_q___)
\"\, W ood q9 4 g 42 4 4
These ¢ values are all distincl, because the angles given by r=ry
"7 diffor by M, which is less than 2w, since |ry —7a| < 4.

Also, 110 further walues are given by other values of 7, because any
vther value of » must differ from one of the numbers 0,1, 2, ..alg- L]
¥ & mmltipla of q¢. '
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If p, ¢ are prime to one another, the same results may be written,
but in a different order, as -

eis E_O, cisp———w +—2W}, cis P+ +—4ﬂ, ois L7 1208 7 1r] [ +2(q - I)Tr],
q q q g

_because the numbers 0, p, 2p, 3p, ...y (g — 1)p are congruent {mod, gl
o0, 1, 2,...,(7-1), in some order,

ea g

E /
- If p is not prime Io g, the function {cos B +igin B)7 is taken'to
I N
mean {{cos & +{ sin 6}’}q and has therefore ¢ distinct valup\é,\vﬁ.,
N ; y
the ¢ values of (cos p6 +isin p0)¥ ; these may be written, .
. fpd 2rrr) \ ’
e {—+ -1 r=0,1,2,... -3y
(B4 er la 0%
but in this case, the expression cis P{9 +2sr) wWhere s is any in-

g
teger, does not asgume g distinet values/and therofore does not

represent all the values of (nos 8 +4 sin B)e. Thus, the funetion
{c0s B +14 sin 0)% has the 8 valueg giverMby (cos 48 +4 sin 46)%, and B

distinet from the two-valued funciipn {cos 6 +14 ein 6)F ; its 8 values
are represented by ™

N

(40 2 N\ o
18 (?-I-_S_)’ r=0, 1,2, ...,7; but the expression cis

4(9+2§1)}
8 1

where ¢ is any integé;f',,\has enly 2 distinet values. Cf, Ex.IX. s,
No. 8. \\ - .
A\ >
Frincipal Valtig» of (cos 6 +i sin 6)Y. The principal velue of
¥/
feos @ +i si(ﬁ]*f iz taken to be cig %?, only if —wr< 8w
Ot m?sé, if & is the (positive or negative) integor such thst

m~\ P
- 3:‘»2:} +2kw < w, the principal value of (cos 8 44 sin £)? is taken
(R0 . '
N\ ¢is {}—j {8+2kxr)} =cis (p_ﬁ + 2_3‘)}5_:r)
\ q 7 ¢
For any given value of %, this can of course be redured to the
2y
_q_)' where r is some integer loss than g.
This definition of principal value holds whether p is prime to ¢
OF not.

form, eig -’EE_!_
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: r

The reader should notice that the principal valus of (cos f +isin 09,

where ~w < £ m, is not the same as the prinecipal valus of
1

fcos p@ +¢ sin pﬁ)a, unless alse —r < pf g 7.
Further, the principal value of the gth root of (cos § +i'sin )% or
the principal gth root of {cos # +isin 6)% iz taken to mean the

z .
prineipal value of {cos @ +{sin 6)%, os defined above. Thus the
principal value of the 8th root of (cos § +4 sin #)* means the principa,l.\:\

value of {cos § + ¢ sin 8%, and this is defined above as N\

cis {£(0 +2km)} =cis {}(8 + 2kx)}, A\

where % is the integer given by —w < 0 +2kr g =. The :principal
value of (cos 6§ 44 sin 0} is therefore the same as the p.ﬁh:}ipﬁ.l value
of {cos 6+ sin €)%, but it is not the same as the primeipal value of
{vos 40 +¢ sin 40)¥, unless, with the same pgt@tion as before,
"< {0 +2kr) g w. Cf. Ex, IX. a, No. 16, { ¥
¥ Y

Values of 2% Definition. If r is any real positive number, and if
r &Illd ¢ are integers, ¢ being positivegthe symbol H(r?) denotes the
{Unfquo) positive gth root of rF, &3

Every complex number, z, can'be written in the form,

r(co% B+ 8in 8),

where r;EE’&nd —T< g w,
2y N
< the values of ¥ thay be written
3‘:\‘ ir® cis(p—a+2ir),
N i) g g

“hore s =0, A0, ..., (¢~ 1).
Thus there are ¢ values, whether p is prime to ¢ or not; and of
thosa’ﬁ:i{ma -w< 0w, the principal value is

Yiernets 22,
Y q

Geometrica) Representation of Powers and
thﬂﬂts. Fig. 78 represents the circle ’iZI =1 in
¢ Argand Diagram. The point P, which repre-
Se18 $ho comylox number (cos § +4 sin ) lies on oo 76,
h? fircle, and the are AP,, measured from the
PomS &, (1, 0), is of length 6,
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To apply the geometrical method of construction, given on p, 1,
for the points representing the numbers :

(cos @ +i sin 8)2, (cos @ +-4sin 003, ..., {cos & +4 sin 61,
we construct in succession the triangles P,OP,, P,OP,, ..., P, ;0P,
each similar to AAOP,. The points Py Py oo 4 Py, being on the cirels
at arcual distances 28, 34, ... , n6 from A, represent the numbers
(cos 20 +4 sin 26), {cos 36 41 sin 80), ..., (cos nf +1sin ng),

This illustrates part (i) of de Moivre's Theorem., A

Suppase now, see Fig, 77, that Q is the point on the cirele svhich
represents cos @ +4 sin e, and that we want to represent glometri-
cally en nth root of that number, \We shall
have to find 2 point P on the cizflo such that
the are AQ == .arc AP ; bulgds” the arcoal
distance of @ from A cat(Pe‘rcgarded as «
Or a+2r or a+4w or ... ob'e + %, whete 1
is any integer, the a.rp\\aP may be taken az
a + 2rm ¢*

»where r ia ahy’ ‘integer. This gives n

Fia, 77.

. poirits P, say P} }:‘2', v Py, representing the n
nth roots of cos a + ¢ sin q. PiPs ... By is a regular polygon inscribed
in the circle, SN

P

Note. The ¢ values of (cog %% i sin a}? ean also be represented m
& gimilar way ; similarly the nth roots of ¢ {cos a 44 gin &) ean be
represented by the cornef\of a regular n-sided polygon inscribed in
the eircle, centre the otigin, radius e

Bzample 1. What'is the principal value of (1 — i)* and what are
its other values 18 )

. .‘\ ; 1 + k4 w
1-¢=% 2 ——— ——— = —— g - ’
. ft\af (\/2 v’2) \/2{ cos( 4) +i8in ( 4)},
'bh{ﬂ}rincipal valus of (1 —i)? jg
s\ 3
12y I pisin( 37
(/2) {cos( 20)+ssm( 20)}
\ 1w I31‘r . . 3
} '8 {3032—0-—33"12—0}.
Algo any value of {1 —z')% can be expressed in the form,
3T 2rr . v 2rm
Fii) ] —_ gy e il = ars
v {COS( 20+ 5)+wm( 20+ )}.

&
where r=0, 1, 2, 8, 4.
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Bzomple 2. Solve [z — 1)P=x",

Take the nth root of sach side;

2rx
A TS | =x(cos%ﬂ -H'sin%?r), where r=0,1, 2, ,..,{n-1)y

2rw . . Prrw
— x(l—cos——wsm ):1;
P n

+ T . . ¥ rr
v | 28in® — -~ 2¢pin —cos— ) =1;
n n n

. N\
, . Tl vm T W
o 2xein —[sin — —fec08— | =L : PN
T n- ) ] <N
Tat # 4
. . . . T . rT A4
Multiplying each side by sin— +ieos —, e
% ) )
LN S a\/
Zicsin— =sin — 4 {08 - ; 92\
n n L] '\'v
. , . rm
S x=%(1+scot—), O
7" o\
where r=1, 2, ..., (1 — 1),

Ezample 3. Points P and @, in the Argand Diagmm represent the
oomplex numboers z and w. U |z|=1 and if am 2 gteadily i]_:mrea.aes
from -7 to <4, deseribe the corresponding motion of @ if

Mw=z; g w;}%z. '

. o \ ) 4 . -2
z=cisg, z{-—.'@s‘g— or cis ﬂ_‘%%_’i or ciz § 3 il

, 25
{i) Fox egtliposition of P, there are 3 positions of @, say Qy, Qs Qus
Which WQ¥S” continuously along the circle |2|=1 anti-clockwise.

w4

g, “.Isq“g;és from 8 = ._g ta 0= +%; and at the same time, Q, moves

¢ “; . L2
if}"m9= +1r3;to 6 =, and Q, movea from = -7 to B=-—§.

(i) Yz :cisg for —m< B« x; . there is only one position of Q

T w
for each position of P, and Q moves from 6= - 3 to §= 3
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EXERCISE IX. a.
1. Write down the square Toots of
(i) co220 +4ain 28; (i} cos 30 —isin 34,
{iii} sin 8 +icos f; {iv)i; {v} —3.
2, Write down the cube roots of (1) cos36+iain38; (i) I;
(ili) 4; (iv) —4; (v) cos® —%sin@; {vi) sin 0 — 7 cos 4.

3. Write down the values of (i) ( ~D¥; iy (- @i (4
(iv) (1 -iy/33%; (v) 128%, A
4. Write down all the roots of (i) 28 =1; (i at+1=0. & N

... 3. Represent in the Argand Diagram (i) the cube roots.of -1;
(ii} the fourth roots of 1; (i) the fifth roots of 32; {6 - 1290

8 4
11 g
7. Bimplify 'J(cos"l —tsin I) -:—4\/(cosf N sin 7—r) .
8 B 8T

O ok i
8. Give (i) the two values of (cos%’?q}s’sin 2.; 3 (ii) the oight

2r .. 2\ E \) .-
values of | eos 5 +isin g ) + statg\which are the principal values.

4 %] A
S . - 1_1:)_( 6T gain ™ N
6. Simplify (0058 +tsin = [ cos isin 4}'"‘.\\

9. Give the principal values 6f%

) (cos%’+£ain%)%;f' (i) (cos%-r-wsin%?—r)*-

10. Give (i) the p{&"g':m\fpal 8th root of cos%‘-. +isin-4—;;
(ii)’?:hﬁprincipnl square root of eos g +’£sin§.

11. Find Hij¢ t:l;e product, (ii} the sum, of the five valucs of

{cosr +4 si;’tqr')%. Of what equation are these five valnes the roots!?
12.\0;%1&13 result of No. 4 (i) to write down factors of 2% — 1, and

deducethat a5 — 1 =(z - Die* + 3 (+/5+ 1)a+ D {a? — }(+/5 - L)z + 11
33."Solve 2" =1, What is the eum of the roots? If a is a root

other than unity, prove that 1 +a+ta?+,,, +an1—p

14, Find the roots of #9 =1 which do not satisfy 2% x4+ 1="0.

15. Solve (x+¢) +{z -d¥ =0,

16. Selve (1 +ap =(1 —am,

17, Solve & _9ym opg o+ 1 =0,

18. Solve a®4ab_gt.),

.
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1+
1—

19, Tf z =cis 0, express «\X
{iip for w << 8 < 27,

90, How many values are there of (i) it + ( - 1) ; (ii) ¥ x(-9)}?

31. Find the principal value of (I +cos 8 +isin §)}

() if —wr<0<m; (H)if w< B3,

22, A regular hoxagon im inscribed in the cirele |z|{=1 in the
Argand Diagram, and one vertex represents cosa+tisine. What
do the others represent ?

23. Two pointa P and Q in the Argand Disgram represent complex,a
mumbers 2z and w0, the modulus of z being unity. P moves so that\))
em 2 steadily inereases from — = to +m. 'S

Describs the corresponding motion of @ when - R

(Yw=2+3; (i)w=iz+2; (ii)w=32

24, Answer the same question as in No. 23 for ¢ )

(i) w=2%; (D w=m11; (i) w=Eh
25, Answer the same question as in No. 23 for
N
(i) w—_-%; (i) w=(z + 1)%; {hj)w:zﬂwz.

26. Answer the same question as in NoJ 52 tor
w={z+1); (i) w= W}m (iii) w ={z + 1’)!'!. |
27. By using substitutions of the farm & =cis 2a in the identity,

(@, ~ e}y —,) +{a, '_as},(}lio"_"a'-i) + (g —8y){3y —2) =0,
prove that sin (8; — 0y) sin (fgm0,) +... +... =0

:inthe form A +Bs, (i) for0< < r,

L W

Ezpression of Powers of .cg © and =in § in terms of Multiple Angles.
The student no doub\b\\rea.lisos already the great importance of
forranlee, such as sif™ =1(1 — cos 26}, cos?d =}(3 cos § + cos 38), sbe.
Besides being essdnyial for desling with all kinds of identities, they
are wanted, ford éxample, for the integration of powers of sin # and
€08 §, and fof Aho summation of series like =(sin*n6)}, Zeos{§ +nd),
ste, W@g 1 now investigate expressions for

' ~,"\ cos™, gmin"d, cosPl ain®.
:If\"coé 8 +4sin §=¢, then cosf —deind =§ H

P

) 1
\ S 2eos &=z+;; 2¢ sin S:z—;; RPUTOTRUDURUN &
1
elso cos nf +isin nf =21 and cosnd ~isinnb == 5
1
S 2ooand=2z" +-1— ; Ysinnf=2" - e {31
t -4 z
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By means of {2) and the binomisl theorom for a positive integral
index, the functions eoshd, 8in"f, cosPP ¢in%l, ote., can he expresssd
1 terms of z and expanded in powsrs of # and iz

By means of (3), the expression in powery of z and 1fz can he
replaced by cosines or sines of multiple angles.

Ezample 4. Express cos’ f in terms of multiple angles,
. 146 o 5 1
From(2), (2 cos 0)°=(z+-) = 4B 4102420 4 04 L
z z # g

A ¢
2 AN

(s edyea(e ) ra0(esd)
=2cos 50 +5(2 cos 80) +10(2 cqs(ﬂ‘)',}‘gfrom {3);
& eost @ = (cos 50 + 5 cos 36 + 10 g‘o{ﬂ’}l
Check by putting 6 =0, N4

Hrample 5. Express sin0 in terms of mu}t}pie angles,
i 5 1

From (2), (2i6in 6) (= - 1)* o8 _ 5300 )

=(z‘ -15) _.5’C3zs - 53.) 10 (z —3)
. R o ™ £ &
=248in 80,~5(2¢ sin 38) + 10(2¢ sin ), from {3);
<+ siud 8 = lofsin 58 — 5 sin 30 + 10 sin 8}
g

D
Al

Check by putting

N
Ewample 6. HXpress cos) sin®0 in terms of multiple angles.
From (2), \ N

(2 cofB)¥ (25 sin 9}¢=(z + 1)’( _ 1)‘2 ( 2 _l)’(z _1)

\"\~ z Z z¥ z

.'\’\ -_—,(z“ — 32 +E __.:I_> (z _..1)

™ 2% gt z

AN i 1 1

=(z’+;a)-(Z‘+;]s;)“3<zs+gs)+3(z+;)
=208 76 — 2 con 56 — 8(2cor 30) + 3(2 cos 0);

< €os*8 sintf =L (05 76 — cos 56 ~ 3 cos 36 + 8 cos B).

/

Check by putting o =;.
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Note. It is instructive to consider the form of the expansion in
tho gencral case. 1t is evident that cos™® can always be expressed
as a sum of cosines of multiples of 8, since it depends on the binomial

1 n
mxpansion of (z +E) . But sin®f depends on the expansion of
nn L1 . 1., . : .
( _z_) , which involves terms like z¥ +? if n is even, and terms like

—i if *n iz odd. Therefore sin®f can he expanded in terms of

tosings or sines of multiples of § according a8 n I8 even or odd\

For the details, see Ex. IX. b, Nos. 15-18. \“.
EXERCISE IX. b, \\ .
1. If 2=cos 8 +4isin §, write down the valueg of)z*+5 and
1.
7 - in terms of 8. . \\

2, Express cos 70 and sin 66 in terms of co\aﬂ +isinf.

Use the general method to express the foﬂowmg in terms of cosines
or gings of multiples of 8. \

3. cos?y, 4, cnsif. ﬁgj‘édﬁ’ﬁ. 6. sin'f.
T. sin®g, 8. sin®@ cos 0. ”é cogif sin®.  10. cos*d sin'd.
11, Prove that 16 cos®8 —g08,50 =5 cos (1 +2 cos 28).

A .
12. Bvaluate (i) F{{Ms; (i) [Gqsmda; (i) Ecosﬂﬂ sin'9 40 ;

by means of expansions in terms of multiples of 6.
13, Evalua,toii ga\iﬂ‘ﬁ cos"f df.

14 EXS@Q}I how 1o find the value of
‘.‘\ sin® A cos’ A +sint 24 cos’ 2A + .. to n ferma.
1{ Prove that, 1{ » i even, 2" cos™f =cos nf +n cod (n-2)0+...

“Mmthat there are 5 ™ £1 terms, of which the last is 2{{? ) Show
b the others a{ter the first are the values of
(:.') cos (n - 2r)6, for r=1,2 3% ..,3n-2)
18, Prove that, if n is odd,
2" 008 = oos n + = (7) cos {n —2r) 0, for r= 1,2 .., 4n-1)

N\
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17, Prm_re that 291 _ ) g eng
=003 Zn@ - 2n cos (2n - 230 4+ ... +{—_-21%:(,2)—?3.

and give the general term,

18. Prove that 22m( — 1)» gintnitg _

. _ . (—l}“(?n+1}!_s_in_ﬂ )
=gin (Zn +1)8 (Zn+1)sin(2rn-1)6 4., 22 n!{-ﬁ—f-ﬁlJ! 1 &

and give the general term, A ¢
€ N\
19, I cos®® sinf is expressed in the form O

Ay cos 8 +A, cos 30 + A, cos 50 +A; cos 70, (v’.‘;'

deduce by differentiation that A+ DA; +25A, + 404, :éﬂ and find the
value of A, +3A, +5%, + T’A;. Verily the reguith ¥ means of

xj\\“

7

. 4
. Bxzpansions of cos n@, sin né, and tan,ﬁé where n is any positive

\

v

b Y
4

integer. We have

cos nf +{ 8in nd =(cos ﬁ,+f€:¥sin 0) = (c +is)", say,
={en - (1) en2g2 +(’;lc““ié“ ~e b (D) et - (Bt ),

and a0, by oquating Lhé first and second parts of the two comples
numbera, N\

=ct 4+ (’1') e + (1) c“—s-if.?%;{:tg) ch—3i3g% (2) aft—didgd 4

S0AB0 = e —(T) ex-sse . (Baiegt_ )
x\::.’\iﬁ 0= (T ety —(Pewssry {5}

{llso\:; 508 7 +4 sin RO =cos"# (1 44§ tan B} =cos®f (1 +it}", say,
whicl'gives the samo results as bofore in the form

a

008 nf =cog"f {1 - {8 e+ (‘:) o- }

st =cos0 (1) - (3) 4.},
By division, :
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Ixpansion of tan (6, +8, +... +83).

Similarly, cos(8;+8,+...+0,)+igin (0, +0;+...+8,)

=(coa #, +18in 0,){cos B, +igin B,) ... {cos B, +isin 8,)

=con f, cos 8, .., cog @, (1 +44)(1 +d8y) ... (1 +4t,), where ¢ =tan 0,
—cosf, 608 0, ... cos B, (1 £iZ, 1%, +8%25 +...),

whers Z, denctes the sum of the products of tan 0, tan 8, ... taken « N\
uf 6 tima,

Equating the first and second parts of the complex numbers, )

oA
coa (6, + 9, +... +8,) =cos B cos0, . conb, (1 -2, +Z, ~ ..:j}
sin {§, + 8, +... +0,) =cos B, con B, ... cos 8, (%, - %, +.::}';;.

T Za+ T - 47

. —_ 1 i3 7 4 -

&otan{f + 8, +... +8,) =TS, St TN y .‘,.Q.}..... (T}
Pormula (7) is easily remembered ; it includes {8)'ns the special

ease when 8, @y, ... 0, are equal, o \d

Formula {6) expresses tannf in terma of dan0. Formulas {4);
{6} can be transformed by means of the idehtiky sin?@ +eos?d =1, s0
that, for examplo, cos n8 can be expresgetl.gntirely in terras of cos §
83 in the example below, The general ‘results will bo discussed
o p. 178, T\

O

Brample 7. Expresa cos 60 in‘terms of cos 8.

We have m<
oo GALLEH™ (1)t 5 () -
=8 = 15c4(1 — ¥} +15c2(1 -2 - (1 -t
NS =32c0st0 - 48 costf + 18 cos’d - L.
N\
R EXERCISE IX. e.
From Q(’m{ﬂae (4) and (3) find expressions for
1-~é,i;1 60 in terms of ain 4. 2, cos 56 in terms of cos 8.
4 ~\‘ ® . ]
A8 8080 forms of cos 6. 4. cos 66 in terms of sin f.

; sinf
5. Give the formulae for tan 46 and tan 58 in terms of tan 6.
8. What equation is satisfied by tan @ if tan 60 =01

7. What equation is satisfied by tan 8 if 78=51"

8. Give the expansion of tan (f; + 03 — 04)-
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9. Glive the relations holding between the tangents if
() 6,40, + 0y =7 ; (i) 6,4+ 0y +05+0, =23 (iii) 6,40, +a,=-32’f.
10, What results can be dedured from
{8in 0 + 2 cos B)" ={cos (g - 9) +isin (; - 0) }-ﬂ —cis (?;T ~nﬁ).
whore 7 s & positive integer ?

11, Give the last terms in the formulae (4) and (5), (i} if n is evey
{ii) if » is odd.

12. Give the last torms of the numerator and denominatos 'Qf sho

formula for tan n8, (i) if n is even, (ii) if n is odd. £\
13, Bhow that the coeflicient of ¢ in A\
e~ (1) 2L~ o) + (M) ent (1 —et)e - L s N0

2
" 14, Prove that 2% cos ?Zl =1-(+(3) - and':gi\ve thie last term.

15, Prove that secfcos5f=1 - 12sin? § +168in? 0,

18. In any trisngle ABC, prove that _ { &
% =a® cos 3B + 3a®h cos (A ~ 2B) + 3¢k bos (2A —B) + b% cos 3A,
\J o S
17. Find the equation whose roofd are +tan T , +tan s ttan—,f .

18. I tan §;, tan 6, tan i‘,za:n 0, are the roots of the equation
14817 ot + ot =0, tind thewalue of tan (8, + 6, + 8, + ;).

N

Summation of Seriqﬂ:,\Sum the geries

=1 +:t:\',}s’8 +a? coz 26 4-.., 44" cos (n - 1)6,

8=\ & sin 0 + 7 sin 20 +... + 271 gin (n - 1)0,
Put cos § Bisin 0 =z,
> ...
Them & C+i8=1+4mz4a%® 4, fan-lgn
A _. A
N _ L—amg® z

:w\: 3 — 1 _ —_ .
A - w (1 -—:cz)(l —Z)

1 -2 g Faftizn—l
z

1 —x(z + l) +axt
2
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Butzl=cos @ -igin @ and z+zl =2con 0;
1 —w(cos 0 —igin 0) —x"(coz nf 44 sin nd)

+zH(cosn — 10 +4ginn -~ 16)
1 —2x coz 6 47

- CH+i8=

l1-zcosd—a"cognd +x"tlconn ~10
+i{x stn § —a® sin nf + 2"+ sin k- 10}

L &

1 - 2% cos 8-;-_.1:2 '.\:\

Q

=

N

~. by equating the fivst and second parts, we have L

_1-mcosf —am cos nf + 2™ cos (n —~ 1) N

c 1 -2z cos §+a? ¢ ’zf’""""'_'(s)
H ot ol A+l o3 - '”‘} '
and g% sin 8 —2" sin nf + 2" gin (n - 4 Y o9}

1 -2 con & +a® O
These results may also be obtained by muﬁiplying the piven series

by 1-22 cos § +a% and showing that in the product all the terms
disappear excopt a fow at the beginning'and end.

{57 6os 6 1 23

"
Note. If |z} <1, since lim af =0,0we soe that
LGN '

1-meosd s\
; 3 13 the sum to infinity of 1 +x cos 8 + 2% cos 20 +... {10)

ancg <
£ Y

~Fxcon b it is tzhefi\um to infinity of @ sin @ +#? 8in 26 + ... .. (H1)
: ll

Example 8. ¢ Sum the seriex

coe avi() cos (a +B) +(3) cos (@ +25) +... +cos {a+nf).

Pu?:\ébs a+ising=a, cos B +icin B=5
?hei}l the given series is the first part of the complex number

4 ..\’ *

\/ a+(}) ab 1 (3) ab? +... + (1} ab® =a(1 +0)";

B B

+2$Sm5305§

B

b+b=1 +cos B +isin f=2 cos® 3

- B B By,
=2 cos §(ccrsa§+ssm 2),



9

176 ADVANCED TRIGONOMETRY
Soa(l+b)t=ciza (2 co3 ’{—;cis —‘g)n = (2 cos g)u cis a cls %

= 2(:0;5;-“(—3 ﬂcis a+§§
(3000 5)in(

n a
s the given series = (2 cos T‘{D cos <a .,fl;)_

EXERCISE IX. 4, Oy
1. Bum to » terps, O N
008 0+ § o5 20+ 008 30+ cos 40 +,..0 L\ - -
Deduce the sum to infinity, ,:
2. (i) Bum to n terms, ' x"\\\.
<05 §

(u) Poduce

cos 0 +conf cos 20 + cos0 cos 28 . SO
the sum to infinity if 4 ig ;mtba. wmulttiple of =.

+ (i) Sum to # terms, \ v

gin §

(ii) Deduce the

4. Ifnisa pozitive inte,

when a =cig a, b=

sin ¢ +sin® sin 26 +sm3‘6' sin 38 +..
S bo lntl.mty’ﬁ. f#is not an odd mulblple of =

893.' expresa (ll :éﬁ in the form A +B{

™

=cig 3,

What results can ha deduced from the identity,
I E&-_T =a+ab+ab 4, 4ght1y

b. Mnis odd, prove that

1- ()00328\{‘(
6. Ifin\meven

-1
2 e0840 — ... —cos 2,8 =(-1) % sinnd (2 sin 8)"-

sum the series

.Q\ ™ (1) sin 26 — (2 ) 6in 46 + .., —gin 200,
‘? Som 0 % +1 terms,
N\ :*' {2 cog 9}"—(")

{(2cos G 1goa g +(’2') {2 cos 62 com 20 -

var &

8 SBumton+1 borms,

®ind cog nf + ( 4]

8in"=1¢, cos (n — 1) sin {0 -
+{(3) sin™ 24 cos (n — 2)0 sn? (8 — Y+ vean
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9, Prove that, m any triangle ABC, if b < ¢, the sum {o infinity of

amA+bsm2A-{— ,Sm3A+, i 9.51:90

10, Usge the identity,
gin O{sin ¢ — i cos ) =cos (8 ~ ¢} ~cos dleos O +1sin ),

to obtain an expansion for siu"f cos (nz,b - %’f).
11, Prove that, in any triangle ABC, ¢"=a" cos nB+
('1‘) a1 coa {(n —1)B ~ A} +(’2‘) a2t gos {{n — 2)B - 2A} +.,\.’3

L 3
s

to s+ 1 terma, N

12, If |z| < 1, find the coefficients of ™ in the expanm%am POwers

of x of cos B~z 1oat

Wi gr ooz’ W T 5z con b
. 13. 1f 9 ia not a multiple of 7, find the 8 t'c‘b‘\nﬁ.mty of
sin & +cos §sin (a + 0) +cos*dblaYa +26)
+c:3§8;£i.s].n(a +38) +.eee

~

14, Bum to n +1 terms, N
14nzxcos 9+ (‘E) 2 c%os'ﬁev-l‘ (g) b oos 30 + ...
15, Sum ton+1 terms, P h
cos nl + nx? cod (B 2)8 + (%) #* cos (n —4)0 +..
16. What 1csulLs ga}})a deduced by writing eis 8 for z in
—(n+1)z* +n2"*,

1.4‘22‘-;- 821 + ... eraniml
17, Su.l:lfl @}ffﬁrms,
A\“.: (21") o858 + (%) cos 38 +(%) cos 50 + .o s

‘"1\3”.:1’130\’9 that, if {r{< 1,
a \Y/ S

) (1-2) 605 B _S™ancon(2n +1)0.
N\ 12z cos 26 + 0 #h ot )

' (n +7)! { -4 sm“ﬂ)'
Deduce that cos(2n +1)fsect= 2 (-7 &

forr=0to n, where (1 ie taken to meatl unity,
AT, M

N ¢
oA\
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19, If @c>p* angd lx\jg/< 1, prove that Emz—“%m- can ba

expandod in powers of z and that the ceefficient of g# i

43

tn+l
(E) sin (n +1)8 cosec 4,

where - cos 8 v/(ac)=h.

sin x 2 gin 2x neinnx -
20. Prove that (=D D =2y v 2t gy R
2n—g at ot '\“‘\
=(—2_n—-_—1)—I (1 +cos =)™ 5in 4, ‘ \\
Expansions of cos n6, sin 0o iz terms of cog 8, 5i1§:_9 separately.
We suppose that n iz g Positive integer, and e, Write cos f =,
sin 0 =g, v

Forms of the Expansions, . :\\
(i) From cos nf —en _ (3) 252 4 (’j‘]«c"’x’;‘ —ees

putting 82=1 g2 o =(1-03p, ...
wo soe that cosnf is g polynemial is;ftié's 6 of ﬂegree n,
viz, cos nf =q_cn +an_3c!?:éib ey G 87 (19)
the last term being ac if n js é‘di'f, and ay if n is even.

(ii) Differentiation w08 gives (of. foob of D 128)

L 3

1 sin nh ¢ &N\

=&in ¢ {ﬂﬂ".nc“._} +(n - 2) Y + (ﬂ, - 2?‘)aﬂ_2rcﬂ_2"—"l +aa };

s;?aj%g is a polynomial in c0: 0 of degree n - 1,

viz, §%~% =by_gen14 bpgt® 4, 4 Bygryc™ 814 L, LL(18)

the la8t term being b, if 7 15 0dd, and bye if n is even,
o ’:.:' . "
X i) Changing 6 to 5 — 8 we get

-

. "
if 7 is even, (~1)% cos ng = w8 o, _asP2 g ST N enn(14)
o
and {-1) —'lf:(:sﬂﬂﬂ =b, 571 by _gs® -ty +hs;  (18)
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#=—1
and, if nigodd, { — 1) * sinnf =" 4 g8V S e (16)
=1 onsnd

z on @ =, 8" + by YL+ By {17}

-
—

and { -

The forms of the results are easily recalled by means of the special cases
whenn=2, 3, ... ; thus
pin 2¢  s@in 3¢
gind ' and

cod 22, cos 3,

ran he expressed ag polynomisls in cos &5 and Y
¢\
cos 3¢ sin 28 o\
—_— i painp— £\
cos 26, cos 6’ ein 39, cos @ « \J
ean be expressed as polynomials In sin 8. R N

. 7 \"
Relation between Consecutive Coefficients. ”‘\

From cos nl =u,ot +8; 0"+ E Za L™
by differentinting twice with respeet to 8, (e{f\g\oﬁ of p. 128), we get

" cos nd = 2 [Sra,er s} =2 {ra o v - Daye™ (1 -} 5

af
&\
S niZeeT= E{-r%,n?,’: wF(r - e, t)
Equate coefficients of ¢*; LW
SR, igsa, L2 r e,

" 0 —9?
e o T e (18)
RS TN T

A gimiflar resultrbg (18) can be found, by the same process, for sach
of the expansifiny’ Such results enable us to calculate all the
coefficients, if buib coefficient is kmown. In applying this method we
hegin by fading the first or the last coefficient of the expansion
{1217 ‘;}@ébrd'mg as we wish to have the result arrenged in
deseoriding or ascending powers. _ .

“'flilen one expansion has been obtained, any other expansion can

A%doduced rapidly from it by one of the methods given on P. 178.

/RN 7
\ -

\ 3

The First and Last Qoefficients.
{i) From cosnfl=c" — (g) e2(1 —¢f) + (?;) o1 e RN
it follows that

gy =14 (3 + (D) +.. =2+~ ) =251
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Also, if n is even, putting 0 =g in (12), we have

n
By = COB %E ={-1)E,

. . -
cod nd ki cos n(-é - (f.)

And, if » is odd, a;=lim v -
s-+’i' 5 40 aoa (§ - 95)

sin o gin nd n—1 ¢ ’\:\.
=lm————  _op(-1y 2, O
d—> 8N ¢ A st
s ] gin nf ] R O
(it} For the expansion of snd’ by diﬁerentlathg:as on p. 178,
&
we see that, in (13), b,_, =a, =201, O
' a'n n.(z - (f;)
Also, if nis even, b, =lim 2P0 _ o A2 7/

o gin § cos 8 A s (g _ qb)

AN
- COB.—— BN ngh

52 7
=lim - =-n{-1)%L
$-0 ~JNein ¢
.y '
. SN n—1
And, if nisodd, =% =(~-1y 2 ,
O%ng

(iii) The first a:a:d\}a.st coefficients in the oxpansions (14) to (17)
can be obtained i the same way or may be deduced from the results

of (i) and (ii) By Writing g~ 0 for 8,

Noie.' ¢ If]:u;u numerical value of the coefficient of the term of highest
degreq‘\xgqn every case 2"l As regards the sign to be attached,

th%a;tga.n be conjectured from special cages, Thus, sin 269:2 sin §

s8in 40 . L " .
\a;ﬁi cos § — —88in' +4ain 0 suggest that the leading eoeflicient

4 -
V' _Bin ng

. . LB
of — when n is even, is (~1)F “gn-,

‘For convenience of reference, the varipus expansions are given in
Ex. IX. s, ’Nos. 12-25. An example is added below to illustrate the
method which should be followed in any required special case,




DR MOCIVRE'S THEOREM AND APPLICATIONS 181

We have assumed that n is 8 positive integer. It is natural to
enquire whether the expanmona in Ex. IX. e, Nos. 14-17, 22-28 ean
be interpreted if n is fractional, when the series imvolved are
evidently no longer finite. This involves a discussion which is beyond
the renge of this book; see Bromwich, Inﬁmta Series, 1t od.,
Ch. IX. § 68.

1}
o , wWhere 1

Ezample ®. Diseuss, ab initio, the expansion of

is even, in ascending powers of sin §. cos @ ) O
From A o
cog nf +4 gin nf =(c +€a)" —{c“ (" ehBst 4 } +s{ )c“—’-s— \,}

it follows that ¢ "f}

sin nf = (7)ot~ (3) " 0ot (D '
gin nd ™
o050 =-"('i') om2g - (§) e 4 NNV

. \ . ~\J
Since n is even, by using ¢?=1 —s%, we can,exix-ess ¢ha, oh-8, ete.,
aa polynom.la,ls in 8.

X

o nBB can be expressed ag o polynomml of degree n - 1,
in sin 8. [Tt cannot be expressed a8 5 polynomml in cos 0.]
We may therefore writs, for n, gt'en,
8in 10 = oy 8" by s .. T+ Hh8)
Differentieting, n cos 1L9\_2.(rk s"“‘c“ kst
\J =2 {rks" - ~(r+DEpm),
Differentiating aga.]})\
-nd suma S{rlr -1k 2 - (r+ 1)?k,s%c} ;
5 - ket =2 {r(r ~ DEs™ 2 - (r + 1%k, }
Equﬂtlng\bo\iﬁclents of a*,
o ik, = (r +2)(r + Uypyg — (7 1%y 3
) B nt —(r+1)*
\’ e Kppg = (T+1){f+2] e
w\s o ﬂ‘ _ 9z

)But ko fm St g o T2
\ ! gl_r.l;sm&coaﬁ =i : 2.3
ook (n? —43)(n® 2% -
T 2.3.4.5
- k'= e —63)(?1-37—!4")(?1'—2:}.’1; ate. 3

’[‘herefora
¢

' ¥
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~ i n i3 even,

1 . T _ 9 a_ a9z 2 _ 42
8in nf —nsin @ Hn(nm 2 Jsin“8+n(n 25)'{n 42

Sin'l? T}
cos

EXERCISE 1X. g,

Which of the functions in Nog, 1-6 can be oxpressod as polynomials |
insin §; and which of them as polynomials in cos 6 7
In each case, use the methods of pp. 179, 180 to obtain {a) the term

of lowest degrea, (5} the term of highest degree. 2 AN
1. sinng, if n is odd. 2. cosnd, if n iz evon. ;'\
sinnf , . cosnfl .. . AN
" SosD’ if 1 is even, 4, Sos i’ if s odd.": \
sinng . sinpf . L
5. m, i nis add. é. éiﬂ_aaa' if % ig\ex on.

7. Assuming that CoSnl =a, +a,sin®d + ..,  Bysin™, where n is

oven, find the value of @. Then find by gi;i'ff‘gr’entiution the other
coefficients, \

. 8. Assuming that sinng =a, it & + @89 + ., +a, ein™d, where
2 IF odd, find the value of @,. Then find-by differentiation the other
cosfficients, RS .
9. Prove by differentiation thit the constauts in aquation {13}
. 178, are cormected by the refation,

3

b e W (ry 1y
AN TN e

10. Prove that sm—?{% +y* -2y -1, where y=2¢0s 20,

be.

_S-

1l. Prove tha,'t' ’S:Elt?z(xz = I){x? — Bt 4 92 — 1}, where x =2 ¢os 4.

12. 2 cos’?}s ::?2;;)“ —n{Ze)"1 4. "'(__“2_1-_3_1 (20}
:"\: v

1‘3'}’35;11“;1“90 = (2}t — (5 2){(2e)n% 4 (-’3;?%';‘” {20)7*

_n{n— z}!(_n —5)(2{:),‘_,‘3 o

R
h
3

n- 4](’3?; 6)(n - 6} (2e)F $1aee
"
14, n even, cognf ={ - I)E{l -;-L:c' +?f£%7—2—’—)0'

n3(n? ~ 2%)(n2 _ 49) .
T i
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n{n® —1%)

n—1
15, nadd, cosnf={-1) 2 {nc-——- ot

nin* — 12)(n? — 3% 32)
+ = } .

zin nd (=1 +1{m _ nin? - 2% of

16. n even, - Koy A
w{n? - 2“}{%2 42) } I\
1 nodd, S0 _1)T ’ )
i B _ ) \\\ <
(%a 1%)(n? ~3%) 4 _ ud
4t \}
n \ ’
18. neven, 2copnf=(—1)2 {(23)“ —n{2s)" \\“‘\\
+ﬂ(n 3} (25)7— — %(n— t)'(n 5}: 2"+, }

n=1

19 nodd, Zsinnf=(-1) & {(2s)"-n(2s.)?\'
aln—4)(n -5) o 25175+ 00}

_,’_._...._
N
™ \

20. n aven, 8in nﬁ ={- 1)3 {@3)““1 -—{n 2)(2s)r8
(ﬂ 3)('-‘1' 4) (2 }n —5 "}'

n{n - o 3) (2e)1-4

~\

21 n odd, FOS”QE"_\ 1) 2 {(23)"-1 —(n - 2)(2s)"°
(L_i)(iﬁ (25 = oo }-

\s
OO \
< 2(ps . 922 Z _
22'”’&0&) cosnﬁ—*l—;s +ﬂn4_ P (1R 2
23:;3\0(1(1 Qﬁlﬁg =1 _?_1 -1t 81
e N ' eosf . 2t .
w4 : n— .
Q I il “.1_2__(”2 B A  4(-1 2 2%
2, n even sin n?—m _.17'(_”’2 - 2% 58
*ocosfl T 3l

"
n(n? - 22)(nf —4%) o _ —1 31t gn-1gn,
L &% +( )
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2_ 14
25. n odd, sinn —mng _’L{’?S_I_l_) g%

3. J9){pd _ 0 a—i
+“—f-’3—15’?{L-iJss—...+(-1j 2n=1 gn
26. What ars the coefficients of €% and =10 jp the expansion of
cosnfl in powers of coad ?
27. What resnit cen be deduced from No. 24 by writing 2p forn
and ¥ for 2 ‘

28. Prove that O\
28 (n -~ 1)2%14 M%MQ?:-—S - iﬂ;ﬂ’%‘*ﬁ;ﬁj anFap

a
- N\ "

A+l
squals 2 2 gin (E'Z—UE '

3 2rmE __ 12 e _ 12 s_”\.'
28. Prove that | —%-{-E-(n—ﬁ—l 1. ni{n - _lhlf(_n_”ﬂ‘g} +...=cos,

3
ni-11 (n®—1%)(n? _ g2 N T
30, Prove that 1 - —~ﬁ--—+-———--5—!--—-—:—-: i\ = S0 - cosec ;.

31. By writing = =cos  +isin 8, show thhv‘i;o express x® +¢i,, asa
polynomial of degree % in z o O

32. Txpress a* +EI§ in terms ofv:zjﬁ»%.
33. Express (x7 ——i—,)—(x w% ad a eubie in ( —5:1.)’,

34. Verify that the cosflidient of ctr+1 iy the expansion in No. 15
i the same as the coeffielent of c2rt1 in the expansion of cosnd in
No. 12, if » is odd, '\‘ 4

35. Verify that ﬂrk coefficient of ¢ in the expangion in Ne. [4
is the pame ag theyeoeflicient of eir in the expansion of cosnf in
No. 12, if n ig Bg’en".

36, If y =shin8 end & =gin-!z, show that

.cc:éﬂd—y=n cosnd and (1 —z’)fg_ mi‘?.ﬂ«ts =0
OF dx drt T gy THY =1

Diﬂe%ntiate this k times by Leibnitz’ Theorem and deduce that
gg{; %_"(k\’ —n%)yy, where y, ia the value for 2 =0 of t% . What are
‘the values of Y 91 Y2 ¥x?  Obtain the regult of No. 28 by assuming

Taclaurin’s Theorem,
37. If y=cosn@ and 0 =sin-1z, show that
gt d
(E-2% £g—xd%+n’y=0.
Hence obtain the result of No., 29 by the method of No. 34,
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BASY MISCELLANEOTS EXAMPLES

EXTERCISE IX, {.
1. S&Ive gt ittt +ri b+ 1=0.
2 Solve x'% —2% +1=0.
3. Bolve {az - b)* =(& — bx)",
4, Solve (1 -=i)" +4(1 +xi)® =0,
5. Find which roots of %=1 make a? +z +2? +x +1=0. ¢ \:\
8, Ifx5=1, prave that =*+z-2%-2f=0 or £ /5. N

7. Given that tan a=2, find tan 3a. Uss the result to find the
cube roots of 88 4+ 164,

8. Expand }{! —&}(1 —xi}* +4 (1 +24)"} in powers Qi.@};\
9. Ti @=cis %SI, expand in powers of z: \
o
() (1 +a) 4 (1 +ox)*? +(1 + w2 &
(i) (1420 + 0 (1 +om)™ +o! ()"
(i) (1 22 +0® (1 +oz)?® +u( [T o)
0.7 a®=1, 241, and if Ja=a+z*+2% yy=2t+a’+2%
=2t 42t pal? gy =af ot + 2, (prove that
(1) y® =ya +2yy5 (i) ¥1Y2 2y +yes () it = -1
11, Bolve cisrfl =ciash wﬂmé{re ¥, & are unsqual positive integera.
12. Show that the rqi;\é,gf (1 —2)" =z" are of the form } +Bi.
o

. 13. Prove that the,poimts which represent the roots of 2% =(z+1)*
in the Argand Diagrars are collinear.
\BTar _ 142 .

14. Prove that\if’|z| =1, z# 1, the points representing \/l_—-:’. tie
on an orthogafialine-pair. 1
ml&. Prové bhat the points representing 1, -1, a+¥i and oo

cony . :

18,495 the point which ropresentz z moves on the circle |zj=1,
mﬁl}d’ihh loci of the points which represent

) (i) V(2:-3); (i) (z+1)%
17. 1¢ ¢, 8 are the roots of & — 2 +2 =0, prove that

e g—":__ﬁ?_)_’_‘ — sin neh cosec® ¢, where cot ¢ = + 1.
-
18. Sam to n +1 torms, | +(T)cos @ + {2} coa20 +.uas
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13. Prove that
cos 4n0 +{%) cos {4n - 4) 6 + ("M cos(dn~8)0 +...
+ (2;’_'2) cos 48 +§ (;:) =242 {popth 9 1 gints g),

. 1y, 1 .
20, (i) Prove that (:c?n-i—l _Fﬁﬂ)v(‘x —5) can be expressed as g
1

& 2
polynomial in (x »é) of degree n.  Find the coefficient of (:c —5) "

and the constant term. N
(ii) Also show that sin®#§ is a factor of (2n 4 1}sing —sin {2nA1p4.
2L If w, =(5 + 1} sin nb ~nsin {(n+1) 8, ind the value of u@;}— s

and prove that 1 —cos § is a factor of . A\

22, Prove geometrically that, if z=eish, and —1,-.»,<‘: p % x, then
Az -1~ ifasn co, '\\

23. If cos® Osint B=AcosfrAcos20 4 A; cog 5&;-};\, cos 70, prova
that : Ap - 3Ay LA - A, = 2 \

24. Uss the identity, , x:\\"

r 1_ a1
@ —a){® 2]~ (g =) (7 — @\, ~ay) (7 —aiy)”

t6 ghow that i o\ o

sin{a; - a,) cos (26 +a; +a,) '§ ’
=sin (0 - q,) coa (@ +2a, K #3) —sin {# —a))cos(@ +a, +2a,).
25, Use the 1dentity, N

abe +(b +o}(dPaj(a +b)=(a +p +c)(be +ea +ab)
to show that ¢ \J -

cos (Ta) , { 1 +8}s\gﬁ_2__7 cos 7_;“ cos ‘_‘;_18}

' .\'*;"“':-Ecoaa.Ecos{ﬁ +y)-Zeina. Zsin (B + v
26. Prove fliat
2 8ix, 3nN;—: {25)8 ._1.1.2(;":;!;1_’) {250 _,_?_",2 {n® ~ lgi’ﬁ:_z?j (25)° = e

where\e=sin § and n is a positive intoger,
AN

\

} HARDER MISCELLANEOQUS EXAMPLES

EXERCISE IX, g,
1. Express 27+ 1 as the product of four factors,
2. Express x® 427 4 0 4 +@+1 as the product of four factors

o

\
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25

3 fa=cis ‘i:f-r—, and if r and p are prime to »n, prove that
1+af 4%+ 4™ 17 =0,

LI p, ¢ are real and (z+pP+g°=(x+a)z+f), prove that

A L fhn
G il S ) g*~1sin nf cosec” #, where tanf =9,
a—f3 T+p
_ T+cos¥_ . 4 3 a2, 4 2
5 Ifa =2cos 8, prove that Tm—(z a® 32+ 20 + )%

6. 1F g 2tt,y1, 008 0 + g, =0, ond also u, =psin § +qcos @ and .\*\
U =psin 20 + ¢ cos 28, prove that u, =psinnl +qeos nd. "

7'\
7. Deducs trigonometrical identities fram the relation « \
(b —e)=2TH{a-b)f (¢ -<)% &N
8 I {1 +z}"=aq, + Sa,a", whero n i a positive integer, ,piiuve that
ey tagt... —an=2 +2§-n—1 COSE.;E-. )

9. If ri=a? +i2 +c® and z b , prove t;h&tu,'\\:
r+a a4 A
o !, (i) agnth 1+
rib 14z " St 1-1s"
10, If Ycosl, =0 == s5in b,, prove thaty
(i) Zeosdf, =225 cus 210, + 04
(ii) Ysin 40,=2§Esiﬁ2 (P +8s):
where r and s aro 1, 2, 3, 4, 5 anthate uncgnal.

1, Prove that, if 2 {ad +be)>(u +d)(b +¢), the four points Tepre-
senting bthe complex num @, b, ¢, d are concyclic and form a
harmonie range on the *i@lez

12. Tf g, b, c, A, BAC dre roal and ac > b?, AG > B?, prove that the
poits representing, the'roots of az? +2bz +¢ =0, A% +2B2+C =0 are
eoncyelic with the erigin if 6 =cB. l.

13. T, 2 aalfé;cdmplex numbérs such that [2] =1 and bt -z fzs,
and if t'hi’-ﬁ\?i-,l,r\f:Nre'pl'esented by the points P, Q prove theb PQ passes
through the'point {1, 0) and that the x-axis bisects an angle betweerl
0P and OQ.

Wl o, a, a4, g, @, are the fifth roots of unity, prove that
/3N

\‘\"‘tﬁﬁ‘]' ere 1 is an integer
ay + 1

, for r =1 to 5, equals tan™14 +nw, Wh
Or zerq,

1 3 (_L-~L> to prove that
2+l 2h\rt+r * -
n+l ﬂ’

oS W earan __—t -1 w° ﬂ.lsl.l'l‘ .'|R+1)83]11.
] dx K4 +l ) T
o x‘—eUhG.

15, Use the relation
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d
16. Prove thay 7 ( 2

r=got 0. dan
17. Prave that

1- (u—l).;.(“‘m“ 3 _(n- 3)(n3'4)(n 5,

) ={—1)".nlcog(n + 1}Hain™1g, when

={ - 1}"8in =~
18. Provs that
3n+{3n—]){3n 2) (8n-2)(3n-8)(3n - 4)

3! +ee=(s

19. Prove that ,~.:‘; 3
n(n 3)_nn-4)(n- 5, suw 4
l -—""_‘ ‘T—— ..‘=2"CB \T::]_-

20, vaethat.
costnf =4 {1+ (=11 - (~ 1 {2 (20t -

nt {n sy
S Dzer ).
21. Find the coeﬂiclent of & in (1 -f\vcosﬂ-{-ar’)“ and deducs
that 1+6,2c08 20 +.., +¢,2 cos2nf equgly )
{2cos @)n (20036)" 2 (200&: G]"“ ~{n
t e e Y/ lecos ="
n.cosnﬁ{ ar T6 (= 2}:“' B9 )1 4}| },where Cr (,)
2. If ¢ i3 the coefficient of 830 (% +... 42141 42 +... 42V
prove that N
i 1)0,4
{B_%;_}Q} =0y +2¢; con 26 + 2, cos 46 +... +2¢,, coa 8nb,

end deduce that y "\\

£\
. N/

3
! sinf (2n + 1} cosectd d¢ ——(Zn +1}(8n? + 8 + 3.

NS

23. Provg ‘bhat 2cos0ca X {sinracos(n -r) 8}, for r=1 to n -1, 8
agual to \“
\‘ Cosra - cosnfl  sinna

7 cosa—cos 3 mna
24 ¥ p, ¢, rare aly positive integers or zero, subject to p +¢ +# =

.P;f(?ve that
O 3 cospatghir = 1 Coslnt la-j Byl

&t oy mnz—--—sm—s—



CHAPTELR. X
ONE-VALUED FUNCTIONS OF A COMPLEX VARIABLE

The meaning of the word * convergent ” s applied to series of
real numbers has been given in Ch. V., p. 77. A pgeneral dis.
eussion of the principles of convergence is reserved for the companion, .\“ \
volume on Analysis. We give here only what is necessary for tha\\ =
extension of the idea to series of complex numbers. o

Absolutely Convergent Series. If the series, Zjz,|, of pogifgif.fe real
numbers EXEAEARAEN EUEE Y oN

is convergent, we say that the series, Zz,, of resl nuthbers

Ty + Ty + 2y b+ Ty F o ,='.\\'
is absolutely cenvergent,
Thus the meries, »)
I 1 1 1 A\
l._z_éii-?-w‘i—g,j"..", "

8 sbsolutely convergent, because it‘i;é,}shown on p. 210 that the series,
1 1 1 N
ptmt prgat.. . is conver{;ént.
I & series is abeolutely, éonvergent, it is necessarily convergent.
This may be seen by expressing it s the ¢ difference > between two

touvargent sories ; thub,

T+ .., +;u% {kl i@y + 2y + ] o 2, )
'\~ —_{mei‘i'fxzf‘f’---"'lxn”'

Since X|a, (' ‘convergent, the second bracket tends te a limit,
my v, wh;ﬁc;m s also 0 < (w, +|@,|) & 2|wal; .- the first bracked
never dedreases as n increases and js always loss than 2V ; it there-
fore tends to a timit <2V, when n>w; .°, 2%, is convergent.

N

\T'ﬂ‘jﬂ the convergence of “—15 implies the convergence of
T

(_1)n+1
e .

)

But Obviously a sories may be convergent without being absolutely
*ouvergent ; “for example, 1 -1 +% —}+... is convergent, With sum

189
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to infiniby log 2 ; bub the series, 1 +3+3+3+... is divergent, s
p. 89. A sories which is convergent, but not absolutely convergent,
5 called conditionally convergent or sometimes semi-convergent,

Beries of Complex Terms, Consider the series, Xz, of complex
<
rumber A A TR
where z,=x_ +dy,, and Fgs Yy 876 Toal numbers, A
This series is called convergent if the serics Zx, and Ty, are both
convergent. 1If X and Y are the sums to nfinity of these .\ée‘q'ea.
g0 that e

. N\
X=Tim{z; +o,+...42,) snd Y=Ilim (1 +oa +.5 )

e A N

X +2Y s called the sum fo infinity of the series 2D

L
For example, sinee .“’.,\
/11 1 1N I
]- = an ' — =1 d i =, . _): ]
n_lfalu (2 + 53t et 2:;) 1 an nll»n-; x(&—\—.: pat ot an i
we say that the series N\

% 3
(F+30+(E+ 30 BT L) +...
ig eonvergent, with sum to i.nfin_ii}jf‘i} + .
- More shortly, wo may say that 2z, is convergent if
oS, +2y 4, 4 7,)
tends to a limit Z when % % » for this only means thit
{zy +xsgl—"n> +xp) and  (y, 4w+ +yy)
tend to limits X a}s&\‘( and that X +4Y is denoted by Z.

Absolute Cgﬁi’ergence of Bories of Complex Terms, If

A0 Jeul= + /(a2 +3,7)
and jf #he'series, Z|z,ls of positive real numbers
.’:\ ' f21|+I22|+|Zs]+---+!znl+---

\93 ﬁonvergont, we Bay that the series, ¥z of complex nurnbers

> ey
itz b2yt 4,

is absolutely convergent, and it is easy to soe that it is then nece®
#arily # convergent,” in the sonse defined above.

Fot lz,| < + /(2,2 + YU} =|2,| and similarly |y, | < |24) 3 tha_refoﬂ?
Pt and Zy, aro abaolutely convergent ; ., they are convergent!
", Zz, is convergent, '
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The Geomstric Progression Consider the series

F+z4z8+28 4.0 42 4.

whers zm ¢ (cos & 4 ¢ &in G). _ _ o
U fuz)=1+z+22+ ... +2", we have, ag for the G.P. of real

1 .
numbers, ¢, {z} =7 1'2“_"2’ provided z# 1.

1 . .

Hence thia series is convergent, and has 1= for sum to infinity,
- " e 1 . ne.Y
if b —e =0, e, if lim 2" =0, since 2+ 1. L™
e b2 o 1‘“\

Now z° =rt(cosnf +isinnfd) and ¢ is positive. - Also ifsi 1,
mm =0, see p. 78; but |[rfeosnf]gr® and [+* sirmf}i L,
*if r< 1, lim {(r* cos nBY =0 and lim {(r" sinnd) =0; ,“'\].fm =0,

Thus the geometric progression of eomplex numbergtig onvergent
when |z| < 1, that is, if it is absolutely convorgent.

The values of ¢, (2} and il—z in terms of r..@:d.\ﬁ were virtually

obtained in Ch. IX., p. 174, where & was ysedvinstead of r,

Ne/

The Exponential Series. Consider t,h’e{}aeries
z 7 z’.;:’:" zh (1)
nhET +‘—3-[3—...+E+....

where z=x 44y =r(cos @ +1 i’nnﬁ) and r >0, o

It has been proved in KNV that the series of positive numbers
\\w 2 4R n

e s (2

1+~Ti+_2-i+§+m+ﬂ!+m ...... .( )

ig convergent fo;-:a]}v‘xalues of r. Thus the scries (1) is absolutely con-

vergent and thersfore it is convergent.

In other workis, if

.)'\ E,(zj=1+

1+

28 FAL g
+5 L o veerenennnssrarareras{8)

z
R 1
Em:Jit‘l { E,(2}} exists, for all values of 2. This limit may be

wﬁl‘loted by E{z}, thus . :
E(z) = Hm- {Eq(2)}+ weiveremserssennarsenesnnnldy)
Hn—ra

I 2mpp 0 , the funetion E(z} corresponds to the function
83D (z} of the real variable z, sce Ch. V., p. 90, in just the same way
&b the complex pumber z + 07 corresponds to the real number =
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For this reason, the function E(z) is usually written exp (z), but i
should be understood that exp {2), so usod, acquires its meaning by
definition as a function of complex algebra. 1In fact, the dsfinition
of equation {4,) is replaced by the following definition ;

exp(z)=lm {E (z}]. ..ol

Proofs of the properties of exp (z) must be based on thia definition;
it is nobt permissible to assume that tho properties established for
exp (x) hold also for exp (z). - \

Functional Law for exp(s). If z=0+yi, the exponmt-ia]jépie s

Gy) (i  tiy)® ayr . N
10 TRl TR P R e

. A L T o,
o Egfyi) —{1 —2—!+a~v...} +3 {y —31“1-}5! U
where tlie series in brackets are finite, ’

But, by pp. 80, 81, when n—» o, the .Q\.xp’ressions in these two
brackets tend to cosy and sin y; ¢* ¢
oo exp{yi}= lim E (y)ckosy +isiny;
0 £ D
< 03P (i) exp {yst) o\
={008 ¢ +35in y,) (cos y, 18I y,) =cos (y, +yy) +45in (y, )
=oxp {i(yy +ya)}. (N )
If then 2y, z, are each of'the foria 0 + by, the exponential function,
oxp {2}, satisfes the funClional law,
| P @) o5 (25) =oxp (2, +24).

Wae proceed to“p\}oif'e that this result is true for all complex valut
uf z. N

1+

Let zz\“—‘-:”l +8Y1 2,32, + 4y, and izl =ry 2] =1y
EalahoBp(zy={142 500 ot f & =t o
o~ L2t T T TR
\ 7 z,t - z,"

‘s'\ :l+1!+§!"+...+;‘—!
oy O T R N
N Bt T am Y Ty
\ 28 2z, 2,02 2,28
Tt it are vt
L . o s s s
At 7y%," z

ri o Itn! ' 21mt

nint"
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4dd up by diagonals ; the terms of order s, where s < n, give .

x4 2 8-y 2. 425 2 . P
23 LA 1 A 2z
RIS TR (RA T T T RT
1 & s{a—1) '
= {31‘ + ‘1“'1313_1% + (Tzl“—ng N za‘}
__{zl. tzg)*
==
by the binomia! theorem for a positive intcgral index,
. . _ z,Pzy?
. B {2} Ealzy) —EL(2y +3,) _g Sigtt (z&

where the summation extends to all values of p, ¢ sach that p €70,
g g. i, '-é f. .\:’
In precisely the same way, we have ”‘\
e PR E ¢
Enlry) Enlra) ~En(ry+7a) = 2 S pdrrecnsinnen(8)
ma FUAONY
Now from Ch. V., p. 91, when n—> @, Egdfa),"Enlrah Ealn +19)
tend to the linuits ™, €7, ¢ 1™ buat &7¢™ :ef‘ft":;

v () Eplrg) —Ep(rs +72) %0 whon n—> @

Now each term of tho 2 expressio‘r;’:ﬁ (6) is the modulus of the
cotresponding term of the Z expges'sﬁén in (5); also the modulus of
Bsum  tho sum of the moduli;

5 Bl Enl2e) — Epfrak %) € Eq(m) Enlra) —Ealra 12l
lEn(zx)Eﬂ(S\f\JE"{zx +2,)] = 0 when n->®.

But, when n— w0 { E,(7;), Ex{22)r En (21 +2%) tend respectively to
the limits exp (z, i ’E»?;i:‘”(zg)s oxp (2, +%a)3

*'._\"." CXD (2;) . €XP (Z5) =€ED (2 +Zg)y  renersrsirere {7
where 2,, 4 Azs ¢ ) . )
1 Q\aw any two complex numbors

2 N -
Tlisgprduf of the functional law for exp (¢) suggests an alternatbive
methadfor developing the theory of the cxponential function of a real

A I‘!Il.“ o,
\&\}'e start by proving from frst principles that, for all real values of %,
2 g .
14z +g—! +3-! +e
880 absolutely convergent series. Denote its sum bo infinity by E {2)
ton equation {8} above, we have, for r, > 0, rs >0 .

Eﬂ {ry ) < E, (") Eq {Fa)e wenarenaosianis
[% X ¥

A ¢
A Y,

N\
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Bimilarly, the product set out above shows that
Eanlro+rg) =B (m) E, (ry)
equels the sum of & number of positive terins ;
B o N T () B o S OO (|
< from (8) and (9], E{m+r) < E,{(n)E, {ra) < Egq{ry +72)

But when n—>w, E_(r), E, {reh Enlry +72), Epplry +73) tend respectively
to the limits E (), E(r,), E{r; +r,), E {ry +74);

SE ) SE(r)El) < E {r1+713);

T Efr ) =E{r )} E(ry). p .\‘\
The properties of the exponential funetion of a real variable can fhen be
deduced from this functional law. « N\
N\

Expression of exp(z) in the Modulus-Amplituds fi‘orﬁn. By
equation (7), exp {z}=cxp (x +-4y) =exp (& + 0i) oxp {0k ).
. # at am ’
But OFP (@ +08) =2 1y 4 5o 4k
=e% soo Ch. Y.q’\:p.\go.
Also, by p. 192, exp (0 +dy) =cosy g sin ¥ ;
', exp (z) is a complex number, wi@hz wmodalus e® and amplitude

*

nw +y, and we write . AN
exp (z) = exp (X +ip e (cos y +isiny) ... (10}
Thus we see that the f unctiefexp (z) Is periodie, with poriod 2.
The principal valus of the saplituds of exp (z +4y) is obtained by

A

choice of # such that —ax Lnr +yg 4

The special relations,{ )
exp {$y) =co§\}+i sin y; exp ( —iy) =cos y -4 6in
give important forims for cos y and sin 4 :

B8 y =1 {oxD (iy) +€XP (—51)}s wevrmreerrrrerienrnes (11)
N . 1
;"\.s Siny =g {e2p (iy) —exp (- i)}, e (12)

Thea&érms, however, are merely alternative ways of writing
equatipns (6} end (5) in Ch. V, (pp- 80, 81).
o N )
\Mwample 1. Express exp (ia) exp (z cis B), (i) in the modulus
agmplitude form, (i) as a power series in .
What conclusions can be drawn by comparing the two results ?
(i) exp (ia) exp (« eis f8) =oxp {ia +x(cos B +i sin )}
=oxp (x cos ) exp {i({z +xsin B)}
=e% %80 cis (@ +a sin B).
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(i) exp ({a} exp (z eis B

. @k a
=cis & {l +zeis +3 clg 2B+ ..+ cis n,B-;—...}

. . z* . at
=c;sa+xe1s(a+,6)+mms (a+2ﬁ]+...+i—1-!cts(a+ﬂ‘8)+....
It follows that
x'l
e‘“sﬁccs(a+:¢:shl,ﬂ)=cosa+a‘rcos(a+,3}+...+;&—!eqs(a+ﬂﬁ)+..

N ¢
and AN
¢#8Bsin (a + 2 sin 3) =sin e +zsin(a +8+... +p 8o {(a+nf) ()

N

Example 2. Disenss the convergezce of the series \

/N

, eosif |, coa™d <)
cos 0 sin 8 + sm20+...+Tsmn3+:..

2!
~ and find the sum to infinity. , \\“
Congider the series \ )
20s?0 . Acoanl .
1+cos 6 cis 0+ D cis 20 4., & —cisnd bl
H ) .

Since {cis nB] =1, in the seried oft }:xi.dduli the sum to n terms I8
Jeos O 1005 812 eanol
< 1+|oos B8] + 71 TR ) <€ H

i : o\ .

! Eis-—p?—m- i {ébsnlutely convergent. Hence it is con-
n! )

vergent, and this implies the convergence o

Also series (i) (77

f the given series.

[@\ A eis )3 cos f-eis 63"
=1{eos 6 ois 0) +(—“93—2-?—“3'—)— R

’\’\x’é"xp {cos O cis §) =exp (cos*0 44 cos 0 sin €)

"\.f'j’o 0028 oxp {i(cos 6 sin 0)}
’”\; "/ —e¢@® 05 (cos O 8in @) +4 sin {cos 6 gin 8)} 3
-, the sum to infinity of the given seriey =ec0s* sin {cos § sin 6),

e

Note. A direct proof of the absolute eonvergence of the given geries ia
as follows: jeinnd| < 1, .. the sum to 7 terms of the series of moduli
jeose| |eosdf* feos 817 . leasd| 1
RS TR A
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EXERCISE X, a.
Express the following in the form, a 446 ;

1. exp(l 44m), 2. exp (i) +exp( -1).
3. exp(-n’—éf). " 4 exp(eosf +isino).
B. exp (@ +1b) exp (a - ib), 6. exp(logs +40).

7. exp {sec aexp (ia)}. 8. oxp {z cis 8} exp {y cis ).
{3ive simplified valuos of the following : p \:\
9, exp (im). 10, exp{ —ix). O ’

11. exp (cis 6) +oxp {cis{ - 6)). 12. exp(eisf tan A

18. exp (Veis8) —exp{~icis(-0). 14 exp {oxp (cigd). ’
15. Prove that exp{ —§ —i¢) =(ch 6 ~sh 0)(cos & —~»z§u'\1 ).

18, If X 44 Y =oxp{z+iy}, find the relation betwesn X and Y,
(1) if % is eonstant and equal to ¢ ; (if) if y is copz{@tlt and egual to m.
. . A AT , ¢

17. Find w, vif exp (m) =410 W\

18. Find @ if (1 -a?cos 26 - ia®sin 20fDexp (#0) = + io.

19. The complox numbers 2, 5’ arg fepresented by the points P, P/,
where 2' <exp (z). Discuss the mowgrient of P, (i} if P* describes the
mit circle, centre the origin, clbekwise, starting from the point

-1, 0}, {i1) if P’ describos thesndpative half of the y'-axis, stacting
rom the origin. A

20. Find real numberg.a'and b such that
©XP{ + ib) =exp (25 + ia),
21. Show that the e uation, expr=x +g, where a is real, has no
olution of the faxm, % =iy, where v is renl, .
Ii it hes a solution, z =u +iv, where v 0, prove that u is positive.
22. Whatgesults can bo obtained by equating the first and second
arts of theéemplex numbers in the rolation,

% 3

z ozt an
‘.‘.s’\ exp(z)=1+ﬂ+§~!+...+;ﬁ+...;
Y @ifz=cosatising (i) ifze1 +itan 87

)23. Prove that oxp [(a +4b)x] —exp [{a —ib)%] =24 v sin ba.
Use this relation to find the coefficient of 2™ when &*%*° gjp {wsin6)
» expanded in powers of o, '
24. Express 2¢% 0038 in the form oxp (¥ +4v} +exp (u - ).

Henee find the coefficient of 0" in the expansion of ¢’ cosf in
owers of @,
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25, Prove that exp {exp (07)} —oxp {- exp (i)} =¢ +ib, where
a=2cos(sin ) sh(cosd) and b=2sin(sinf} chcosf).
26, Bxpand =S
Sur to infinity the following series :
97, zeosf +xfeos 20 +a3cosB0 +... 5 (1< <]}
98, zsin e +xfsin (a + Ay +adsin (g +20 +. 5 {—1<a< 1k
coz 201 con 3

sin (z cos a) in ascending powers of .

29, 1+GOSO+"§!—+ o —F e ',\:\
. . e\
an o p 5020 sin 30 . Y
0, sing ——2-5—-‘+ 57 e s A N/
N

3. cosa - xcos(a+ﬁ)+ cos(a+2,8} cos(u+3€+ s
32. 1+cosftan b+ 1 j 08 26 tan®® +-3—'cos 30 t\an36+ von s
\ 4
83. cos e +cos Feos{a+f) —i——-—B o8 (g, +‘2,{3’)
+CO;"1 ‘Bcos (w+ 3,8) Fond

34 ”0313(’!4_%82‘_ Foun b‘}’i.‘
= cos 20  cosdf 4:0;; BE?
35, IfTo= 51 +_4'—\4\W. e
8n 20 ai 043, sin 66
and s———'-l-*%.r 8 Faae s
Frove that (G +8? ={ch(cos ) - cos (sin0)}%

The Genersz}hsed Circular Functions, Iz is any comaplex number,

cosz a%é\fﬂ z are defined by the relations :

O - (—i2)} (13
R\ cos z =}{exp (iz) +exp ( —* i1

.\j\, ) cin s = {oxp (@) ~oxp (~ )} v 18

Turther, we write
oto.

¢ S L 1
=2 =
an sz = sz’ sin z

The definitions are equivalent to

conz +isinz —exp (iz); €082 _isinz =exp( 1) .n(18)
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and to the forms, ) .
3 a4 6

- . .
0082=l—2—!+4—!‘—a+..-, T ....-....“.G)
. 2 oz gf g
smz:i—!—gi+5—1—;ﬂ+.... .................. {17}

The definitions are of course chosen go that formulae estublished
for circular functions of a real varinble (defined goometrically) hold
alzo for the generalised functions. The reason that they hold ig
indicated below ; : O\

¢\

Resulta auch as cos =1, zin0=0, cos{ —z} =comz, 8in{ —z) ={"ginz,
are immediately deduced from the definitions, (13), (14) and (4;) abave.

Suppose it is required to prove that N

€08 (27 +7,) =con 2, cos 2, —min 2, 511 24, ) \
Using relations {13}, (14) it is necessary to prove that & &
Hexpifz +2,)) texp[-ifz +2)}= \/
Hexp (i) +exp (— inlexp (iny)  exp (~ iz
+3{exp (fz;) ~exp (- iz Hexp (izy) =:g§'(- 529 R {18)
Now we know that, for real values of Yo ey LW
COS (Y +Yp)=c08y, cosy,— gih ) min y,
nd |, from relations {11), (12}, P18, D
Hexplify, +yg)) +exp[- ¢ (1 +a)
exp (#yy) +exp (~ iy, Y {exp ligfy) + exp (- 1, )}
*Hexp (i) ~exp (- dilexp liy)) - exp (= iy ..vvvr.n(16)
Bince the result of simpiifying thiwight side of (19} gives the icft side, and
ince the process of simplificafion of the right side of (i%) carresponds
recisely to that of (18), the ATath of (19) implics the truth of {18). 1Hence
0 every general formula in fhe trigonometry of the real angle, there corre-
ponds a gimilar furmula\{b( the generalised eirculur funetions of a complex

ariabla,

N\

The Generalided Hyperbolic Functions. If ¢ is any complex
umber, ch 2 gndish z are defined by the relations :

()7 chz=}lexp (B +exp(~2)}, v, {20}
.\'\" shz:;}{exp{z)-exp(-z)}. ................ wen {21}
Fu{i;ﬁér, we write th z _—.E-}-]—z, cosech z =1 ote.
O chz shz’
”I’ﬁeﬁe definitions are equivalent to the forms,
z? gh o8
chz=!.+2—1+‘1—!+g—!+..., ...... veernaen veennen(22)
z=3-+—z-s+ff+z—?+ ................ v {23)

It 3t s
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The definitions are of course chosen so that formulae established
for hyperbolic functions of u real verisble {sce p. 105) hold also for
the generalised functions; this fact may bo established by the same
method as has just been used for the generalised circular functions.

Thero is a simple conneetion between the generalised eireular and
hyperbelic functions.

cos (i2) =4 {oxp (i . iz) +exp (- i.i2)} =3 {exp{-2) +exp (=)},
.. cosiz=chz. renerrvessasanaravennessn s (24)

Also . . ' y .\:\

sin (i) =5 {exp (i .4z) ~exp( —¢. i)} =5 {exp (z) -oxp {~ 2}
s sinfz=ishz. s (28)

Relations (24), (25) justify the rule giver on p. 1.05met'\deducing
formmulae connecting hyperbolic funetions from thte Ncorresponding
forrulae for the circular functions. \

¥or example: 1. ... .. :’\\'

#h (A +B)=- sin (sA +1B) '\,
i O
= %'{sin iA ('.03 iB + cos {A sin B}

=% {bsﬁﬁ chB +ichAshB}

—ghAchB +chAshB.
Also a produet of sines.dnttoduces i* end s0 leads to & change of

sign in the corfaspond'nggfo}mula for hyperbolio functions.
The generalised hyp%x olic functions are periodie ; we have from

(24) and (25) (0
ch (z + 2nni) 2¢K#; sh(z+2ani) =shs; th (z +nni) =thz, ..(28)
where n is a,nf(ini:eger.
Exprag; ':"n\'nf (feneralised Circular Functions in the Form, A +iB.
it | ‘ 2= 4 iy, oxp (iz) =exp (ix —y)=exp (ix)exp (- ¥)
AN
\? \Similarly, exp{- tz) =¥ cis{- &) ; end so it is easy, by using
Ko definitiona (13) and (14), to express coS2 and zinz in the form
A+iB. DBut it is more convenient to proceed gs follows :
eos (X +1y) =cos8 ¥ cOB iy - sina sin ty
—cosxchy —isinx shy, rverennsaaeennne(2T)
sin(x -+ iy) =sin x cos iy peonesindy
—ginzchy+icosxsBY. «orerrarrnre

=& ¥ cis 2.

...(28)
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Also, tan (s ty)
_Bin(z +1I.y) cos (n — 1.231) - sin 2z + ain 211.y - gin 2 +£sh@- e (29)
o8 (% 44y} eos (x — By} ©0s 2% +cog 28y cos 2z +oh 2y
Erample 3. If sin (& +iy) =cis a, prove that tanxtan a =th g,
We have also 8in (z - iy) =cis {—a):
S by subtraction,  24isin a=sin {%+a) —pin (x )

N .
=2 cos x gin €y=2ieosxshy: ¢\

) 2N\
o Bila=coszsh . .\

Bimilarly, by addition, eos @ =sinzch 4 : N

Dividing, we have tan e =cot a th y. O

N ole.  The expressions for sin ¢ and cos a also £51logw at oncoe from
the expansion of sin {4+ in (28}, viz, ecog a{{sin a=sin (z +2y)

=sinxchy+12eos:cshy. INY
. . . i “gin 3 in 58
Brample 4. Find the sum to infinity of. ?1117\@ + S—H:-;Tf SLI;— '
Put cis § for z in equation (23). W W
Then

] - 8 5o :‘. . 6
sh[msﬁ]:gff— ‘l;fia LU

bl

Similarly sh [eia(~ 9)] =?§?_(I{£’ + ‘E%ialJrﬂsi%ﬂ’ +

PAN
Now eis (n0) ~cis (- n8) =2 sin n8: . by subtraction we et

; : A
. fsin ¢ 30\ %in 50 ‘
24 {~%~+ El;—[»‘ S_‘f;_;_ + } =sh [eis 0] - sh [ois (-6}
2 PR 0] (o0 cin(— |

;%2’(31‘1 (cos 8) sh (igin ) =2{ ch {eos 0} sin (sin 0}
&N\ + the sum to infinity =ch {coa 6} sin (sin 0).
N\ EXERCISE X, 1,

" 1. Deduce the values of cos™ 4ng __s'sin'g from equations

13), (14). 2

2. Verify gin 22=2 sin 2 eog 2 and  eos¥% tsin% =1 for the
eneralised functions, diractly from the defnitions,

3. Prave that chzi=coa z and gh 21 =ising,
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4, Verily ch(A+B)=chAchB+shAshB

4 C+D c-D
an z

by means of crjuations {24), (2.;)

Express the following in the form a +db:

5 sin(z -dy). 8. cos?®(x +iy).

T. cot{x +iy). 8. chz +%y).

9, th{x —iy). 10. cosec{x +1y). '\\\~
11, exp {sin (z +49)0. 12. exp {sh (x - 1)}, N
13. sh{z —1y) cos {y +1x). G\

14, Simplify : ( 3
(i) ch (2 + 3wi) @iy shiz+3ri); (i) thie ¥3mi)s
{iv) ch (& +mé); {(v)sh{z+ri); (vintfe + i),
cos (x +yi} | cos{w ~yi) RN

15. Bimplify

cog(x —yi)  coslz +yi)” *L
16. Tf sin (x +dy) =e +v, prove that N\

(i} w2 cospe?x —vlaectz=1; (i) #? seoh?y +2? coqcch“y—l
17. Tf cos(x +4y) =eos & +isin B,,Prmfe that cos 2z +¢h2y =2,
18. If tan (z +iy) =u +iv, pIoye, that

(i) (12 +0? ~ 1) tan 2z + Qu=0%; (ii) (u? +07+1)th 2y —25=0.

19, Tf ch(x +yi} cos (1 +4u) = 1, and if cosy 0 and cosu £ 0, prove
that. tan uthe = th:rtan'u\
tany gin 2u

20. If sin (x + iy) ~%g\a(u+w) prove thab Sp= g9y *

20 T 2 4yi=dell{a + f find the locus of the point (x 1),
(i) when « is chustant, snd {ii) when g is constant. Prove that the
loei cot or th%ol’lally

22, If xﬁk?ﬂ (o +4)%, find the loci of {z, y} for a eonstant and for
B eonsganty

23, \If x +yi =fl{a +if3) show that the loci of {z, %) for o constant
a‘ﬁd B constant cut arthogonally. [Asqume that f denotes a function

)
\ Wlth differential coefficients, and that B_é_ _-t?a

Sum to infinity the following series :

8inf 2in36 ainbO 2 _osﬁ)_fﬂ{ﬁ cos 38 _
R Tk 5T T T © 7Bl & e

srn A

28, Sln23 sin48 sin 60
o tTer

wan d
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L3 3:- 0
22. sin 6 sin 6+ 20 Pain 30 + 9% Ooingp .., ,
cos 4 cos 80
28. l+ 4! -l 8! +-ool

29. If z is any cbmple)_: mimber, prove that exp (cosz) sin (sinz)
is the sum to infinity of g%z +SH; |22+£.’..]'.1:; '3_2

40. If z is any complex number, express in series of powers ofaz

28N
{i) coszehz; (ii) sinz ch 2. £\ ~
MISCELLANEOUS EXAMPLES /)
EXERCISE X. . O

Express the following in the form @ + b ) \\;
L. exp {(211, +1) %"} . 2 expl{z +iy1?}< 8, tan L +4y).
4, sec (z +iy). 5. cosec(x ng}).: 6. cosech (x —1y).
7. If sin (@ +4f3) =cos f +isin 6, peove that
sin § = & cosfa ™= + sh? 3.
8. If tan § (= +dy) =u +1v, pebvb thab

(i) %:2%;: (iYL - u? ~vl)echy =(1 +u® +93) conz.

9. ¥ the=sina sech b 'and tan ¥ =sec ash b, expross ch(z +yi)
in terms of a and b. \\

10. If o exp (60D exp( - 80i) =¢, where a, b, ¢ are real numbers,
prove that oithai"’g"—}- b=zc or {a-b){aZ - b?) =he?,

Find the :sx{iné to infinity of the following series :
11, msh'a}#mﬂ sh2a+a*sh3a 4., .
12. &< ¢ os a +atcos {a+8) -1,
N . 1
A8 sing +%sm {a+3) +;—ism(a +28) +....
oy, \ "‘.' *
v 14 csin b #%sin 26 #®sin 30

L TR (S

cos 28  cosdf sinf sin 38 gin 56

15‘ ]. + 21— +—4!'_ +... . 16- —"II— +—3!—+"‘F LA
. o xﬁ xs 3

17. Prove that 1 +3_!+{‘T! topte :}{e“’-}-ﬂe"wcosiv‘g’:—-}-
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18, Prove that
ot gl 1 z ., = @ T
ey ";ﬂ'@'ﬁ'! T —*‘-\},2 {Oh 72—811'172 —shwcos W}.
19. Expand 2 cos bz in a series of powers of w.
GXpzE —
expz + l '

920, If Z =X +i¥, 2 =% +iy, Z= end -3<y<3,
prove that X2 +¥2 < 1,
t

21, Find the value of gin g sin J where o and f3 are the roc\ \("}i’
22 - D 42 =0, \
22. Bimplity exp {exp(#)}~ exp{- exp (- B} K N
23. Expand ¢°"*® sin (a +2sin ) in & series of poﬁm of =,
Find the sums to infinity of \/
24, 2sin 0 + 3 sin § sin 20 + 4 sin? § sin 30 p \J
+5smsasm§a§¢§~.. , 0Fkr + 5

25, cos @ +-n cos (@ +28) +$ CDS(!}%aﬂ} teee

3!
maﬁ 21:059 ™y
26. 1 +_ll_ cog {sin 0) 4‘"‘@1‘305 (2 sin ) +... é

9. & sinbf sini
in B+ gt QI‘
98, €093 cos .‘O\\os 118
TR 7" I
29, Prove thgt,the gum to infinity of

T

O r4/3 2w
R, +$&+f;!+ is  le¥ife cos( z—-——g)»
&
30 «vae that the sum to infinity 'of )
R al B b . ( w8 2T
NN . + 3 LOS
A gitgtgte s ¥ % 2 T3
/



CHAPTER XI.
ROOTS OF EQUATIONS

Equations with Assigned Roots. Many trigonometrical results
can be derived from the algebraio propertios of symmetrical functions
of the roots of an oquation, TExamples 1-3 illustrate the constrm,ﬁlou

of an equation with assigned roots. 4 3‘
. )\

Ezample 1. Form the egquation whose roots are :~

Waa
X
w

b dr B
COS -, COS—, €08~
7 7

%

The equation cos 40 =cos 30 ia satisfied by, 49\-— 2mar 4 30, that is
by = el » Where n ig any integer or Z6Tg, ¢ ’;

Writing cos @=¢, since cosdf= 2 ges"?ﬁ =1=2{22-1}2-1, we
have
8¢t — Be2 + 1 4&03 e,

. 2 T i
The roots of this equation a-ré~s=cos 3, cos ;r . 00547?— , OB —71..
But Bed — 4% ~ 800 4+ \l—(c~1)(863+4b” de ~1};
2
. COB T?r, eos - c}s\— are the roots of 8¢l +4c% ~4c - 1=0.

» 4

Ezample 2. Flspm the equation whose roots are

N 2
& tan® g s ban® —, tan?c 3m
& 7 7 7
; 2
R\ L sin®l I-cos
HFirst Method. Since t&n“’-% mo= T, it follows from:
\' "/ ; cosgr—; 1+4con w,%

S

Example 1 that the values of z given by a :.i;c, where ¢ satisfies
+c

B +4c? —de - 1=0, are tan27 tan? 27 tan® 3,;—

Since & +ze=1—-¢; Soe{limy=1-z; 2 c:l—m.
I+

204
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Substituting for ¢ we have
8(l-afP+4(1-=)*(14+a)—4(1 -2){1+2): - (I+x)2=0
L 8(1-35 13322 + 40—l —p—1~z) ~ (1 + 3z + 32 +2%) =0
L T-80r+2la? —2d=0; U 2® -21p? + 362 -7=0,

Second Methad. The equation tan 70 =0 i satisfied by 6= il ,
where #: i3 any intoger or zero. 7

Writing tan 0 =i, and using equation (6}, p. 172, we have O\
Tt — 3568+ 218 -7 =0, :’\
’27:*

The factor ¢ corresponds to 8 =0; it follows that + tan < T ;}:tan

3
ittm; are the roots of % — 2144352 -7 =0. Pgt.)x =L“; then
i 3
tansg tan? 2—7: 'ba.nz:)’—;-r-. are the roots of & —-2lx\';\‘-35x -7=0.
Example 3. Form the equation whose rc\s are
. 2w . 4w ’ 8z
2 sin 5 2 sin - '7, X 2 Bm -

If, using Example 1, we elumnate ¢ bebween z=24+/(1 ~c*} and
8 +4¢c% ~de — 1 =0, we shall oBtain an equation whose roots are

\ 7 -
:l:QSlIlr 12 m-— ;{:25111?
N
Thus, since 4c? =4 -~ 2%, (4 —aP) +4 -2t - dc—1=0;
Noe{4 - 2@) s — 3; o (4-azh(d - 20T =4 (2% - 3
which redices. ba’ 20 ~ Tat + 1422 7 =0.
[Or, usipg ¥x. IX. e, No. 25,
Q Y 9sin T0=7(28) - 14(2s)® + T (28 — (2917,

i G
-~W€3'Bee that 0, :bzsmg—-, 42 sm—, :t"sm—- are the roota of

\t'he equation, Tz — 1448 4 72® —27=0. This Ieads to the same result
38 beforo, ]
Now the equation whose roots are

21 2 _61:
:Izzsm—, i?sm— + Sm7

may be written x8="T(z? - 1) or 8=/ T(a® -~ 1}
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. 7 4 . .
But 2sing,;->1 and 2sin —,—;-r-b-l alzo —251119,;—" lies bobtween 0

and -1, so that theso three values of 2 give 2? and =% -1 the
zame sign.

7 T i . T
R 23in—2:, 2 sin "E , —2s8in T(E 2 s %:-) + &6 the rools of

7 7
. . 2% dir
#* =+ /T(2? - 1}; it should be noted that —2sin P 2 sin 7
+2sin 671- are the roots of 2%= < 4/7 (22 - 1), '\..\.
NS ©
4T Gﬂ"' & N %
7 TN

Brxample 4. Evaluate (i) suacg,;,I + sec

23 4 £
(ii) sec? 77 +sec? —,;-r + sec&%?‘

. 2 4 \

(i) From Example 1, sec; +sec ?ﬁ:+secs—;<\;‘s the sum of the
reciprocals of the roots of 8¢3 4 de? —4e — 1 =.6).'Bha.1: is, the sum of the
roots of 43 +4y® ~4y ~-8=0; PANY

P \ 6
se¢ +secé——jﬁsec %T—r— -4,

{ii) Similarly, secﬂg— +se024—7*+aec %“—' is the sum of the squares

of the roots of y®+43® — 4508 =0 and is therefore equal o
{ —4}’>-2( ~4)=16 48 =24,
We ean obtain thlss\q;bsult alzo from Exampla 2.

2r 4z a 2
aecg-;z—+secg~§ +sec'3 - w3+ta.n’-7— +tan? 47— +tan 67
»{.\ -_3+tan’%—+tan2%-+tan’

2J
But 'ém" +tan® g~ +tan? 37— equals the sum of the roota of

g \}."Ixz +3@:v 7=0, namely 21,

N\
V' Buample 5. Evaluate secd— 5 +sec‘% +scc‘% +zeot 7;-
Since cos 39=4 is satisfled by 0=, %’ , %”, it follows that

~de=1} is satisfied by c=cosg, 03 %ﬂ:. cos%r; and, as these
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three values are all different, they must be the roots of the cubic
in ¢

T K
, Boc? - are roots of ——

g v ‘:/"x 2
or 2{4 - 3x) =x 4/, or 4(16 - — 24z + 9y =2t, urm” 3652 496 — 64 =04

1
Put & ==: then goe? -, sec?
¢t J

. Scc‘% +sec‘§§ +sec‘z§~-=363 —2.96=1104,

A .
But sect 5= 16; .~ given expression =104+ 16 =1120. Oy

EXERCISE XI. a. N

1. Uss the equation cos 30 =cos 2§ to prove that '\\
cos 72°=1(4/65-1) and cos36°=} (VBED)-
2. Form the equation whose roots aze RN

T Jr a7,
£OS 7, €08 %) and 005&'—%\'
3r 37 &, B m_
3 Prove that sec _7 BOC +880 k;eﬂ Gy T80 G BRO 5 = ¢

4. Form the equetion whose ruohs are
P

: 537
sin? — sm**;)— y and gin® o

7]

5
. Pr Y 297 s of
5. Prove that tan? - 4\, \9112 i and tan® - are the rootis 0
_ 853t +2lx -1 =0,

6. Prove t};g(tﬁn % 27'-7—, and tan %‘Z are the roots of

:\.,. 2P yata/T — e+ T= ={.
7. V%Iﬁﬁ?ta .
27
) co3“\"‘ = +cosoe? 27~ +cosec? %ﬁ and (i) sec! 7 T 4sect 5 +8004 1«

~
i "

w\; ,k. FProve that si_u —7- +8in 5—7- +EIN —7— =iv7

9. Prove that sin? x
10. Tf ko =cis 27 , form the quadratic whose roots are & +E%+&7
7

, 4w . 8T
and k* 445 4+ 2%, and deduce thab sinzT +sin -y +8i0 =17
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11, Prove that cog %T, cos%r, and cos 8 are the roots of

3
Br? —6r+1 =0,
iky Tir
12, Prove that  sec +sec on 4860 S = -G,
] 9 9
13. Show that z=2 cos% satidfies @ — Bt 4 032 — 1 =0,
14. Prove that tan®T +tan? -7 ¢ tan? 7 — 33 A ¢
] ] 9 ’ ¢\
4 T O
15. Prove that tan - 3 tan 5 and tan g are the roots of .
2(3 - %) = + /3(1 - 327). A0

16. Prove that the roots of o8 +2% —da? - 322 + SVa‘-\I‘" 0 are the
2re . .
values of 2 cos T for =1 to 5.

5, ;)wa
17. Deduee from No. 16 the value of 2, co\s.’E Sk
18, Find the equation whose roots sre ws a5°, cos 65°, and eos 1756%

12, Prove that \ cosect T T3 =56 and 2 50021—3 =168.

20. Prove that cot —+cot, ‘5 +eot?— b =21,

14 14 14
21. Prove that the rootgOf .r:‘ -4 4+4dx +1 =0 are
2005 gz‘f-, where r=1, 2, 4, 7.
A D
22. Prove that the\oots of @ +42% — 6 ~ 42 +1 =0 are

: “tan L 16 where r=1, 5, 9, 13.

<&
- e\ 4 iring
¥ 2
2. Prouéd that 3800 207 - 144,
24. Prove that tan 10°, tan 70°, and tan 130° are the roots of
-~ @ 4/8 - 3a% - B/ 3 1 =20,
O
OV
v Equations of Degree n.
fn—1
Example 6. Prove that Z col, (a +r_15) =# cot ne.
F=0

We form the equation whose roobs are the values of eot (ﬂ + )
forr=0,1,2,...,(n-1).

}
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Consider the equation tannf =tenne. This is satisfed by

I A -
b=a + where r is any integer.

(Me-(e+..
But ta.nnﬂ:—ﬁ)"t“_i, where t=tan 8
- 2 en
B 1-{B)at 4., 1
=(T)“ ﬁ(?;)l_s , Where r=—=cot ¢
& —(2}&' b SPP i :~\‘
¢\
G e O Lt O
o o ﬂ)x"_”_ — =tan na (\,}s "

is satisfled by 6=a +—, a.nd thorefore, regarded as, a‘.&}aquatmn in

%, is gatisfled by = =cot (a +-—). But the vskuas of x given by

r=0,1,2,...,{n—1) are sll different and am‘hherefore the n roota
of this equation in @, of degree n, PN

%

The equation may be written, « \

=1 TS
o E cot (a +—)'=;’sum of roots =n cot ne.
-
r={ e

Example 7. (i) mejj}la.t, if n is odd,
N Py PR

T T 3T
cosce? — 4 coserc2 — 4cosac? — +... +oosec’ — 8
" i 7 2n

< 1 1.1
(i) Dedueqxa'hat the sum to infinity, @, of 1,+ stmtga T

is equa\o _,

(‘I}Bince n is odd, by Ex. IX. e, No. 25, writing sin §:=s, wo have
~O° . nin? ~ 1)
6

\ 3 gin nd =nsg —~ FLES +(_1)1(ﬂ—1)2ﬂ—13ﬂ;

& sin %, for #=0, 1, 2, ..., &(n —1), are the roots of

-1
LI T

4,2 <

1
U Wn—1) Z an-lgh =0,
' 1} n
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Removing the factor s which corresponds to r=0, and patting
1

= i wo gee that the values of ‘cosec2 f01 r=1to §{n - 1), are the
roots of
whln—1y _ 2.‘_1 =3 —=p;
fin—1) 13 -1
SN coseer D .-au_m of roots =——-. &
f-:{ 13
(i) a,= +1+] +5<1 ! ! f\t\
BERETRE TR I W S =Dy N\
. N
. : 1) 11 11y L,
. s,.-ql-}-(l—ﬁ (2 3) +<r—l_;) -2 \¢<2

Biut s, increases steadily with r.

Therefore, smcw}.w alwan 4 less
than 2, 1h follows that, when r—w , 5, tends to a‘defieite limit, say o,
and thab o« 2.

D
IfO{r,ba_ then sin ¢ < ¢ < tan ¢. (ﬂf:(.yp. 182.)
% X
1
A (’Sgccoaeuzq’) 1+cot2q*.><1 95—2;
. {n*_[_ n? + dn® ‘H:E:l‘l} . IT
B o 2%-24*..- f}z——-l)‘*'ﬁ-’%jﬁ" 1 COHBC -
- Jns nt 4n? .
QO < Yt g e
cRBNAE 1 1‘?‘2 n—1 .
Yo Slin—1) <N . < EE-T-‘:-&;(,,_]),
. PINT w2 e
S makimgap> o, rrg-ﬁ—gcr; =5 See p. 228.

\~' EXERCISE XI. b,
i \Use the eguation cos 3z =cos 3a to show that
" 2x
\”, c053a=4cosacos(a+ 5 cos( 3)
4
2. Prove thet sin g sin (a +g) gin (_a +2?) =% sin Ja.

3. Use the equation sin 3¢ =sin 3¢ to show that

€08e0 ¢ + cosee (a + g?:_r) +cosec (a +4—3-Tr) =3 cosee 3a.
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E -

. Express tan § +tan (6 +?§r) +tan (6 +2§”) in terms of tan 30,

o

. Prove that sac? a +aec? (a + %) + gack (a + %:) =9 gec? 3a.

oo

n—1 v
. Prove that ¥ cot® (a +¥)=ﬂ(n cosecina - 1),
0

e s nzl rr
7. P'rove that, if » is odd, ¥ sec? (a +Tz—) =n?seetna. A .
.0 :f\“\
Zn--=1 ra N\ o
8. Prove that I tan (a + 2—n) = - 2ncot 2na. . \J
0 T A
n—1 s p
9. Prove that 2 tan® (a + —-) =n? cosec? (na —}-?) ..'
rrNRN 4

10, If n is even and > 2, prove t.hat 2 secz— S

B
11, If » is odd and > 1, prove tha.t 2 B‘W n »

12. ¥f n is odd and > I, prove that :t:h(’s sum of the products two
together of t-a,n’ir forr=12, ..., ":.’—"15 is ¢n(l —ﬂ)-

'. ’w 1

13. Prove that, if n is oddy E sec (a +-—) (- U > n sco nat.
C\ 0

14, Prave that, if Kzg"add, z { - 1)F cosec (a +’%) =n cosec nl,
2 _

O =1
15, Prove t.ha,t’ "iI“h is even, nE {-1)cot (0 +E) =ncosec . .

Use the resM’b proved in Dxacmple 7 (ii) for Nos. 16-20. _

1.1 n?
16, Biwetha,a ) 2g+ gt =38
N L1, 1 1 _r?
~ \ ' () it o+ 5 ‘; =5
) s 1 1.1
17. Bum to infinity : ﬁ“?*’?ﬁ E e

1 1.1 1 1 1 1t
ntatEtE gtmatget et

1 1 LY

18. Sum to infinity :

19. Prove thet 17 gt gy gt gt 3
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1 1

1
20. Prove that ‘1373""2?’:_3'&"' W Fowe =10 - 74,

91, If n iz odd, prove that

Ecoscc‘%r, forr=1 toE-Q—l, equals n?—1)(n® +11)

90 *
I 1 1 o
Deduce that Tetastmt=gg-
L | ad . a
22, Prove that El 21 Bt =g if r =2 is excinded. O\
Fi=1 fom ' o
7\

. . fi-1 2ra « \
23. Prove that, if » is odd, ¥ sec? (6 +fn-) =n®sec? n

n—1 ; " Dint
24, Prove that, if » is even, ¥ sec? (9 +&‘E)=ﬁ'\-—q—~—-’
¢ ” f=cosn (g + 6)

Equations involving more than one Trigor;a%;ikﬁric Funection. Tt is
nften convenient to use the phrase « essentially distinet roots of a
trigonometrical equation ™ to dencte angles, satisfying the squation,
which do not differ from one snother by/n multiple of w. Thus, the
equation sin § =} has $wo, and onltwo, esgentially distinet roots,

" TN Y
gand % i the equation tan B 2/3 has no root essentially distinet

3

ki3
from 3 L
AN
Brample 8. If @\)({ afe two essentially distinct roots of
2

sin (0 +A) =m sin 2X, prove that m = + cos ¥a - 3} cosee (a+ £
'Sin (@ +A) =mposhy 2X =gin (3 + 1),

But a +;¥\:”2}7r +{B +A) is excluded by the data ;

Q@K = (2 Ur—(B+A) or A=(2r+ )2 -Ha+ s
AL

R LN sin [a+(2r+1} 1_2r - e +ﬁ)]:m sin [(2r + )7 ~ (@ +5)] 3
S\ L\' <. eos Ha - By =mesin (a+ B);
v - M= tcos Ha - B) cosec (a +8).

Eromple 9, If a, 3, v,

8 aro essentially distinct values of § which
satisiy @ cos 26 48 sin 2§

—tcos B —dsin 0 +e =0, prove thet
(i) tan“+‘8+7+8-—b be —ad
—tg T ==

L (i) T gin F= e
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- — 12
(i) Put zEtang; then sin lEi=1 and 9*1 ¢

2 - 148 cosv=TE’

. 4£(1 — 2} 1642 448

* 2= =——————}
.. 8in 24 110y and cos 28 Lo

B

4 .
s tan %, tan 5 tan %’, tan 3 are the 4 roots of the equation,

aftt ~ 62+ 1Y+ b{dE — 43%) ~ {1l - 18} — (2 + 268} Lo (1 + 262 4+8%) =
or  #la+c+e) - 3{4b + 2d) +12(2¢ — 60) —1(2d - 4b) +a - c+e-—-Q

o Stan $=20E2 gy
2 a+c+te \
. ban a+fB4y+8 (4b +2d) — (24 — 4b) &sb b
. 2 " {a+ete) - (2e—ﬁa}+(a—c+eJ 8a o
(ii) The given equation may be written \\.

a{l -2 5in28) —d sin 8 &= - 2}, sﬁs{) cos § +¢cos 6
2a sin?0 +d sin 8 - (2 +6) =co8 9(25 gin f-¢);
. [2asin®6 +d =in 6 — (e +e)]i= (l Zpin®6)(2b sin 8 —c}?;
= sindf{4a? +4b%) +'sm”f€(4ad dbe) +... =0,
This equation is satisfied Ly B = a, B,y 8

or

dad —4be _be -ad
dad 3 ab% i bt

. u%nh_"
\\
Example 10. If {'OS (a+6) cos(,!3‘+ﬂ] cos (7 +0)

=i, where no two
sinda sinf3 sin’y

of the ﬂnglea’a;ﬁ y differ by a multiple of =, prove that
\({)’“"')G +y=nm; (ii)tan f=coba +cot 3 +cot .
Putt. ‘o8 (a +6)
~\ < eindg

a\Y .
\Btiua.tion, w =k.
sin%x

=k then a, 8, y are values of & which satisfy the

Now °08(z+0) coszoos §—snawsin @ cotzeosd-sml
- = e n?
vinly sintz BI°E

=(cot 2 cos § —sin O)(1 +cot’z)

= cotiz cos & — cot? sin 6 +cot ¥ cos @ -sin d;

\ s
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< cot a, ot B, cob y are the roots of the equation
% eoz 8 —y%sin 4y cos 8 — (% +sin 8)=0;
S Zeota=tan 8 and F{cot a cat A=

The latter is equivalent to X tan e =tan « tan 3 tan 7s from which
wo 2ave tan (¢ +8 +9) =0, so that -+ 3 +7y =nw,

EZERCISE XI. e, N

2
L. If tang, fang, tany are tho roots of ard 4 22 4 by h=1,
prove that a-+f2 +y =ar, \.

2. Tf tang, tan 3, tan y are the rooty of a9 + Pt g a—’é-}«; 0, find

the condition that a + 3 + ¥ 18 an odd multipie of g (¢ 7

3. If acose +bsina=c=acos B +bain A3, Ii:;ove; that either
sin e=sin 8 or sina4sin A :,é'?%%zl .
4. Ifw and y are essenfially distinet valﬂ}s‘éf £ which satisly the
equation  cos f =cos a ¢os 8+ 8in asin B M= k2sin?g),
Zogsacos B
T Bt st
5. If tana, tan B, tan Y are ‘u:il‘ctﬁla,l and such that
tan 3q=‘ﬁa¢; 3 =tan 3y,
prove that m}‘\'cot 2. Xtana =10,

6. HafB,yare .tl’{%e’e&sentia,lly distinet values of § which give
the same value to tAn'36 — tan 4, prove that their sum is en odd

multiple of g, snd jthab the commeon value of tan 36 —tan § is ogual
to 2 tan a tan Pt . _
7.1 C't,'\{;:,'\“\: are essentially distinct values of « which satisfy
\“ © tan (s - ) +tan (& - ) +tan {x — ) =0,

prove that CORZ + QOB Y =

prove bhat tan (a4 +y) =tan {f + ¢ + ).
8 i a;, ay, @y, o, have unequal sines and satisfy the equation
W @-+b #in 20 =cos  +sin §, prove that b3 gina =1,

VB, If g £y, 8 are values of », not differing from one ancther o
from @ by 2nr, which satisfy the equation
sin 20 (asine +beosw) =sin 2z (agin @ + b cos )
§

prove that bmgtm’gt&nzmﬁz -1, -
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16, If 8,, 9, 6, 8, are essentially distinet roots of
) asin 48 +b con 46 =¢,
prove that (i) tan 8, tan 6, tan 8, tan 8, =1; {ii) 2 cosec26=0.
11. Tf 0, 9, 6;, 6, are essentially distinet roots of
acos2(f—-a)+beos(f —f3) +te=0,
prove that 4o — =0 is & multiple of 27,
12. If ¢y, @y, 0y, a, are essontinlly distinet roots of
sin 20 ~m coaf —nsind +r=0, O\
prove that (i) Za=(2n+)r; (i) Scosa=n; (i) Zsna=m3 N
13. Prove that cotnf=F cot(f +a) has n+1 solutions for ¥/ no

two of which diffor by rr, and that the sum of their eatgﬂg’onts is
{kn - 1) cot a.

14, If 6, 8,, ... #, are five essentially distinet roqtvs:o&
) a tan 30 +5 tan 26 +c tan 8 +d =DN\Y
prove that (g +b +c) tan (20) +d=Q.\\.’
" 15. If 8, 6,, B,, 0, are essentially distinet foots of
o sec B + b cosec e/

prove thet (i) Seos8=2%; (i) TaP=2; (i) T0=(2n+ N
Interpret the last result in ter;ms «uf the sccentric angles of points
on an ellipas,
16. If (@ +cos 0)cos (8 - ~b is setisfied by four values of 8
between 0 and 2, prove, t,lla,t
(i) Zcosl= _% i) Ssin8=0; (iil) 26 =2y +2ar,

bsinxainy =0, acosycosz+bsmysmz--c,
flor by =2

17. If wcosxedsy
acoszeosz +bsinasin® —¢, and ne two of 2, ¥ 2 di
multiple of Qr,‘arove that bt 4oz +ab=0.

18. If a, B,y are essentially distinet angles such that
1”\“ acos Soosy +b(sinff +siny)+e=0,
;‘\ ) acosycosa-i—b(smy-’rsma} +¢=0,
acosacos B +b{sina +ein §)+¢=0
mPl:&ve that -
\/ ) ¥=ac; (i) Teosa=cos(So}; (i) sin(Za) ~Esina=_~
19. ¥f », y, z are eseentially distinct angles such that

0059‘ BOS'!} sm T Slny _1= CcOSi CUR2 Slﬂy smz

Teogia sinta costa gin‘a
]'1 z Sll’l .’B
Prove thﬂ.t; G023z COS X SI -1.

Teosta winta



218 ADVANCED TRIGONOMETRY

20, If 8, ¢ are distinet angles such that
sin@ +sing=a and cosd +cos ¢ =b,

find the equation whose roots are tan }f and tan %r;h, and the valuss
of eot®}8 + cot?}e and sin (8 +¢) in terms of a and

MISCELLANEOUS EXAMPLES
EXERCISE XI. &,

O\
1. Deduee an equation in z from sin 50 =sin T, whers xa@ﬁﬂ.
What are its rooty ? 4 O
2. Prove that %} sin’izir:g. . “f ™y
A, -
3. Prove that 2 cos— -, 2 cos 47 » 2 cos 87 are‘the roots of

+&% - 20 ~1 =0, >

4. Prove that cosﬁ —00327 +c033—T—-§ '\
3
5. Evaluate cotz—,z— + eot? 27 +co t*%:—r 4

.

6. Bvaluate cot? 5 +eotE ?g_ +a 153 4;

7. Prove that the valuesfhd 0032 = for r=1, 2, 3, 4 are the roots
of 24—~ Tad 4 15,2 - 10:8—1—;“\5
8. Prove that, for\\\iues of r from 1 to 5,

) Etan“I 265 ; (i) tant 'i’f=2305

{iii} 2 c{&ecz i1 =2f; {iv) Zcost’ ii —%

. —
9. 1 bt(e that 8 cos -~ 1i

lQ ,Prove that T[ tan 3=v13.

g
00314003—-—»\/7.

41 Form the quadra,tlc whose roots ars

bird ird 8r 45 10r 127
cos-1~3+ co8 l‘%+ o3 — 13 and cos ld+ tos —— 1z tessgm 13°*

2r
12, Ifa-—ﬁ,

8{cosa +cos Sa){cos 2a + nog da){cos4a + cor fa) = - 1.

prove that
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13. Prove that, if a _gﬁ :

(i) cos @ +cos 9a +co3 13a +eos 165a =3{+/17 - 1);
(ii) cos 3a +cos S5a +cosTa+eos lla= -} 17 +1).

14, If k=cis %- » form the quadratic whose roots ars
k k2 +k" +& +E2 and A +EF4E B RN,
Deduce that }. cos 27— -t
15. Prove that ¢ ’%;"

ﬁ&n’ﬂ+tan'(a+ )+tan‘(a+ ) 3(3tan’3a+l!L
8 ¥

18, Prove that ‘:‘ seg? (& +( 2:) “') = 4n? cogeo? 2n8

A\,
{r— 1}71- 2o

17. Evaluate z,tan‘ (8 i ) \*

18, Show that the product of the dlﬁereﬁt values of cos (} sin~x)
e | N
BT -

SN a1 ne -1
13. Ifnisodd and 3 8, prove that E cosec? :‘ 5
20. Prove that 2‘ gint Q Xvns-“l .

21, Prove that Z -r:(:»ss!acz (2%_&1-

o nd

on?,

N \ 7
22, Tf n igyodil, show that < eott 2%, for values of ¢ from 1 to
Hn-1), m&h 1}(77. 2) "

23, R(}ve that” Z‘, cut‘ Jﬁ{u—li(ﬂ-z)(”'”"'m where
® is dd
NS 0
\”\24 If & iz an integer less than 2n, prove that 2‘ cos'_“

(2n)! |
Deduce that E cos’“w- 2::4 Ll 2(ﬂ'}’f

=1
25 Find the sums to infinity of the series whose nth terms are

. 1
O simane @ FmaD



218 ADVANCED TRIGONOMETRY
26. Find the sums to infinity of the series whose nth terms are

o 1 . 1 s 1
{l) ;S; (ll) mﬁ H (111;' W .

27. If o, B are essentially distinct roota of @ eos 6 +& sin § =¢, find
the value of tan 2a 4 tan 2/7 in terms of @, B, ¢.

28. If the cosecants of 010 0y, ... O are uneqnal and such that
@ cog 38 +b sin 30 =¢, fnd their sum. :

29. 1f 6, 6,, 8, 6, have unequal tangents and satisfy A L
tan (€ —a) +sec (6 - Bl=cot (a + 8, \{\“\
prove that By + 65+ 0, + 6, =2nr, O
30, If @ €08 (3 —y) +b{cos 8 +cos ¥l +e=0, ,~:,‘~§'

G cog (y—a]+b(coay+cos @) +e=0, Q
@ cos (a - f) +b(eos ¢ +cos B)+e=0, <

are satisfied by values of a, B, ¥, which do not di%?“&})
by a multiple of 2, prove that \)

L ¥4
™ one another

() a®+b%=2ac: (i) Zsina=0; (iiiyDeosaw - 9.
Y b
X

A, N



CHAPTER XHI
FACTORS

It is known that, if & polyn omial ppe® +p,201 4, +p, of degres s\
iszero {for = ¢, then x —e¢ is a factor of it ; also that, if the pol)ﬂlomla\.]"
is zero for n different values w =0y, ®=Cg .., T=Cy, ib mu&t
identical with py{a - e,){z —cp) ... {T —¢,). .

This is also true when ¢,, €4, .. s Por Prs Pps »-- 8T cumplex numberb,
see p, 142, Note 2 (iii). \"

We proceed to apply this result to factorize variqug ’t.ngonomatrlcal
eXpressions, O

. . N
Notation for Products. Corresponding to #hétise of the symbol Z
to represent smins, it is convenient to nseNIlto repxesent ploducts

Thus we dencte f{1}.f(2).F(3)... j(‘n) by Hf{"}! or Hf("), or
Lf(r) for v =1 to n. R

FAG‘I‘ORS [4) 4 ALGEBRAIG I‘UNGTIONS
»\
Factors of x® — 1. \@{Al—e if © is a value of 1"‘, and the =

rr L
dlﬂelent. values a&e gl\ren by 003—' +ggm _;; forr=1, P Y

0°“°3P011dlng. 1;0 each of these values we have g factor

o° T | isin 2 ’T)
\\~ x - (coa . m
\ .
.»E\‘ilﬁbe r= -k and r =n -k give the zame value to cig - we may
'"\ise“{), -1, -2, ... ag values of r ingtead of n, n — 1,n—-2 ..

(i} n even. We take r=0, &1, 2, ... £{in-1), and %“-
gotting (3n - 1) pairs of factors, and the ‘ywo single factors given b)’ o

and in, ie. %{in -1)+2, =n, in all.
The factors corresponding to 7= £ % are

; akr . . Ofem
z-(eosz_’r_l_;smﬂm and x-(cos—n—ﬂsm—ﬂ'—)
% i n

213
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and their produoct

e 2 ., 2hkwN\% 2 -
-=(a:—cos—- —(tsm — ) =% - 23 pog +1:
n n n
the factors corresponding to =0, r =g arez -1,z +1. 'Thus,

a1 k .
if2iseven, 3@ 1 —(x ~ 1j(x + 1) J] (xz—-2xc032T“+1). el
1 4 )

(i) nodd. Here we take r= 0, 1, £+2,...,, &+ n_;_l, whicP(é\i;fe\s
1+ 2(“_2-_1) =n, factors. Thus, R

H 2 is odd, 2 - 1 ~(z - 1) “iin (:a — 2% cos %’? +.1’)\.\ cereeerrans 2)

Factors of x0 1, a™41=0 if \\

1 _ ey
@=( - 1) =os LT DT S (Br -l
noo. N\, n
1E 7 is even, wo take 2r 1= 10N%3, ..., 4 (n- 1); and if nis
odd, we take %r —] — +1, £3, WS%:(n-2), and n; this last valus
gives the factor « ~ cos = — 5 siltm=x +1. Thus,

3u s -
i niseven, xm+1=]] &4~ 2x cos (21'-—11-117—:+1), .................. (3
. (N jin—y -
ifnisodd, x341 §(§+ LTI (xz - 2% cos Lzr_ﬂﬁ'f.;:{)_ cenner(4)
L

It should béfemarked that, although the work of fhis chapter is i
complex a[gebg:g the formulae (1) (2) (3) (4) are true results of real algsbra.
If the produdt@ion tha right were multiplied out we know that they would
come toa¥ 11" because we have proved the equality in complex algebra.
The res ‘Could be obtained, although not so shortly, by using only the
methods of real algebra, see Ex, XII &, Nos. 13, 14,
NS ’

"\} ™ EXERCISE XIT. a.
1. In complex algebra what are the factors of 43 -1 1
2. In real algebra what are the factors of 28 - 1 ¢

3. Obtain from first Principles the factors of o4 + 1, and deduce
quadratic factora not involving ¢, Show that thess can also be found
by writing z* + 1 as the difference between two squares.

N\



FACTORS o ey

.. .\.\\_‘ i ,

4. Find the complex factors of o —1; deduce the real quadratic "
factors of wt+a® +af+x+1. Verify the result by writing
et et e+l =2? (.1:2 Fa 41 +£+$), and putting ;~:+%=y.

5. Obtain from first principles the quadratic fa,'c‘oors of o ;

(i) a®+1; {ii) of + 5% S
(iif) 2® —a®; (iv) 2*-256,
6. Expross =% — % +1 in quadratic factors. A
7. Find the values of cos 0 for which

(i) cos nf =0 ; (ii) cos ni =1 (i) cosnf=-1; ™
\ 7 = 1s Sinﬂﬁ_o .’\\
{iv) cos nf =coana+ £1; \a] S -2

8, If n is even, find the values of sin & for which X "\ :
; sinnd o W\
(1) 555 6 sin 8_0' \V
8. If n is odd, find the values of sin § for WlliKh.
o ... cog nf, I
(1) sin nB=0; (it} e 8\-—-0
10. Solve 2" — 25" cos ra+1=0 AV
11. Weite down the factors of 238+%, and dednce those of
{1 +a)m (1 —x)em,
12, Show that the solutions of (1:-!-59:}2“ +{1 -z)**=0are
(2r =N por p=1, 2, .01

4 fn 2(2?‘—1)’7
Deduce that (1 +2)2® #{1 > z)™" =21F{@* +tan® —p )
+8 3 1

{i) cos nf=0;

x = 4% tan

™ _ _
Tence prove thath N % seok (_Z%f =2n.
4 ¥ 1

18 If o, = x% é.zinan cos nl +a?®, prove that
By g 200 €08 O 1y, — 0% Mgy + (T 7 e
Hence prawelby induction that z* —2ax cos g +at is a factor of

2rw 1
2% - 9upuPcos nd +a2, and deduce thab & - 220005 (B * T‘f) e
i alsg:a {actor, where r is any integer. n
12:3Use No. 13 to factorize, by the methods of real algebra, 2 — 1,
oﬂ;}hen niseven. [Puta=1, 8=0.]

FACTORS OF TRIGONOMEIRIC FUNCTIONS

. We have shown, in Chapter IX., that certain functions, like cos nb,
8In 1§, are polynomials in cos § or gin . The results are grven m
Ex. IX, o, Wos. 12-25. Corresponding to each of these results it is
possible, by the method stated st the beginoing of the present
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chapter, to obtain an expression in factors for each of these functions,
An ossential step in the process is to find the values of cog & or gin 9
for which the function vanishes, and the reader who has workad
Ex, XIT. &, Nos. 7, 8, 9 will already have found the values,

We will give the reasoning in full for onoe exampie, and the reador
will then be able to supply it for the others. The results are given
in Ex. XII. b, Nos. 3-13.

Factors of sin n# when n is odd. It is known from Chapter 1X,

that, when # 15 odd, sin n6 is a polynomial, (\)
£\
Riind! \.
nein 8., +{-1) ¥ gn1gipng, AN

< 3
of degree n in sin . To find the values of sin 8 for whigh the poly-
N\

nomial is zero we put sin =0 ; this gives § =17, aﬁd\ the n different
values of sin & are sin’j-rfor r=0, £1, £2,., in__—_I‘
n AN 2

/

£ & k
The factors corresponding fo r =98, r = ik\ are sin #, gin § ~sin 5,
) . . R . ) .. . g BT
and sin § +sin o end the product of, thé last two is sin?0 — sin? .
thas, N\

T -
sin 1 =A sin QAN (sin’ ~sin® T eeeanl8)
1
=1

where A =the coefficient ¢f'sin0 in the polynomial =(- 1) 2 281,
It is convenient, hdwever, to divide each factor by a term

‘ ¢ " g o
—ging 7T, thus, sh}m\zB sin § [ri_[ }(l _ snif ), TR ()

H
n

. . rr
e 1 6ing —
{ \ . rmr T *
WheroB =A !IG —gin? —-) =2-TTain® ", Tt is not, however, neces-
- ki3 7

sary tO\liaiE}”‘t:hB value of A ; dividing each side of {(8) by sin 8 and

mﬂlgi.?;l\g —>{, we got B= lim Sm n; =n; thus,

\ 60 Bin
N\ .
w\./ . . jn~-1) sin?
D) sinnf=using [ [1--S20 RPN |
\ 1 s g I
#1a® —
n

and it has heen proved incidentally that

Eu—-1)
B=20-F T sin2 T ()
1 n
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From formula (8), V&= 4245~ n? M bl[l —, but all the angles
have posmve sines 3
fin=1
o ifnisodd, va=2ia-1T] BB = seveeee{9)
1

Other results of this kind can be deduced from the factors of
sin
€08
Nos. 18-25.

Anotlier deduction is often made from equa.tmn (") by putt:ng
nf=¢ and making n—sce, but, as explained in the lrefa,ce\
eonsideration of Infinite Products is held over for the comP&ﬂlﬂn
volume. It is found that (see Ex. XII. £, Nos. 23, 24) 3

sin P 5 = _ __i) _ (1 _ _::\
@ .ffi kI.=Il (1 kent/ ];{ Kt

B @ ‘sz :.\\“’
cos @ ﬂl;[(l _.(.21&—_—_- 1)%_‘,)- o\\ .

N \7-

89’ when 7 i even, and from the factors of cos nf. Ses Bx. XIL, b,

aud, by puttlngqb_-— in the first,
. 2.4, 6 ~2n 1

1
Vgm)= nh_ﬁ1 RN N20-1) Van+l

s"

EQERGISE XIL b.

. [For convenience o{q\(?ference some results proved in the text are
included.] 4

1. Obtain from fikst principles the factors of

e‘{m 59 (ii) __%B= (iii) sin 50 —sin ba3

regarded\a,s\fmctmns of sin 6.

2,\0btain from first principles the factors of.
NS ' (i) cos 56 ; (ii) cos 66 ; (iii) cos 68 —e0s 623
" “Yerarded as functions of cos 8.

Verify some of the following results (Nos. 3-13) 1

na + &ro
8. cosnb - cpsna =271 H (cos 6 —cos ——

-1
4. copng=2gn—1 H (cos § —cos @-2;1 }r)
: 1

QA
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5. cos {2n + 1}0 =2 gog Bﬁ(cosge cog2 (27 = 1)
i

2(2n +1)
=2 oo3 B ]f[  8in? ;T; _II_);; sin &)

3
8. cos 258 =2mm—1 11 (00329 —cog? M)
|

=31 H (auﬂ (21‘ sm‘ﬂ) . .\ \*

e } ”

7. sin nd <271 ain ¢ o (cos 8 —cos _?T)' Wy
1

3. sin (20 +1)0 =25 s 0 [T (cos®s """S’zﬂl)f\"‘"

L
. =2 gin § l;_[ (3111 2?!-——1‘ ‘—, 0)
n—1
9. sin 2n8 = 2tn-2 g, og I (ccls'ﬁ = coss —)
1

-1
'=2=ﬂ;.=~sm 20 1] (sin? 57 - int0),
‘ 1

cos n& Hn— sin%
10, If nis odd, s = ]'[ ( ;mz(T]}_’:)
...\
. ¢.<& ‘.' in F'S
11. Tf n is even, chg'm =[] (l - 31.119_#).
A 1

LTy
2 —
B T

W

1 sinng o=l sin?f
12, If:j.\tm\odd reng= 11 (1*;1;2”_).
4 ) n
\\’ sinng  i1-1 sin%g
13\Iin;seven —-——H(1~ )
i

AN 7 sin 0 cos § sin? ™™
.\’ “,
v 14, Express —— =

cos 3§ — —sin n 40
cos 6

15. Find the factors, if any, of sin nf —sin nae, regerded as a
funetion of sin 8,

16. Show how to deduce No. 4 from No, 3,

as a product of three factors.
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1. Bywrltmg—r—ﬂforﬂmNos 10, 11, 12, 13, find the values of

., on costf ., Q=11 cos?
(i) 1;[(1 2(2—?-__1)1_) (i) l;[ (l———_ 2WI_).
gin? = LTRY
2 P

where n may be odd or even. Bee footnote on p. 46,

_ [iin—1}]
18. Prove that v'n=2=3" T Tsin %-.
1

(21" - 1]1r
2n

(2’1‘— 1]11" 7%
an P2

19, Prove tha 1 =2ia=D" H
20. Prove that 1 =2n"511 sin
i
_ n=1 rr N
2L. Provethat va=2%~1T] sin_. \Y;
Y 2n

in—1 N N
22. If n iseven, prove that ]_I sinr—r= ]_[ o¢°§‘—’ and that

- —si
H sin (2"2 )7 1;[ c?.'(z.r.zn )7,

in—=1) 2?‘ 1)
23. If nis odd, prove that. H S‘il’lf—"rv- H cas 20T
dn=D) (21-—1)« W os e

H sin \:2?'& 1 ©

n
{4n] 2y —1
24, Evgluate (1) rﬁ{}c 3—1;; (i} H COS(_??M;W

i

em,h for »n odd, an(l Jfor n even.
. Prove ﬂ{ tf’olw results of Nos, 20 and 21 hold when
a.re repl&ced,\ cosines,
5r

26. P\\e that 8 am——sm:i4 Smﬁ_:l'

and that

the sinea

I 4 Sf—,—'—l
2(, Provo that 32 cos '~ 73 €08 77 08 1'1 COBYTOUTTT T

».\ J ll o
28, Prove that 8 sin - = sin & sin "i'_ =V
n -7 g3 et
29, Prove that 1;[ coa (—Ws—- =21 cos g
n {2r - )7
30. Evaluate ];[ tan ~an

AT, r
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31. Prove that f[ cos (—4%"“1)3=( - 1) +1)] g} —n,
1

32. Prove that 1 +cos @iz n factor of 1 +cos 56 and find the other
factors,

33. Prove that 2cos §+1 45 g factor of 2 cos 50 + 1, and find the
other factors. Deduce that

sec? % + 3802 % +Be0? % % =98, \

34. Factorize %% ~ 227 gos 1 + 1, using Ex. XII. a, No. 10./)

+gee?

P
n—1 \
35. Prove that chnx —oos ng — 9n-1 T {chz~cosna +2v._-:r}‘

0 ‘(‘”’"
9 n sin?
36. Provo that 23" -cosna_gj XA L
1 - cog ng 1 s oY a
Sm\é;+2)
(n”

%4
W

Factors of x™ — 222 eips ey + 1, The e'gi;fa.tion
Z2 _ Dyh cqahﬂal 1=0
is & quadratic in 2%, with motg,gﬁh}ia Lisin na; thus the 2n values
of x are cos a+g§r— :l:tsm'(a+2—:- » for r=0, 1, 2,..., (n~1)
The product of the facfft{%“ corresponding to r =k is

O
{z- cos (a + 2—]‘:—#) ~43in (a + gCI)} x
n o n
{z —-cog (a + gg-r)+t sin (a +E§“’)} =z - 2x cog (a +2f—ﬁ”) +1, thus
’ ‘\ 4 o-1 .
- 22" cos a4+ 1 = ] {x3 ~ 2% o8 (a+ &t) + 1}. <n(10)
§ [ a
M.a,ny resulte can be deduced from formula (10),
S\ \ {1} Putting a =0, =;:-and taking the square root, we get equations
V1), 2), (3}, (4). The reader should verify this,
(ii) Dividing by z,

1 n—1
a:n+5—,i~—2cosna= H{x+%-—2cos(a+2-%r }.
[
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and, putting x=cos § +4 sin 0, we have

-1 :
2 ans nf -2 cog na= [] {2 cos § -2 coB (04_2%’[)}’
0

. n-1 2y
i, cos nd —cog na =21 J] {cos & —cos (a +T) . ael11}
: o
This is the same as Ex. XIL. b, No. 3, and can, of course, be proved O\
directly in the usual manner. ' A\
{ii) Putting z =1, a =28 in (10}, { \\

n-1 2rr R
2(1 —cos 2nf) = 1;[ 2 {1 — 08 (248 +T)} H ‘.}‘:
. P St Y, 4

o sintnf=2nt T1 sm=(ﬁ+ ﬂ), S

-1 o
s sin nB=+251 I sin (,8 +Q
[i] 'd

Now, it0< 8 <Z - each factor on the mght. is positive, and =o i3
sinnfS. Also, as ﬁ inereases, sin n,B ehanges gign whenever 8 passes
through a value E, and at the saﬁm ‘time one factor on the right
changes sign. Thus the mnbigu{)ua sngn is always 8 +, and

sin n[.i“—\+2n"'1 ]'[ sin ([3+ ) eereenienmnen{12)

Similar results to{}‘) can be found by the substitutions indicated
in ¥x, XII. e, NBE J-5.
(w) From (12),\ By taking logarithms
N

\"'kigsmnﬁ =(f - 1)10g2+210g3m(,8+-——)

N
and, d;ﬁerentmtmg with respect to ,8, ‘
AN
\\‘; v ~ neot nﬁ- cot (,8+ ) eerearenenresnens{ 13}
This may also be proved by the methods of Chapter XE.
{v) De Meivre’s and Cotes’ Properties of a Circle. Tf AghsAs - da;_l
is & regular polygon inseribed in & eircle centre O, radius ¢, and F 18

a point such that OP =2, £(Ohe QP) =6, then \
rm
L{OA,, OP) =0 +__:.E and PAA=2® 4-g¥ — Zxa cos (9 + ;—) H
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*. by formula {10},

f-1
PAS . PAE L PA, 2= I {x3 - 2za cos (8 +2%) +a"} '

]
or PA,.PA, ... PA,_ =(z® _ 2xm3% cos 18 +amb,

This is called de Moivre’s property.

2\
NS ¢
Fio. 78, \\
If P lies on OA, 50 that 0= =0, PA,.PA ., P Ay =Xl
If OP bisects £A,,_ 107y, 50 that 9 =", PA@, CPAL L =X g,

These speeial results are called Cotes ~propertle<1.

Comparison of Series and Products. P4 number of identitios can be
obtained hy comparing values obtaﬁled for the same function as 8
fum and as & product

.'s

%=1} Aintg
For example, if n i odd 8In 18 =n sin 8 I[ ( - --———)

b

and also, from Ex, IX. e{ No 25, sin? -
sin nf J
n—1
o - M\ _L_léu) Bt () T e,
#n - a_ LI YOI
S hs I'L ) m_?‘t(_né!_!_} 33+E@—~?I(L-—} &5

is an %ntlty

Equatmg cosfficiants of s3 an the two gides,

\ Hn-1) L nin? — 1) . Hn-D Pr |
\W —n cosoe? — = — » Lo, cosec? — =———,
Y T n 3l T n &
N\
a result which has been proved {p. 209} in another way.
Other results can be obtained by equating other powers of s, and

by using the formulae for sin n8 (n even) and cos ng.

The formula for = cosecd(rrfn) was wsed on P. 210 to prove that
"Zlnt=x%4. In some of the older text-books this result is obtained by
equabing coefficients of # in the series and product expressiong for sinfh
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{see pp. 80 snd 223). Such & procesa requires careful justification, and
the product expression is itself obfained, not without diffioulty, from
 equation (7). It seemed more satisfactory fo deduce the eum 21/n!
- directly from ¥ cosec®(rrfn), the infinite product being left for the com-
panion volume.

EXERCISE XIIL e.

By substituting +1 for z, and 23 or 23 +Z for o, in formula (10},
prove the following results (Nos. I-8). B .

ey
-1 e "
1. cos ng =271 [ sin (‘g+(_2"‘+_1)"'), Ke
0 2n : \

nel rr . . “'s X
2. eosn@=(~ 1j¥# =021 T] cos (B+5 ), if n s odd)

0 " PR\
3. sin nf ={ 13 on !.”1:[1 B m)i_f i o

. BIN fify = — — cos +— 1 n 1SN0
s Tl eos(B+37). it n 8

~1 24
4, sinng =2v1( ~ 10+ T cos (848 ST, if m is odd.

0 AW

n-1 < O B .
B. cos '}‘Lﬁ =2""'1( - 1}&“ II cos (ﬁ&’f%.:r’l—)w), if »n is even.
A

&, Show how to deduce Noa\.;:&;fd 5 from No. 1, and Nos. 2 and 3
from formula (12). N

7. What result can be daduced from No, 1, by taking logarithms
of each side and thon d}ﬁeg\entiatmg w.ir.t. 51

8. Simplify (0 i 6 sin (o +5)sin(0 + 2

\{313m 0 cin (6 +g) sin (e +’§r) sin (9 +3T"-).

; x; 2T 4
9. bsQiilfy {cos 8 — cos a} (cos § —cosa+ -3—)(003 §—cosa+ 3—).
N\ ’
\ Zn-t rr
"lﬁ_: Prove that [ tan (¢, +§-) =008 .
) o B
xR -1 . i . -
\ ’ 11. Prove that“H sin, 2 (qS +%f) =281 gin ndh sin w (—2 + qi»).
0
2n

n-1 1
12. Prove that > cot (¢> +(3"—J5—)’—’) = —# tan ng.
[1]

n—1
13. Prove that >, cosecd (:f; +%) =n? cosec? nd.
]
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14. AA, . A, s & regular polygon inscribed in a cirele, eentre 0,
and radius @. Pis a poin$ on the eireurnference such that 2 FOA, =8,

prove that PA, . PA, ... PA,, =2a" sin _ngﬁ .

15. A sguare AAAA and a reguler pentagon B,B,B,R,B, ars
inseribed in a circlo of radius o 5 Prave that the continned product of )
the chords A.B, is numerically equal to 2a20 gin 208, where 26 is the
angle subtended at the centra by any one of the chords,

2D
16. A\A,.. A, is a regular polygon inscribed in a circle copfrs'D,
radius g, and P is s point on the circurmnference such thab 7. PQA; =8 ;
Prove that the continued produet of the perpendiculars from P to
OAll OA&) e OAn is 2—ngn sin n6. " {4

17, AAA; .. Ay isa regular polygon inseribed in a'eitele of radius
@ of which A,C is & diameter ; prove that CA, . CA; N, CA, =an.

18. With the data of No. 14, show that the continued product of
the chords A4, is ninginte-1) 2

19. With the data of No. 18, if OB bjsét}s AjAq, prove that the
product of the perpendienlars from A Agh.. , Ay, to OB is g2ngi—im,

7
S

m-1 W 2_4
0. . P, QLT-':E__"_‘
20. If n is even, prove that 21"“(?‘-9860 P

~ ¢

N Tini o i g (2r —1im g
- Ii » is even, provej\h\a.t 21 Cosert o =5
¢
SN im-n
. (2r— 1} m2_1}
b R =1,
22, Ifnis Odd.’ 'p.r'c>9 that 21 cozen o )

23. If n iz gad; prove that the sum of the sgquares of the products
two at a tim@gf the cogecants of

OF 20 32 tnnpr | (n* = T)(nt —9)
O woanr Ty e g
R\ Hn-1)
Jand deduce that E eogec? ’i’fz(ﬁ’_—_l?!i?_ﬂl_} .
\ b ) T n 90

in—-1
24. Evaluate E coseqt %r, when 7 is even,
1

25. Evaluate T cosent M-, for r=1to £n, when # ja even, and
[_or r=1to ¥n-1), when 5 i8 odd.
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PARTIAL FRACTIONS

If f(z) and F{z) are polynemials in 2 of which f{z) has the smaller
degres, and if F{z)=(x- - a)g{x), where g(a) +0, then it is known
from Algebra thab

f@_ flm A h@)

Fz) m-ag® z-0 g

where A is independent of 2, and k{z) is & polynomial of smaller degreq \

than g{e}. N
The value of A may be proved to be ’IE——; < "'f;.
Alternatively, A = lim = F(;})}'(x) Thig limit can thanhe‘évaluated

z—a
by slgebraic methods; or, by using a theorem in the Calculus, we
Lave \ o/
= {(ﬂ’ ~a)f(z}} f’(a]
A= lim —-—-—-——~—'—'-— 4

&4 gFF{w}> iF(a)

It Flzi=c(z ~a )€ —a) - iz -u,,], where no two factors are equal,
repeated applications of the a.bove glvﬁ
\\ F(ﬁ) 21‘ Lo “r

where A, can bo f(}und by either of the methods deseribed above.
These. reeult«; are also true when @y, Gy - . are complex.

%

B 38\1‘ Express -—1-—1- ag the sum of three partial fractions.

N o
Sme xt - 1=(z -1}z -~ m)(.’.\;‘ —w?), where w=0i8 5 we ma.y write
AN
O 2 1 1 A B
Q RS S ST
gy gy FTE TR a5 e -
4, B, C may be evaluated in any of the following wayH :
N SR 1 o
(I}A_(l—w)(l—mg)’ B_(w—l)(m-wg)’ {wt — 1)(e® -

w w!

1
It may be shown that these give A=g, B=3 73
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with quadratic denommato

zero if ~l—+f§]2ﬂ

) ¥
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®—1 1 1
i = Iz =Jj_ T m—
(i) A ,Iﬂ;'x’—l ,_Iﬁx"-px-u 3
—w -0 1 I w
=1i = litn ——— == [im ~ r e =
B iflm -1 2.'_,“;:{;"—& x_::x"-kwx—l-mg 3 3
T~ - . 1 L _wt
C-= hm;—g-—: i ;—u:-)—&—_ lm ——— 2
Trwtt T Tl

PRI Y 3(»“ -§

)
R | . @tx_l] . 1 S )\
{iii) A= lim s = lim =lim _— <. g W™
a1 T — ' z—»la_g{xa__l) z—1 3 3 (‘.3‘:
- 11 LY
Similarly, B=lim % _pjm L. 1 o
amae®® =17 . B2t 32T 3
: . 1 2
and - C= lim xs g lim L. H

O
PR e S 3‘ 8’

':' 1 - %_' w juwt QO

zs—l—;-1+at - :c_m_(..\_g
Note. 'The last twa

fractions can af course be combined, 50 a3 to
give the ordinary result in real ; gl.lgébra,

1 2‘4' =z +2)
x’-~l“x~1_§3+x+l'
\

‘) »
Example 2, EX'PFQ?-"S m’%%:m_}ﬁ a8 the sum of fractions

The denommator is a polynomial of degres 2n -1 in =, which is

2rr T
=Cjg Zn =cis 2a, where a= ..
:

cis2a -1 -] 4teos 2a +1{sin 2a

Thm ves &= e 7
é cis 2 + 1 1 +eos 2¢ 41 sin 2a

"\';' 2 sin?g +24 sin g cos o

N> e

t8in aois

T e T = ————— =i tana;
2 cos®a 4 2{ sin ¢ cos g cos g i a
n—1 i ¥
* 2 _f] — )28 = o - kel ; _ H
S+t (l—xyn—gy ];[ {(x i tan 2n)(x+z tan 2:1)} H
nx

+— 58 1
—atana & 41 tan af

C T (1 —ge 24 {
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where A= lim 2nxl{x -1 tan a)
' s—itana (12 — (1 -2)?"
=~ Em 2nx + 2nfx ~14 tan a)
goitana 2n(1 + 21 £ In(1 - e
ttan a
=T 3 tam @ {1~ fan G N

- i ten a cos**a ¢\
= {cis a)F1 4 fois - a)m—l o\
L 3 A
_( ~Lyigina cos—“'*a (’&
(cis @)=t +(cis — ayt’ K7, N
. k) " v
hecanse {cis )2 =cis {(ra)=( - 1}7; \":}\

hence A, ={-1)'. 11 sin a cos*™ 3a,
Wrumg —3 for i, we have B,= —( ~ nr. ii. Q{x}x cos3g 3
. the expression

A ;
i $
Z{{ ~1r. %smacasﬁﬂ —&q (_—;_i'aaTﬂ x4+ tan ﬂ)}

{~1y+isina cos“‘“”fa tan

- z i xt +t&f13'a
__“;I( - 1 sm”aeos“ Ay re .
e : , where o T
1 AN tan®a

e,
- Ezample 3. Exp}és ﬂ—t?-:l—;-e as the sum of fractions.
™ &1
7N v
Nigysin nd
n tan ;ﬁu—:sm 8 =& polynomla,l of degreon -1 in cos @

~ tosnb 8 po]yn(:mml “of degres n in cos 0

Tl’\%ﬂomm&tor is zero when
N L_z_ﬂ- for r=1,2 3, s h
'

N" cos  =cos

Q», )
tan nf 3 A
- 1 t=3|,'r1'.=x - r(,;,- 1)

sin § 1 cos 8 —cos ————
2n

- 2r -1
whore A = iy M HARAO(COS O —c08 ) g o S r - 1)7,
L, sinf Zn

The valus of A, may be found in either of the following ways 1
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DA = lim ™ sinné cosf-cosa nsinng., cosf-cosa
i = lim — . =— im
@) A, s Sin B cos nf sina ,,, cosnf

n sin na | ~&in# | nsin na sm a

sine 4, -nsinng  snag nsnng "
. . mtan nd {cos 6 —cos @
{Il) Ar:hm ( : )
Osa sin @
N
a+d . a-p O\
2n sin = gin — D

= lim ———2_ » sinee na —nd =({2r - l)gi%)lﬂ ‘

8= Si0 & tan (na —nf)

4 A :
® \

2n sin =

= .4 N\
ii-_") tan ﬂ.(,ﬁ =L \¥;

, kitannd M N
U sng 24 x'?—ﬁ"“_‘l)ff
1 cos @ £, 5
Nule. This result may also be obtained as follows :

From Ex. XII. b, No. 4 e’nf:” 6- 091—21.“1):]
rom Ex, . b, No. 4, cogn 52 H cosf—¢ on H

2r -1
" log eos nf=(n - l)Iogg‘kZ,lo‘T[cosg (r2n )FJ

Ncuw differentiate each {rde w.r.t. 0.
)
\\ EXERCISE XII, 4.

1. Find the rea:l ‘partial fractions of N
\

afF—1"
2 EXPresg m partial fractions with quadratic denominatora.
n 845 1 1
e Wﬁ tha.t I T arar s B ——
L\ (1 +zp +(T-2) :«:’+ta,n2i;O 28 4 tan? :;g

@
—_— w dratia
\tlenéo Fﬁgﬁg vy —(T=a) in partial fractions with qua
v

costf . . .
‘5. Express —> " in partial fractions when » > 3,
cosnfl

6. If n in odd, prove that
1 Hn oD {(-1" {*1) }
et L TS S -
snf” sind 7 {Sm (9 + _) sin (6 _r_-r)
#n n
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oS {2r — D)7
7. Prove that 2 sin(n — 1) =% 2n
) gin fcosnl 7 (2 ~1)m"
cos § —cos——5—"—
20
. 2rw
8. Prove that —"omne __ "t i ({H?)
cosnfl —cogna G ( 2r:rr) .
cosf —cos{a+— A
. . &
8. Prova that o nf cosoo8 " 1 \..}

cosnl _cosna 0 oos § —cos a_’_g:r ~A
EVAND

1. 24
10, Prove that E % T — =n, \...,\\'
1 1 -cos ——2;;——- \%
A\
11, Prove that % *——'—(2}. 9‘1“31300;‘3;" B - I)”R]’
1 ]1-2cos --211’ ‘..\

N Y

according as # is or is not a multiple of 3%

N

—1
12, Express ﬁ-—2;':36m a3, & sum of n partial fractions.
n-1 TR0, nm’“ —1 T
13. Prove that e i 1

1 Ll i
zic 2w cos n +1

N\

£ ) n-1 COS:E
and deduece an expression for Z ———
T cos % ~cos
14, Provq’}
2rr
t T -G08 (B + -;-)

e :N a" cosnf} _"5
) &Za,ﬂa“ cosnl +ai o
\

- Qmacos(ﬁ +-2§) +a?

\,’ 15. If nis even and 2 --21 , prove that 7

tannf . o com, forr=1, 2, ..., dn-1, of

6
2 I _ 1 _...__)}
{ﬁcose°(4r+2)a(tanB+tsm(2?'+1)ﬂ tan 6 — tan (2r +1)a

Brar
18, Prove that sm 58~} E (- 1)'3111 =2 cot (B - -—)
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sin 40 8 por AT ¥
17. Prove that sT_n'_‘?_B—} % {~1) sngcosec (6 ——).

7
. I 7 * —
18. PI‘OVE‘ that Z—i ;g:% % ( — l)fgi_n 5_;“— CoOsen (ﬂ _t;'—) N
13, Prove that
sina sina

_ ginbd
in (i - a) sia (@ - 5) " 6in (@~ a)sin (@~ b) * & (z ~b)sin (6 -a)*,
ginf 1y . .. 2\
and express Sﬁ‘l(x——dl]—sin(—x;mﬁ_) in a gimilar fOZI‘g‘gl. 4
20. Prove that \ .~

. 4
BIN & o8 & }

=5 Bin ¢ cos g “.(
8in (z -a)sin (z -b)ein{z -¢)  ~mn {x— a)sin (a—l({&ﬁ(a —e)"
21. Prove that )
sin @ =5 sin @ ogafr ~n)
sin{z-a)sin(z -bjsin(x ~6) ~ “sin (= —a)gmVa —B)sin (g —¢) '
22. AjA; ... Ay is & regilar polygon inscribed“in a circle, centre O,

radius 2 ; P is a point of its plans such that) OP =z, and 2POA, =8
prove that €

n (@7 Aa¥)
(x? - a?}(xn ~2x%a" cosnf +o*")

<

s 1
Hie
EASY MISOELLANEOUS EXAMPLES

AXERCISE XIL o,

1. Express 28 —a“{(@‘s’%he product of 1 quadratic factors,
2. Express x° -+ +1 in the form I (z -a) and prove that

_ N Elw-a)t =622
3. Prove thaf/ )
x? — 3% 1 =<x -2 cos Q—W) (x-2 cos 4—“') (m —2cos 875)-
PN\WV 9 9

g
4. Ve that
F{Q Lig La

Y (1ot (1 g2l 29, 1 (x“ +tan? —)
SN ¥ 2+l
£ ) fi

} s _fr

atd’ deduce that Il[ tant o i+l

B. Express (z +1)™ — (z - 1)* in the form
n-1
' 2 2 T
4:@: 111 (x +cot 2n) :

-1 .
and deduce the value of }] (4 +ecot? ;—:: ) .
1
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6. Bxpress cos 56 —sin 20
cos 0

1. Prove that
cos T — 8 cos” 2 == cos w cos 2z (cos 2x - 2 con %) (cos 2r -2 cos 3—;)

a3 a product of factors linear in gin #.

Prove the following (Nos. 8-16) :
sin nf sin ne

. — 08 & i Bl opiall et 8
8. cos 8 - cos ¢ ig a factor of S d s OV
2n-1 rr : N k
9. JI cosS=21-2{ ) 1}, \/
1 L |\
10 nil 1 Int 2 N
, =}n? cosce? <5, 'O
2 L
% 1—con (q‘>+%f?—r) ')
@r ~ Y
1—xcos . >
o2 _=% 2 : D
In = 1 v
L4 4 ) oz con BT U7 pan N
(2n+1) s_ip_%2n+l)0 ;i,i‘ *q'"i_m;
cos (2n + 10 —cosa ~ g | Sah g &1 21T
c(:)ﬂﬁ €% on 1

13, fannf 1 2 Hn % __:T_S.@r___,
’ O o tente, -~ tanig

tenfd n n
where {"&,\swr ; 1)::-, and » is odd.
\ N/ ¥4
14, (2n+1) cosch, (E& +1)8 —cosee 8

7 >yl ra WY,
=Sy {cosec (B +2?_!~_—1) +-cosoe (9 [ 1)}

o AN
singd 1 5! in ™ oot (0 -7
15, .%:E ? {—l)"sn’-l A eot [ 6 =),
wherd\yn'and » are odd, and 0 <m < 2.
"'Nsinmﬂ 1R-1 . T ( 1‘11‘)
. =27 - % (- 1)rsin-— eosec | 8-~
AN Sl TR %‘, {(~1yrsin—~e e
\Wherem-f—nisodd, and 0 <m< A . g
17. Express cosec (x —a) cosec {x — b} cosec (x-c) -in the form
A cosec (xp— @) +B cosec {x — b) + G cosee (z —-c?, Whefre tA’ B, C are
independent of z; also extend to the case of 2n + 1 factors.
18. Exypress cosec (x —a) coset {m —b) in the form
A cot (x —a) +B cot (-8 )
where A, B are independent of z ; also extend to the case of 2n factors.
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cos’z
pin (z —a) sin (x - b) sin (z —¢)
Acot (z —a)+Bcob (¥ —8) +C cot (x ~¢) +D,
where A, B, C, D are independent of .
20. AjA; ... A, is a regular polygon inseribed in a cirele, centre 0,
radiue a. PQ, QR are equal chords, sueh that ~POQ =g ands

LA0Q=Ff. TProve that the product of the perpendiculars from
Ay, Agy ... s Ay to the chord PR is 21 %g™(cos na — cos n).

19. Express

in the form

p \“\
NS ¢
HARDER MISCELLANEOUS EXAMPLES o ©
EXERCISE XII, £, 3
1. Prove that cos 76 - cos 89 is divigible by 2 c03\§3 1 and find
the other factor.

2. Prove that

i , e\
({11 f‘;ﬁ;‘;‘;g;lmiﬂsg; =(16 sintf - 8 sin®Q \fs 5in0+ 8 sin 0 + 1)2,

and factorize the expression on the r1ghﬁ hand side.

ginmnf sin f
gin mb s rl
is & pelynomial in cos 6 of deg,ree anin —m ~n + 1, with factors of the

3. If m and n are odd co- pnme Jﬁ‘t»agers, prove that -

form cos @ —cos %, for values of r from 1 $o0 mn -1 which are not

muliiples of m ar a0\
LN\ L.
4. Prove that \\h”ﬂx =ch? H {1 +thz cot? (2r - 1) }

5, Writa down the Tesults obtamed by taking the square root of
each side in Ne. ™4, (i) if n is even, (i) if » is odd.
6. If R @Nvm, prove that

N i
"\ shne=nshrch™x [ (1 + th2z tan? -—)
\ 1

gn‘d ﬁnd & corresponding result when » is odd.

. \' Prove the following {Nos. 7-14):
7. 1-2cosnd
=(1-2 cos B)(l 2 cos 0 +27 —r21r) (1 -2 cosnB+M)
if n¥=1 (mod 6.

8. sing (i +2¢) sin nigp =22 ﬂ[ﬂil sin 2(¢, +’I;":) X
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: -1
9. cosnd: +gi = A=FTT & T
¢ +sinng=2"~H] sin {6+ +1 2}

—1
10. coga =271 ”r[ sin 2a+('w.
‘0 2n
oSl L 2a+(2r+1) .
1. ' § 2a+{2r +l)w _
? oot 29 = -ntana. N
n=1 ey A=l . or N
12. I Sm2(8 +;)+ I cogs(g_i_i):(u_“’ i m i odd. O\
0 ° " e\

N

cosf +gin 0)20 1 — _gip g)Entt B W
13. { ) {cos § — sin 0) =H(l—c 2”""(:’&526).
i 3

aniigin § o8 Pyt
? 0\.'
n C082¢d —cos&—ﬂ- \
I — T = -tan%ug. )

! - z A\
cos 24 cos{2r+1)n 'x;.\\

15'. Prove that the product of the perp@dj\ﬂam drawn from the
vertices of a regular n-gon inscribed in{the circle z*+y2="0a® to a
tangent to the circle #* +y#=260%is _\ [

o~ R
(§) {8 ] ;}-:2:.:3“ o8 nal,

where ¢ is one of the a.ngles“bét.ween the tangent and a side of the
polygon.
16. A regular polygoni"ﬁj}g ... A, is inscribed in a circle, centre O;
Pis & point in space fich that the projection of OF on the plane of
the cirele malkes nrbangle a with OA,; ry and ry are the greatest and
least distances of P £rdm the circumference, and 2a =7y +7y 2d=r; -7y

Prove that PAy.PA, ... PA, = /(s - 26"d" cosna + &),
17. Proyd fhat = tannf =3 sin 0 ,
U 1 {(2r=1)r
,\w cod f —cos —5——
& 2n
18%Fr 2 g T _ —1%
A ove that %}cot T %»n(f!n. 1) |
T w2 . {n-Ux
\ 8. Prove that 271 sin 5 S sin T:n.and deduce that

w
io log sin wdz = —7 log 2.
20, IFN;, N, LNy are the integers less than N and prime to it and
C‘=E. prove that 2™ sinN,agin Nya ... i Nya = 1, unless N is itself

prime, in which case the product equals N.
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21, I n,, 1y, ... ny are the integers Joss than 2% which are not powers
of 2 (2% boing reckoned as & power of 2}, and if a:“zﬂ%-}_}’ prove

¢
that [T see npa=22"-n-3,

pe=]

22, Prove that

L et m—-Dr (8-1)r+0 . =in nf A ¢
I {]I sin [(—hl- -(—ﬂirT-—J}Z:&'znaTn:;p oA

el “ges] 2\
and determine the ambiguous sign. W
23. Express siu as an infinite product as follows: ’“’4 ™
(i) Differentiate # cosec # and 6 cot. § ; hence prove, f0£)
0 <0< < g, that fcosec < ¢ cosec ¢, and & 0ot > b cot ¢
Deduce that
_sin'f 6 2 ( _il'_’&“ff)-
Sinz(f"J{l _'¢Tz‘<5‘30 81 ~§1n'2c,b 3
{ii) Ifn is an odd integer, and 7 takes the values 1, 2, ..., 3{(n—-1},
prove that, for 0 <o < 7, ) O i

Nos
®)

il + sin”f—b (1 22 3 O N @ . sinZ -
Sinz%_ <]T i:m’F}A: sec nH sin2r—$
(iti) Use equation (7), p.~.222,.and Exemple 7, p. 70, to deduce
that mij”( I—r::z) Iies\igﬁ\twesn two expressions which fond to

sinx/z when n—w .4,
This proves that,\er 0 < & < L
¥/

L) . ac =3
"\x:\ sinr=x 1:{(] - ;2;-2)-
{iv) Ibl}eé(&, ¢} < 4, prove that
o sin?j 6t . sin?g
AN ! " sinig sj1- .k;?':t"l = 860 9[ 1- sinfch

ékgfﬁence establish the result of (iii) for all valuos of .

V24, Use Bx, XII. b, No. 10, and the method of No, 23 above to
EXpress cosx ag an infinite praduct,



CHAPTER XIII
MANY-VALUED FUNCTIONS OF A COMPLEX VARIABLE

Logarithms of Complex Numbers, Definition. If w=exp (2), then
2 is called a natural logarithm of w, and we write z =Log w.

Thus, if u-+iv=exp (x +iy), then x +iy =Log (u+iv). e DO

Wae have seen that to any value of z, =x + iy, there correspofids
one and only one value of w, =exp (s}=oxp (w +1y), viz. ¢hglsy s
see p. 194, We ghall now show that to o given value ofyi there
correspond an unlimited number of values of z, =Log 13’\§ /

Values of Log w, where w=p(cos @ +1 sin ).
Let z, = +1y, be a natural logarithm of w. ) ‘i\\: '
By definition, p(eos ¢ +isin ¢y =exp {7} :jakp’(x +)
* =g%{cod g’;.—l’-é sin ) ;

sop=c® and ¢’=21mr +¥;

s ox=logp aud::}; = ¢ +2nm,
+ where log p is the unique logagitlt:lif of p as dofined in Ch. IV

- Log {p(cos ¢ +isin cp]x}"%]logw —2 +iy =log p +i(p +20m). .. (2)

_ Thus the natural log Ith of a complex number, 82 defined above,
is an infinitely manyayalted £ unction.
I ¢, is the pringipsl velue of the amplitude of w, 50 thab

O\ —T P LT,
we define tha;'p}i.ncip_a.l value, log 1w, of Log w, by the relation
\’%" log w=log p +itp,. rorerrereveenanerranneerssnnesk3)

By'wising tho results of Ex. VIIL £, No. 8, wo may express the

.ﬁ?lﬁﬁbh {3) as follows:
" . »
N\ 1t u >0, log (u +v) =} log (212 + 07} 14 tan—la.

. s v
NHu<d<y, log (u-}-iv}:%log{uz + %) 2 {ta.n“‘aﬂr , -{d)

" o
If w0, v< 0, log (u+iv)=}1og (12 +2%) +4 {tan—l 2 —r}-
AT, 241 Q

Q
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Functional Law for Log w.
Let w, =p,(cos ¢, +i sin $1) and w,=p,(cos Py +1 sin ¢by),
then, by equation (2),

Log ty +Log wy={log p; +i(p, + 2pm)} + {log p, +4 (¢a +2gm)}
=log p; +log py +i (P41 + Py + 2nar)
=log {p,p,} +e{shy + by + 2ni),

Also Log (w,w;) =Log {pp, cis (s + g} } ¢ \\\
=log (pypy) +4{h, b + 2k ; O

<o every valuo of Logw, +Logw, is equal to soptedvalue of
Log (wyw,), and conversely. >

We therefore write .»‘:\i
' Log w, +Log w, =Log (w,w,} RSSO 1)
In the same way it may be proved that 7 \\: .
Log w, ~Log w, =L'cg%:} Y ( ;)
and in particular Log;ul—;—,-';;l.og Wy iiiiiranas veenns(T)

where every value of either sidevia 6qual to some value of the other
sida, [N
Further, if n i3 an integqr,

every value of n%’e}w is equal o some value of Logwh, ...(8)

But, in contrast With (5) and (6) it is not trus to say that every
value of Log yum iS\one of the values of n Logw; for example,

Ldg'3* =Tog (cos = 4§ sin 7) =1(7 +2n7) ;
but 2 Log {22 Log (cos’—; +isin ’E’) =9 (g + 2m7r) =i(m + dm) ;
thus cm}} some of the values of Log {2 are values of 2 Log ¢; the rest
are ¥aites of 2 Tog { - i),
(T should bo noted that (0} and (6) are not neccssarily true

for’ principal valuos, i.e. i Jog is replaced by log. Thaus, in (5),
MAm wy -+am w, may be outside the Lmits, ~oto 47 ; for example,

Io (cis-33) +log (cis 3“) Sy Bord_ 3,
B\ g) Flog s g )=+ " =0

’ . [ 3 ' . 3= - £
but log [ eis (f -+ f)] =log (cls %?:) =log [ cis -2—7) = - %-
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Find the results cotresponding to those in equation

Example 1.
when (i) =0, {il) <0, v=0.

{4), p. 241, for log (4 + ),

(i) If v >0, log (3v) =log {v (cos% +4sin E)} =}log? +E f.

i v« 0, log {iv) =log {( -) (cosg —isin %)} =}logvt *52 .

(i) log w =log {(— u){cos ™ +isinm)} =4logv? b

Tt should be noticed that, in (i), § log v* may be replaced by log KJ:[»"
it cannot be replaced by log v ynless » > 0. e\

Example 2. Are the funetions (i) exp (Log w), (ii) exp"
one-valued or many-valued ? A

{i) If z denotes Log w, by definition w =exp (2}4; \\

exp (Log w) =exp (2} =10
valued and ggaal to w.

(ii) If 4 =p(cos ¢ +17 sin $), LOgW =19g':;>r‘(.¢ +2nr)é, by (2);

s iLogw=i logﬁ :—H: +2nm};
= exp (i Log w) =exp {- ((f),-t}{?ﬂéi'}} oxp (¢ log p)s 860 Pr
' =~ #3287 cis (log 1} '
- exp (i Logw) 1s infinitely many-valued

Q)
(;c.I;Og w}!

.

*. exp (Log w) is one

104,

Exomple 3, I g ié;;eal, prove that
A\

1 1+iz
N L
O Tan ™'z =gz Log e

Ko ! N | cosﬂ+zsm0=_l_L0 cis 26)
i If:c:"isiiie’ ﬁLoglréx_f’E sosb-dsmb 2 g(,
: by (2), =8 +n=r=Tan“m.

N e (20 + 20)
® .0 ‘ . .
#\"This result holds in the sense that any value of either funotion is

m‘; “équal to some value of the other.

]

A |

EXERCISE XIII. a.

’ 1. Find (i) the genersl value, (ii) the prineipal value, of .

§ ) Log1; () Tegii (@ Log(-Ds (HI% ( - 2i).
| 2, Find (i) the general value, (i) the principal value, of .

I (@) Log (1 +4) ; (b) Log (V%) (c) Log ( ~3+44); (d) Log { -3~ 4)-
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3. What is the general value of Log{-e)?
4. Find (i) the general value, (i1} tho prineipal value, of
Log (cos a +4 sin a), where n-Iir<ag (2n+ 1)z,
31.-;5 '
4
6. Bxpress log (I +cos 2044 sin 20} in the form a 145, givell

that 2 < 8 <

5. What are the values of @ and b if log (@ 4-ib) =2

2’ . ' 2 '\\\
7. Find the genersl values of {i}y ¢ Log; (ii) Log (1 +443.°
\+ 8

8. Bxpress log {144 tan @) in the form a -+ b, When(’—;'is: a5

8. What are the values of ¢ and & jf log (o 4;65};%(1 i)ty

10. Ifa <0< b and tan g =§, wherg - 1—; <aX g, find the values of
: 9. N .
() log (@ +8) - log (a - ibjy i) log : f:fj

11. Express Log (1 —cog § ~ i sin &) Inthe form a + b, giving rules
for determining its prineipal valug S

12. T (a+8i) log (¢ +di) =£ 1% ’express ¢ and d in terms of
a, b f g !
a-

13. T w=ecis éi, in \’xihat”sense iz Logl=3Logw? Express

N 3

gome other values of Leg\l in & similar form.
14, If logz=a+ b{%ﬁd zlog z=p + gi, prove that

Tan-1 ? =Tan—% _ &,
q b

15. What ;_ié'}he general value of exp {§ Log (a +bi)% when b=0?
16.- W"L@is'\jra the values of
N oxp {(1 +4) Logid}; (i) exp {{1+14) Log{(1+£)1t
1%.\What is the value of exp {i Log (cos a +1 sin a)} ?
¢ '\"18: Express Log {Log (cos 8 +i sin 03} in the form @ +4b.
:\} Y19, It z=x+iy and x4 1, prove that
log (z ~ 1) =4 log {{z ~ 1)2 4y +ita.n-1£,{—l + Feri,
and give the values of % for differcnt positions of the point P which
fepresents z in the Argand Diagram.

20. Give an expression corresponding to that in No. 19 for
log (z + 1), and answer the same question about %,
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21, Answer the same question as in No. 19 for log Z—:_——i, cansider-

ing the cases when P is (i) inside, (ii} outside, the circle {z| =1,
22, Find the value of logz{l%, wlhen z=cos 8 +4 sin 0.

23, If log H: —p +ig, and if p is constant, find the locus of

the point P representing @ +%. _Also find the locus when gis constand. O

24. Ii logz;zzp +1g, and if the point P representing 2 moyde )y
round the circle |2| =a, discuss the behaviour of g. Also state Shat
happens whon P moves on an arbitrary cirele through {g,.@) and
{-a, 0). AR

25, If log Z——i:ll:log (z +1) —log (z — ), Where 2=¥ -i;iw_i,(}ffrove that
#'is positive or zero, or else x <0 andy > lory <<l )
2>
} ) .

. The Logarithmie Series. It has been PLOY d on pp. 84, 85 that,

it -l<egl, ;w,’
m’ )@' .’5‘ +
. 10g(1+a:}-—x—-§ilr Sl S

We now proceed to consider {hé corresponding geries

E Nyt (9
t?{w,}?{"':'j——'z'-{'... ’ sarsanasaanarandniy

where v i3 & complgx\-}mnber egual to plcos ¢ +1isin ¢

. P
Since tho sores. P+t g e

< 1, it follows that the series (0} 18 absolutcly

. I
15 1 -
ronvergoyit for § < p The series (9}

eonvorgéuts and therefore convergent, for jwl <l

may p‘e written,

, \(I; cos ¢ — Lp* cos 2¢ +p° coS b -...)
\V ilp sin ¢ - bp? sin 24 +-§p* sin 36 = S PR

’ tely the two parts of this functiorn.

We proceed to evaluate separa f 1
A g p- 175, we have, writing —& for x,

{i} From Ch. 1X., equation (8}
- 1)r-1a™1 cos (n-1)¢

} +xcos ¢~ — @)*{cos ne +% co8 (n- l)qb}.

= 1+ 2z cos ¢ +2°

1 -2 cos ¢ +=z* cos 2¢ —..
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Bubtract each side from unity and divide by «, then
COB ¢ — & Co8 26 +... +{ - 1)Px" 9 cos (n — )¢

005 p+x +{ ~1)ran Heos ng +2 cos (n - l):,b}
1+ 22 cos ¢ + 28

Integrate w.r.t. r both sides of this 1dent1ty fromz=0tocz=p, then .

peosd —ip?cos 2¢ + ., +(- l)" cos (n-1)p A
: ¢\
=§log(1+2poos¢:+p’)+(—1)“K, N
where K—] #*eos nd +2 cos (n - 1)¢} dm (‘.‘}"
o 1+2% cos ¢ +a® O\ °

We shall suppose that 0 p<l. It follows that “n\ithm the limits
of integration, Jcos ng + cos (n-1)g| <2

and 142 cos¢:+m’| (1- 2x+x2)—{1% 2 > (1 p)h.
’ 2 N ,\ 2 1
i, m’H"I’c"(l “E <
. {KI=0, when n->c0; A also K—0, when n—>uw.
Therefore for 0 g p< 1, the ﬁrst Reries of {10} is convergent and
P cos ¢ —1p% cog 2¢5 + }p® 0033135 = =Hlog {14 2p cos ¢ +p2). (11)
(ii) Again from Ch, IX,\equa.tlon (%), we have, writing - for #,
-xEin ¢ +a? s Zé co (= 1)ty gin (- 1)¢
- ~ZA0 ¢ —( ~x)" sin ne 4+ { — — )+l gin (n—l)qB
” Oud 1422 cos ¢ a2
S amqb\xsm2¢+ s+~ D%t sin{n —1)¢

"\‘ 80 ¢ +{ — 1)*e"1{gin ng +a:sm(n—l}qf>}
O }+2% cos ¢ + a2

Irrtqgrata w.r.b. & from =0 to o =p, as before, then
NS

K]

N psin g - gp0 sm2¢+...+(—n"" -sin (n —1)¢
No
_r sin ¢ de
T Jo T+2w cos ¢ 122

where H:I x"‘l{smn¢>+xsm(n 1}4;.}(39;
P 142 cos ¢ +48

+{-1)"H,

]
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P gin ¢ do x8in ¢
In L 142 eosqb+a="’put 14z cos ¢
gin ¢:{L +x cog ) —~z sin ¢ cos $

=z, then

dz dz
= g%, . g = 2%,
(L+mcos ) -5 .- sin ¢ =(1 +x cos $) -

also 1+ 2% cos  +od=(1+zcos $) +° sin? ¢ =(1 +acos {1 +2% . N
oEind A
§1+pcoa¢ 1 gz 2 AN
1+z3 L] ;.\ w
and this, ses Iix, IV. &, No. 17, p. 7, iz the principal valus. of
psin ¢ '\\

L+pcosd '
{t];la,t, for0gp< ],
AW

.. the integral bocomes

tan—t

Also, by the same argument as before, it folio

H=0 when s o0, K¢ .
Therelore, for 0 < p< 1, the second series.of (10} is convergent and
P

) : . Ny  _psing
p sin ¢ —3p? sin 2 + §p® sin 3 . =tan " Trpoes gt {12}

Frora (11) and (12} it follows thatySf jwi< L,

w—iig w? w4+ e
2+3—4 . o
\ .y peingd
=§log{1-{:%¢:}}os¢+p’)l+ttw 1m034" vanesssn{13)

P\ -
Now  1rw=14pcos P +ipsin 3

1wl = +\~./{(1 +pcos §)f+ptsin®} =+ A/(1+2pcos P +p%);
also, gince L{p &os ¢ > 0, the principal vatue of the amplitude of 1 +0
% ; therofore the principal value,
Log Q\ o1 li“ equal to the sum to infinity of (9); we therefore write

wt wd Wt N
oW W W gl L erene(18)
log(l+w)=%-5 3~ * {wl

I8 tan log (1 +w), of

)
< \™
' The Circle of Convergence, The series (§) is not cenve}"gent when
hel =1, Ifwis represgnted by apoint P in ti'le Argand Dlﬁ-g‘[‘;l.ﬂ, thi
series (0} is convergent if P lies inside the circle || =1, an 11..;1 S:jia
convergent if P lies outside the circle |w]=1. We lthereforg ca i
cirele the ecircle of comvergence for the power series. It is usually

: i ried,
easy to determine the circle of convergence for a grvon power seried
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but in general it iz difficult o discover how the series behaves when P
liss on the circle itself. Here, we know from Ch, v,, p. 84, that
{14} holds for w=1, i.e. when P is at the point (1, 0) and that the
series is divergent when w= — 1, t.e. when P is at the boint { —1, ),
It can bo proved that (14) holds for all values of w for which |w| =1,
pxceptw= -1, i.p. for all pesitions of P on the circle of convergence
except the point { - 1, 0). Although a rigorous proof of this resuly™
is beyond the scope of this hook, we shall stats here some of the
rosilte which foliow when this fact is assumed. p \:\’

In (14}, put w =cos 2 +igin a, where a¥ (20 + U}, then 7\
log (1+eos a+isin a) =cis « — % cis 2a 4 § cis 3a o
But log {1 +cos a-+1 sin o) 7

. ...'\'\' gin a
=11 4 @) 2l P a1 S a
$log {(1 +cos @) +5in a )b tan Teons

'xi\\" 2 sing cos 25
=}log (242 cos a) -&étmﬁ“l -
Y 2 cost 3

AR _ a
=14 log (4 ms“"é) +t tan? (t-a.n é) :

< log |2 cosa) =cos g —’;:(:‘os ZatjcosBa—... ... (15
and  tan~(tan La) =sirQ: “dsin2a+3sinda ..., ... (16,)

provided that a £ (2 + k.
The sum to infiniti of the series in (16,) is the principal value of _

Tan1 (tan g) ; 't»]ixia’may be expressed as follows
¢/

- :n" a a
:..\’Tif.\_'ﬁ'{ﬂ{rr’ tan—1 (tan -2—>:—2';
~;\ if m<a<8r ten— (tan g):g——ar, ete,
'“I\ij"gbneral,
O i ay a
9, it (2n ~Ihr <a<(2n 4 i, tm—l(tang)z—m'nﬂ';
. a .
hence -2-~m.--_—sma-{;sin2a+§sin Sa— s {18,)

Alo)"in the exoluded case, a={2n +1}m, the sum of the series
16,} is obviously zerq,
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Dsing these results, the reader should draw the graph of
y=sinz—}sin 22+ sin 3% — ... s
which, he will find, is discontinuous at the points z =(2n +1)r.

For examplo, if #—-7 from above, y— —g, but, if & from below,

y— +7—2r, while at & .=1r, y=0.

Example 4. Find the sum to nfinity of

r sin a + % sin 2a + 3 sin Ja +... when |r| <L L)\
From equation (14), N
log {1 -reisa)= —recisa~ et cis 2a - 3% cis Ba Y -
since | -rcisa|=r<l ‘ 3
But log{l -rcisa)=log(l -7 cosa -4y gin a) '\\
'—TS]TI a3

=1log {(1-rcosaf+r® sin®a} +4 tzm 11 —eon d’

: v
sines 1 —#cos a> 0, (see p. 241); .’.\\
. 4. - —g‘s}.‘na . rsina
Jorsinatirts gin 2a +... = —tan -—,-,—:—:xm —_
—yreos & ] —recosa
Example 5. TFind a series in pou’ers of z, involving a, whose sum

to infinity is one of the values iy satiafying the equation,
tan 8 ==+ cot'a,, where |zsina|< i.
sin 0 oosg xsma+cosa

s B m\m a gin a

exp {8i)5 \cbs §+isin @ sina+i(z sin @ +eosa al

** axp (-0 cos B ~tsin 8 sma—z(xsma teos )

Cn¥ina+ecsa—ising ms(~—a){l+mmnaclsa}
sg_wsme PR T

T rsmna-cosa-—tsina —msa{l+:cqm gois{ —al}

s exp (20i)=
\:\ I+ycisa
(NY =cis(m —2a) - , where y=zsin aj
.§’~’ 1+yeis{- —a
a0 js any value of
N " Log eis (r — 2a) +Log

/AN

. \‘:“" r 08 =%nwi 4 (w —20)1:-!-2\[(—”“ -3

since [y|<1;
r L [ T g )
l5‘=’ra.:r+——e::+—.sl {( 1} ﬂ i i

{l+yusrz} Log{l +ycis{—at};

[usm—cls( —na}lts

=t 2 24

2
™ . . z® .
L Be=nr4s-atEsindsng Ty sinfe sin 2o 4. s
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Note, It followe from . 247 that the value of the series

2
xsma.sma—'%sm 2 §in 2z 4., J.shetween——2 and + 5

Thus the value of 8 given by taking 5 =0 is that solution of
tan § =x +coba which lies between -q and r —a,

EXERCISE XIIL b, .
1, If |2] <1, express ss a series of powers of z; \ \))
(i) log (1 ~-2); (ii) log (1 +2) ~log (1 - 2). « \
s log Ilt- always equal to log (1 +2) - log (1 -2), excluding"z +1?

2. 1If Jr| «<1,sum to infinity : r cos @+ 4% cos 2g *}4‘*003 Ba+..
3, If e nrm, sum to infinity

cos @ cos 3+ } cos?a cos 28 4 3 cos’a@aé 3B+...

4. ABCisa triangle such that b<e; ; me that ? is the sum to

infinity of t:.he Beries, gin A +2E sin 24 -;-ém— sin 3A ... .

5. ABC is a triangle, prove that EO is the sum to infinity of the
Reries

c8inB %c'sm.‘?B %cssm38+
a¥b T @yp) {a+bp T
6. Find the sum to m‘ﬁnty of

cos 6 sin G\t\i cos®d gin 260 44 c65%¢ sin 36 + ... s
(i) when 0 <@ <w, (ii) when r <8 < 2,

7. I —1—;{_: B E, prove that
“lé‘g (2 co= 8) =cos 20 - § cos 40 +4 cos 60 -

Wha,t n;\the sum to infinity of this series, if T 3 < g <

e N Fmd the range of values of x, if the surm to 111_t|.mty of the series,
'Bm2v~§sm4x+§sm6:c ,ls(l)x(u)x —T.

VoS Ifarwf (n+1)7, find the sum to infinity of the series,
8in 20 + L sin 48 +4 sin 60 4. .

10. ABC is a trianglo ; prove that logé 1s the sum to infinity of

(cos 28 - cos 2B) + 4(cos 4A —cos 48) +4{cos 6A —cos 6B) + e s
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11, Find the sum to infinity of the series,
cos @ cos /3 — % cos 2a cos 23 +§ cos Sacos 3B -y

where neither a + 3 nor a — § is an odd multiple of

12. If = % nr, find the sum to infinity of the series,

cosle —} sin?2x +§ cos?3z ~} sindz + ...

13, 1f y =% sin a + }2? sin 2a + }2® sin 3a +... , Where [ <1, prova O\
that sin y = sin (¥ +a}.

14. If y =z ~# sin 2x + 12 sin 4o - § sin 6 + ... , Whero ) ”\.}

t=tanp <1, prove that tany=cos Z$tanz. QO
15, Tf j2| <1, find the sum to infinity of the serios, ;"f}:
o sin 8 + b sin 30 + 325 sin 56 + ... 4 \\

.

16, If ~ >a>——,prmetha.b

i 4

(i) tan a sin ¢ — } tan®a sin 38 +1 tan®a sity 5}‘- .
1 +sm 2a smﬂ

{ii} tan @ cos § -} tan’a cos 38 +§ ta:n"'a cos 56 -
V" =1 tan~*({ten 2a cos 6).

I7. If (1 +z)tan B=(1 —x] tancﬁ and if |w|<l, expand & io
escending powers of ». \

18. If tan e =cos 2u tanldy and tan’e <1, expand ) in escending
powers of tantw.

i ) -
19. <6 <—-- \ﬁ}d the sum to infinity of the series
2 2~
Bog 8 -} coa 36 +§ cos 58 -

20 If |m}<1’ expa,nd tan™! 2’; €08 8 . asconding powers of #.

y \s'

_ Genglmed Indices. [f a is positive
E{OVed in Ch. IV, (see p. 63), thab
@ 2 an =enlog 6 =exp (n log @) vernsees{17)
to #{cos § +¢ sin G), where r% 0, and if n
it has

and n is rational, it has heen

; \ " Iizis complex and equal
| iz rational and equal to P where p, q are co-prime integers,
been proved in Ch. IX, (see p. 165}, that

L R POETT e k=0,1,2 .., (2- 1)

2i=z9=rT gis—
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We shall now show that this iz the same as exp (n Logz)y

- .8+ 25
%LOEZ:}'—;{'%’.?H(B +2sm)} =§~10g i B2 Jrq—f*‘f”fE

vo exp (n Log2) =exp (’—; log r) cis ?i-tfﬁf

P . Pl 2w
=exp[*+lo r) cis =
_ b (q 8 g '
P+ 26p7

-fore=0,1,2, .. (g- 1) iz the same as cig

pB & 2m

_-:\ _g‘
for k=0, 1, 2,.:. (g — 1) when p and g are co-prime. ",';.‘ )
. e N
r A 0
But, by (17), ex (—Io 1"):?"; $¥7)
y (17), exp q 8 RS
. v

& exp (n Log 2) =¢%¢jg , k=0, l,\2&... y{g-1):

A2 =gxp (R Log z), I\w\ ..................... {18)

fince cis

pl + 2w
g

where n is any rational number, and z+ 1N,
Definition. If z is any complex nuthber except 0, and if w is any
complex numbor, the function zv i dotined by the rolation
¥ —oxp I}%’Log z). ... e (19)

The relations (17), (18) show that the definitions of Ch. IV and
Ch. IX for @” and 2® are @onsistent with, and in fact suggost, the
definition (19). +$ )

Modulus and Ampli};de of 2%, If z=r(cos § +{sin 0), r+0, and
wa=u v, by (19), ()
2 =exp ('t i) Log 2} =exp {( +i)(log r +40 + %mi))
=e8B{{v log r —v(0 +2kw)} +i{vlog r +u(6 + 2%r))]
‘\-’:‘gxp {ulog r)exp { - v(8 + 2kw)} cis {viogr+u(d +2kx)}
LOSrm o 804265 cis [y log +u{8 +2kr}), by (17);
':\’jﬁ"'l =rle- VI Am(z¥) —vlogr+ u(® + 2km) + 2nm, ...(20)

mi’l’l‘ius £ is an infinitely many-valued function, unless v =0 and v ia
rétional,

Hyv=0and w=u= E, we have already seen that 2% is g-valued.

The principal value of 2% i defined to be exp (wlog z}; with the
notation just used, this may be written

r e~ cis (vlog r +ud), if —r< 6L,
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One special case of (20) should be noted :
gis =exp {ia Log ¢] =exp [fa{l +2Lxi)]
=exp (ta - 2kre) =exp { - 2k7ra) cis a;
;. writing n for -k, ’
eiz =¢fama (pog a +isina)e .ooeeens PPN -3 § |

Thus el is an infinitoly many-valued function, and cos a +1i sinag
is merely its principal value. Tt ia best, therefore, to avoid wx:iting\

. to)d Y.

iz for the sum of the series 14 (ia) 1(—;7)- +...; tho sum,:of' this

7

~\

meries iz exp {fu} or cis @ and is, like thess { unctions, ene‘.x?alued.
¢*¢ ‘

The Binomial Series. The investigation of the bigiorhial series

$im, z)=1 +%z +m(”%—” 240 ;i‘m\ ,2’z=+... , ..(22)
lies ontside the scope of this book. We aha}l merely state the facts,
and give some applications of thern in E®XTIL. c. )

(i) If m i a positive integer or ZEro, the number of termg in the
series is finite and the sum is the gnje-xr"a]ued funetion (1 +z)™, for all
values of 2. R -

{ii} Tf 2 is not a positive intéger or zero, suppose that m =a +if8.

{a) Tf |z| < 1, tho series isabsolutely* convergent, and its sum to
infinity is the princip'al’xza{ue of {1+4z)®, that is to say,

z{{fn',’z) =exp {mlog{l +2)}.

(b) If |2] =1, 28\ 1, the series is absolately eonvergent if >0,
and iz converg Git,”bus not absolutely, if —l<ag 0 and in Bltl:lel'
case ity sumn $opinfinity is exp {mlog{l+2)}. Ma<~ 1, the serios -
ie divergents/y” _ _

() Th =2 — 1, the scries is absolutely convergent if a0, and its
sum .t;%f:nity is0, Ifa=0,8+0,orifa< the geries is divergent.

(@)IF |2] > 1, the series js divergent.

o Note. Although the complete statement is ne:_zes.sarily elahorats,
there is one simple fact that cavers the vast majority of cases that
oceur: namely, on the cirele of convergenee, excluding z= - 1, tha
serios is eonvergent if @ > - 1.

“

Logarithms to an Arbitrary Base. Deﬁn_ition. Ii: ¢ is any one }Of
the values given by z¥={(, we say that w is a logarithm of { to the

base 2z, and we write (23)
LOGL=We  ornnrermnonssamonsurniniense sl
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By definition (19), exp {w Logz} —=2%=¢;
..+ by definition (1), p. 241, w Logz=Log {;
. D 114 _
o Loggc_w--Log;. ........................ {24)
¥ {=p(cos¥ +isin¥) and z=r(cos 0 +{sin 8}, then

log p +i{vr +2km) \
7T BT S LT TP SRRSO RNNON VU URERRITRI ..
Log,( log v +4{8 + 2nw) * ’,\‘(\J

_{logp+i(¥ +2k7)} {log r —i(6 + 2nr)} O
B {log r)* +(8 +2n= )2 N
which shows that Log,{ is a doubly infinitely many-vg{u:sd function,
&/
The principal value of Log,{ is defined by the rola‘ti}n,

log, _log¥

T ik tue i rairarastane s 26}
logz q{‘“ ¢
Note. Sometimes a more restrieted defiﬁi\,‘,}oﬁ is given for TLog,’ as

follows : If { is the principal value of 2%, thdn ¥ is called a logarithm of | to
the base z. »

In this case, w=Log,{ is equivaleg@’éb {=exp (wlog2);
. by definition {1), p. 241, w lope =Loz¢;

PR . _Log¢
Logzj'_w_-mgz.

And, in particular, LogJ\; %fc%r =.Log I

With this (IéﬁnitiOﬁs{;oézf is 8 singly infinitely many-valued function and
£

becomes identical with“Log ¢ when 2 =s.
\ \..3 -
EXERCISE XITI. ¢.

_~" .
Expressithe general values of the following in the form a -+4b or
in the I\'odhlus—amplitude form:

ne 2. 1144, 3. i, 4. (10
OB ()4, 6. (-i)y=%, 7. ¢, 8. etmi,
9 ens, 10, ¢5 -, 11, ¢, 12, =%

Write the following in & form which shows their many-valuedness:

13. Log,,2. 14, Log,3. 15. Logg.

16, Log,3. 17. Log e*ti®, 18, {cos —isinBJ"

19. What value does the definition ¥ =exp (w Logz) give for 11
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20. What is the condition for the principal value of %% to be of
the form a + 0z ¢

-
21. Prove that the principal value of ¢ 080 +9 iy ¢ Bcis (E log 2)‘
22. Find the modulus and emplitude of the principal value of &,
if # is & negative number.
23. Find the general value of %P xgexp{-60),
24. If p+ @4 is the principal value of (% +y} €T where x}@,
prove that 3b log{z? +4%) +a tmr‘yis a multiple of . \ s,
How iz this affected if z< 0 acnd TSI} N
25. Prove that the ratio of the principal values of Q*H)l T and
{1-4)1+iis sin({log2) +7 cos (log2).
26 Find the values of z for which #¥ =cigamr, |
27. (i) Is every value of 21 xz"2 a va.lue@'z\"ﬁ'w‘ t
(i} Is every value of z¥i+¥i & value of 2t xz¥ 1
(ifi} Are the prineipal values of,z:""l 2% and 20+ oquel ?

28, Prove that the points in the».&.rga,nd Diagram which represent
the values of etosa-+isine lig on $he equiangular spu'al whose polar
squation is r =ce~ fata Where’}og ¢ =800 &.

29, If |zl < 1, prove t.ha\ #\tNe surn to infinity of the series,

cos u + 0% !ﬁ%‘(ﬂ + 6} +?{i2 % cos (a +2EJ} e

x &in @
i5 {142z cos 6 +€2)2 cog {a +n¢), where ¢ = tan—1 Tizoosd"

b
30. I, m\t'l}e triangle ABC, a < b, prove that (E) cosnA is the sum

+1
to mfm}YOf I+nbcosc+n(n 5 ) 0320+ e

o3 If n is real, state the conditions for GONVOrgee

~\ -
AV (i) 1+ncos 26+ ( ) oos 48 + ...

5 of the seried :

1
{ii) nsm29+v—(? 5 }smew-l— N

end find the sums to infinity if

Fd 3z
(a} 2kr—§< 6 < 2k:r+§: (b) 2J'ﬂﬂ'+§_4942k“'+'?'
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32. If n< 1, find the sum to infinity of the series,

neina +n(;i —;-l—)sinza +Eﬁ%§+2)sﬁl3a s

if (i) {4k -2lr < a< dhm; (ii) dhr< g (4 +2)m; (lii) @ =2,
33. Prove that, if § < 6 <, the sum to infinity of the series,

1.3 1.3.5
l—}cosﬁ-}-mcos%—m

is&cosgv‘m sec}f). Find the sum to infinity if » < @ < 97. K\

cos 36 +...

34. If ~Z_< 8 E, prove that cosnfcos™d is tho sum to iMGhity

of the series, NN
1 _n{n2~li- l)tacngﬁ +n(n + 1} (n4-'+'2) n+3) b

antg & &,
e . R ™ 5% ¢
Find the sum to infinity i T< i« I O
35, 1f [z] < 1, find the sum to infinity of thie series,
sin 20 + 2a sin 30 + 3x° sin 40 +4xMen 58 + ...,

- The @eneralised Inverse Circular ap’d “Hyperbolic Functions, The
function Tan—1z is defined to bo afy*value of w which satisfies the
equation, z=tan w, The otherYuverso funciions are defined in &
similar manner ; oll of themate many-valued. Thus

Bin~lz=nw 4{ - 1)® fgi,n‘\lz, Sh~1z =nmé +{ — 1}" sh~1z,
Cos™ iz =3nr L co;g(g," 4 Ch~iz =2na{ J-cli 1z,
Tan~1z =ngr 4 tdy-12, Th—%z =nwi +th 1z,

The inverse hyperbolic functions can be expressed ag logarithinie

functions, Fof éx¥ample,

Iob Th-deles, then z=th w="P 2} -1,
\ oxp (2w) + 1
.‘\ . 142
N3 o exp {2w) =I—_2;
ey
"\ ! +z
b S 2w=Log -———;
vV 1-=z
l+z

S Thlz=w= Log i e (2T)

In expressing the inverse functions in the form a +4f3, eare is
‘squired. The work for Tan—i(z 4 iy) iz given in full bolow, and the
other results are statod in Ex. XTIT. d, Noz. 15, 16,
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Expression of Tan~!(x +iy) in the form & +i3. From the relation,
Tan~!(x +iy) =a + i3, we have
tan (@ +13) =z +dy; .. tan(a —iffy =z -iy;
sin {{a+i8) +(a -iD)},
cos (@ +43) cos (a =1f3) T
sin 2a =
[ e . 143,
{[cos {a +if)]}* s p 4.3,,
R RO
. i +13) si -t A
Alsa 22 +y= ={x -H'y)(x —ty) S%_:-——EZ +:’g—"j3; com;l ((Z _fz‘)z\“,
_ch2f-cosfa, "'(”"5 '
= gos 2a tch 2,8\\

S 2pe=tan (a+18) +tan (a ~if) =

N

;2=

PN 1. BN L.
e s Baren 28 {jeos (aFeB)I}t

* &in 2g has the same sign as 2, snd 's‘\o‘s. @ has the same sign
&gl -t -y )

c. #in 2azcos Qa:l=2x:1-4° —y,’;ﬁ-"&‘/{éx‘-f(l -? -y} (28)

Unless both = and 1-2*-3' @.Ifg%:fs;e1-o, that is unless =0 and
¥=+1, equation (28) gives ond, tnd only one, value of 2a, say 2d,
" such that —m <20, < 7 snd the general velue is given by

9q =ik + 2a, OF a=n¥ +du

]
L

. N\

- where - <d, ég-\\.

e\ . . (z+iy) -z %) ,
Also  tam2B =ton {(a +iB) -(a —if)} =1 H (o 4y —ty)

N L 2y,

,\\i\/ _ “‘thgﬁs_l-t-w”%-y"
R\ - fexp (4) -1} {142t y?) = {oxp (45) + 1243
O o L ep BB T Ty

N

which gives a uniqué (real) valus of B, paraely
a? +{1 +'y)3;
tos oy =yp
C g, ste(ley? 29
A Tan"l(x. +iy) =5+ 8+ 1 lng —x's:{T:y}g, pewmanns ( )

% A B
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where a; iz the unique angle satisfying equation (28), szeh that
* w . '

R R 3 For the principal talue, we have

2%+ (1 4y

- .. .

tan~¥(z +iy) =a, + i log = s RTINS (30)

The function Tan~z +¢y) is not defined for either of the pairg®
of values, « =0, ¥y=lorwr=0,y= -1,

N

. . '\
Note. The reader should observe the necessity for determi.nfng.t\-hé “Bign

of 8in % anr cos 24. It might scern to him quicker to say 4

an 20 = tan o 4 i) e B (i) e

tan tan {{a +48) 4 (a 30! =G+l ~i) L—:Fry!

¢ ?

aod to deduce that o =} ’I‘un—l‘I _if_yz, but this givt:} two values of a
hetween —7—'?: and +-§, and it is evident from the previoim work that one

of these is incorrect. . .\\:
Also equation (28} iz writlen in g ymporti I:Q'orm o avoid considering
separately the specinl casen § — g8 — ¥Fie=0, a0, :

EXERCISE XiII, d,
1. Prove that, in equation (Z{I}fif ®+ 24 1, @y may be replaced

by bew + 4 tan—t TT-_i:‘_"_fyé- whirs

W E=0i 24 g2 < f S ) B2, i 2t sy ) ang 5> 0;
(i) k= -1, if T2y?> 1 and x <0,

.2 Prove that(Oh #=2nmwiti cos%2; find similer expressions
tor Bh 1z and Th-i2) : '

8 Trove thadt Bh—1z = ing 4 ( - 1 Vilog (= + 4/(1 423)).
4, Provgtﬁrﬂ.t Ch—1z =nrtlog z+ V(=% -1,
5, 1 cﬁ}*‘(a +43) =u +iv, prove that
() Becu ~ 4% cosenty — 1 3 (i) o® sech® + £ cogechty =1 H
(i) cos’s and el are the reots of the equation :
O AT =M1 +at 4+ %) a7 =0,
v/ 6. If sin~1(q +18} =t +iz, prove that sinty and ch® are the roote
of the equation RIS - M 5% 4 a8 =0, :

7. Prove that one valus of Tgp—1 gf—:%,--where e2>y>0, 18
log Z1¥

‘{_i
27" gy

[SE]
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"\MAB, If sin—}{cos x +1 sin x)

'\;"
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&, If ch™!(x +4y) +eh1{zx - iy) =cha, prove that
2{a-1x*+2{a+1)yt=a*-1

9, If Sin—1? = +4, prove that u= 2:1;.-'-{—% and v= 4 log{2 + +/3).

10, Solve cosz=1}. 11, Solve sinz=13%.
12, Fvaluate Cos % —2:6). 13. Eviluats Sin—i.
14, Bxpress tan-1{cos ¢ +isin §) in the form u +tv, if . N .
: oA\
{i) —§<6<2, (11}‘,494%. :\'\ o

15. If Cos=F(x +iy)=u+ir, where x>0 and y=0, [{:‘o\xﬂ that
{i} coss and ch®y are the roots of AY {1422 +_;’) '+§vs =

{ii} ch v={, +1, and cos u=f - Iy, where t, = +§¢{(x+ 1)2 +y2} and
t= + L/ {{w - 1)*+47 ; (iii) sin 2 and sh e *are of oppomte sign.,

Deduce that Cos2(x +iy) =2nr L {cos™{f ¢ Q Zich™{t; +i}s
whera O<cox 1t -4 < E and 0’<x\cl‘1“1(t1 +8,).

18, If Sin~{z +éy) =u +iv, whera a:> 0 und y > 0, prove that, with
the notation of No. 15,

Sin~1(z +9y) =nr +{ - l.;"‘{’sm-l(tl —tg) +1 ch—1 (£, +falhe
where ' 0 < sin 1(.‘51 t,) 4 and 0 chi{t +1).
17. It tan (a +s‘8}<\aﬂ ¢ £§ sec §, prove that, for 0<$ <
© S ann +§egs () foilog oot 2.
Find they Ka.luef; of 2a and f for -3 T,
18, R{ave that, for rea.l values of 0,

y L 748
Sm‘l{coaecﬂ}—n:r+2+t og cob —5+

=14 +4v, prove that, for principal values,
- cos )
(iy i 0<:z:<7r, 4 =ain~ (———-——-——\/“ T em )
v .—-log{\/(sm z) + /(1 +sin 2} s
— €03 %
(i) if < z< 2r, ¥ =8I (W——sﬁ_x_} *
p=log {+/{ —sin ) + (1 —sin x)}
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EASY MISCELLANEOUS EXAMPLES

EXERCISE XIII, o,
Express in the form & +31 ;

eniy T

1.6 2, (n integral), 2 o=ty 3. (sin 0 +icos B)f, . o
4. Log {Log {cos 8 +3§ sin 6}. 5. tan {8 ~ilog (ta;n -g)} "\s\. ‘
6. Find all the values of (1 +ate, . e\ N

T. Prove that, for 0 <z <, S o

log sin (z +4yy =3 log {ch?y ~ cos®) +4 tan—Yoeot t'th yY.
Find a similar expression for logsin (& -+iy), if = < x&(-l and y > 0.,

8 If log tan (4 2) =¢, prove thot B =1 T@gcot( +3 ca)
8, Sum to infinity: -

X

90%8_9 20—-6 0339—3-—+sm419msa

16. If sin §=th ™ —' and if cos @ ‘;vU prove that one valuo of

3m
 {tan™ exp (6»)}"‘ +{tan1¢ exp (—0iimis 2"~ F om

11. If tan _—2 tan £ ,aﬁd if0<axn, 0< B <, prove that
1 \\ :
i3 Sll’l ,8—;« e sin 283 . g ssm 3B+...=3a-p)
12, 1 (] -f;tanx ={1 +c}tan(x ~%h and |e|< 1, CXpress 1 a8
& series of pawers of ¢, involving a.
13. ¥t 2_;-'m;~0 < 4w, find the sum to infinity of the series,
&N\ " sm8+§sm29+551r138+

140 If 0 <0< 27, find the sum to mﬁmt‘y of the series,
“\ 3
"\ $sin 8 + —Esm 20 + 2 -
—%
15 Itncl and o« 0 <, prove that cos 7¥ (2 cos 9) is the
FuEt to infinity of _ 2 2

5 .
63m33+....

+1) n(n+1){n+2)

1- ——cosﬁ+—( cas 26 - o8 30 +.,. 4

I
Find the gum if -« # < 3.
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16. Find the swn to infinity of the series,
¢08 @ cos 0 — } cos®0 cos 36 + ) cos®l cos 66 — ... v
" 17. Find all real values of z, y, such that log cos (@ +1y) ={tan=1%. °
18. Find &ll the values of z, if #* =¢g(cos g +1 sin a).

19, Tf -5 <6< G find the sum to infinity of -

i 4 1.4.7
3sm30+g—63m68+3 5 grsm‘?ﬂ+.... ',\:\
90, Prove that, if Th-}(tan z) =a +ib and }i Sec™(cos 22) =’$' 3id,
then o= +c. N e

HARDER MISCELLANEOUS EXAMPLE&
EXERCISE XIIL f.
1. If log sin (= +iy) =a +35, prove that 26"’\:{3}1 2y - cos 20,
2. If [h} < 1, expand log {1 +2h cos 8+h&i’:n powers of h.
3. If tan—1(£ +in) =sin (& +iyh prov‘e that
£ o = (w® +y) V (3 + 2088 +yt - 2ot 2yt 1)

4, Simplify sin (Log ¢ B, LN '

5. Prove that, for @ >0, oug Svalue of (1 +bi}
if 45 log (a2 +b%) +a tem‘{*; is an odd multiple of d

athi is of the form vi,

6. 1f tan log (a$ xé)‘—::c +iy, where = ++ 1 prove that

o =(1- —z? - ‘J tan log (a® + D)
7. Ifch -.taoy') =sec (u+iv) prove that
{\} tansu —shiz goctp; (i) thiy =gech®z sin'y.
cosix = 4 (= 1'?”)—-2 tan~1{tan x th
8. ‘\mve that 108 oo 15T y) 1 {tan y

\ 9 ¥f 3 tan (0 —g) =tan 6, prove tha.t one value of & is the sum

T 7te infinity of
Ve sm28 sm48+31n69
\ 2 22 3 23 san ¥
10. 1t _1’.<a<.’.25, find the sum to infinity of the geries,
3 1.3.6
l+~}cos29——1—4cos48+ 14 Gcosﬁﬂ ﬂ"ﬁ°0889+""

11. If 0 < § <, find the sum to infinity of the series,

cos f-+§ co8 30 +1cos B+ e
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. } 1 x4y ~1 . .
12. H the principal value of 5 log iyt B ¥ +iv, prove that,
when y tends to =ero through positive values, « tends to r or zere
according as x does or does not lie between — 1 and + 1.

13. If 0 < = < 7, express sin{x + yi) in the modulus-amplitude form,
4. Tf tan (x +4iy) =cot f 4 cosee 0, find the principal valugs el
# and y in terms of 9, (i) if 0 < 0<3s (i) if —;£< 0<0.

N

¢ \A
15. Prove that one value of Sin—t -5‘/—;’5—93 is cos1f +i {0p'2.
16. If ¢ > 0, y > 0, express Ch—! {x +dy) in the form,,cf—? 1.
17. If n > -1, find the sum to infinity of the sfgﬁeﬁs,’
1 -1 n{n-1)(n-2)(nsB)
Tt 4l w

18. Find the sum to infinity of tho seriﬁé?§\'
eng § cos 20 coui39
T.2 2. 5t gse
(1) if ~7 <0< s \(Hi} i 7 < 0< 37,
- 18 Iy =log tan (g + ;), P}"E;\Eé that 2 = - { Log tan (%TJ + ;i)
1f y is oxprossed as a cm.l{féi'gent series in powers of x,
m\qﬂ: +ogr® oS+,

and if & can be e (n}%faéd as 8 convergent, series in powoers of y, find
the expansion forxgu powers of y.

N\

20. Prove {h;x’b §:Eﬂl_;§1$’ where X’ denotes that terms for which
N 1 3
n is a multiple of 3 arc umitted, is

o n,.
(i) — 5, if <o

sy TN W o T 2,
\1in\q0<w< ; (UJO,Lf3<m<§. 3
.23 Determine the conditions under which

\ S {i) cos;—r cos 0 + § cos gg-r cos 20 + } eos %?_r cos 36 4 ...
=« }4log (1 -2 cos 6);
T 2w Sar
3 k) )
22. Ii P, P}, P, represent the complex numbors 2, 2,, #;, and if ths
balf-line from P paraliel to Oz either cuts P,P, axternally or does not

cut P;P; ot all, prove that log i -

{ii) cos 3 sin 9 + § cos 57 sin 20 + } cos 57 sin 36 +... = - 30,

:‘ =log (z —z;) ~log (2 — 2}
a



CHAPTER XIV
MISCELLANEOUS RELATIONS

Wumerical, Bingle-leter, and Two-latter Tdentities,
Example 1. Prove that cos?0 + cos¥a + 0) - 2 cosa cos § cog {a+8)
is independent of 6. A+
Firsi Method, The expression : R\,
—cos?8 + cos? {a + §) ~ {cos (a ~0) +cos (o +0)} cos {a —M?)
=cos2l —cos {a - 6) cos (a+0) R N
=1(1 +cos 28) - §(cos 20 +cos Za} \'(;
=31 ~ cos 2a) =sin*a. O
: Second Method. \
' I f(B)=cos8 +cost{a+6) -2 cog q cos Bx§§\31a+0].

N

d%f{ﬂ}: — 2 cop § 5in 8 — 2 cos (2 +.ﬁj~é‘im {a+8)

+% cos a{sin @ t:991<}ei+8) +cos 8 sin (a +0)}
= — {sin 26 +sin (2a +2ﬁ3}"+2 cos asin (a+26) =0;
;' s fle)is jl‘],tft‘:f[ialldentu of 8.

-l Phird Method. Take a circlaiwith diameter OD of unit length, and
¢ + 8 with that dismeter, as

draw chaords OB, OA makihy angles 6, @
in Fig. 79; then OBs=pos §, OA=c08 (a+0),
and AB=sin a. THelexpression A
— OR2 + 0AEAZ0B , OA . co8 AOB =ABY,
which is indepeiient of 8.
Fourth ﬂ{{’tzmii. Take a triangle ABC having
4" _g-gq, snd hence C=a; then
Fla. 79.

A:g-‘% I ’-:2
G”=a“'} t_9abcosC;

"\:".’3511120 —gin®A 4+ mniB — 2 5in A &in B cos C;

A e msint (T .Sv_r_“)

.\‘ ..sma.—smz<2+0)+sm (2 0-a

E ' -2sin(g+9>sin(7—;—-9—a)cosa
=coa2f +cost(o+ ) -2 cos 8 cos (6 +a) cos d.

It should be noticed that the geometrical methods have to be modified;
or interpreted in accordance with certain conventions, for some values of
a and ¢, )

=3
o

263
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EXERCISE XIV. a.

Prove the following :
1. (cos A +sin A){cot A +tan A) =cosee A + soc A,
2. (2 —cos®B)(2 + tan®B) =({1 42 tan®B}{% — =in®RB),

3

+13.
14.

15,

i6.
i7.
18,
19,
20,

21. 4

5an?C + cot®C =coseci( sec!C — 2.

2 cos 5° 377 307 = /[2 4+ /{2 + /(2 + vanl

4 cos 247 cos 36° cos 84° —gin 18°.
tan 9° —tan 27° —tan 63° +tan 81° =4,

4

. 1
. I gec D +cosec D = v'2, thon cos?D +sin®D = — v

- cos? 224" — cos? 671° =gog 45°.

&/
¢08 12° +-cos 80° 4 cos 84° =cog 24° +eos 48% "‘\

. &in 40° sin 50° =gin 30° sin 80°,
. tan 20° tan 40° =tan 10° tan 60°,
T @iy:z: 1 =gin40°: sin 60° : qmslse

221971 z=-1=y 2z
cos’ 14° —cos 7% cos 21"-—5111’ N .

If tan ?—t then tan 0+sec: 8‘—-—-+—t

1-

N >

If cot A —tan A =z, then tan 4A = i

N

\ J
sin 20”l
Yz,

N\
If sec 2A =2 +saéj‘,’ then coz 2A tcos 3A =0,

cogec 26 +00t}6 =cot & — cosec 48,

4(cos 26 +cos.’66)(cos 68 -+ cos 86) =1 +sin 150 cozec 2,

cot*0 +-Baft¥ =& cosecd20 — 6 cosec 26.
sm{{f@n 39 +cos?? cos 30 =cos20,

i 60° + 8) +5ind (60° - 6y = 33 003 6.

225’.3‘5&119—2cat9—0030028—500t26.
~23 Iia+ 8=, thnn( +mng)(1+tan§)=2.

24, ¥ tan®A =1 4 2 tan®3, then cos 28 =1 + 2 cog 2A.

25, If tan 29 =p cosec 2a ~cot 2a, then tan (28 - —a) —“::

28

If{t+3 sm“:,ﬁ)* =sink 10 +cost 18, thon

{1+3tan?p) tan 0 = + 2 tan3d,

then

3

+1

cot .
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27 Tf (1 +e cos ¢)(1 —&cos §)=1 —¢?, and ¢ is not zero, then
(1 -e) tan®}a ={1 +¢) tan?} 3. _

28, If sin 0 : gin ¢ = 4/(1 —2¢ coz 6 +¢?): v/(1 —2¢ cos ¢ +¢?), then

(1 -2ecos & +e3)(1 —2e coa ¢ +e*) =(} — )2,
29. cosla - cos(e + 3) =sin?f +2 sin a sin 3 cos (a + ).
30. cos 3a +cos 383 N\
=d{cos a +co8 J){cou a + 120° +cos B)cos a — 120F +cos Bk, +
cosia | sinfa D
sos 3 om B \
32.1f {2 cosa —cos2a)sin 33 -{2sina —sin 2a} cos 3{)’.(:‘3"51@ B

31, If =1, then sin 2 + 2 sin (a +8) =0 \

N

7

a ging &
and a= 2(3 +nr), Fhan Eosa—?"mﬁ' m\

Conditional Identities. ¢*{
Exzamgple 2. 1f A+B+C=m, prove thatJ
Z{sin*Asin®B +sin?C - sin?A)} 8.7
— 9 sin?A sin®B.8NC(1 + 4 cos A cos B cos C).
We have Za(y +e)=(y +z)j(z’;+‘x)(x +y) + dxye.
Putting b* 4t -a¥ ¢ K04 - 19, gt +bt —c? for o, 4. 2,
the identity gh\.!es O
S50 (B? 1) — a3 = Satltot + 4(b3 + 07 —at) (et +a? - D)@+ D2 - %)
R ‘: —8athic? +4.2bc cos A . 2ca cosB. 2ab eos C,
whers A, B, & aﬁa'ihe angles of the triangle with sides g, b, 6. Since
G:b:c=sifAY sin B : sin C, it follows that
7\ .
z Q{rﬂﬁ.(sinQB +2intC —sin®A)}
A\ —2'sintA sin?B sintC(1 +4 cos A cos Bcos C).

pd .,,\I;';ca-mple 3. If x4y+z=»40, prove that
; ( Z sin Sx)[cos {20 +y =) +cos (26 +2z —x} + 008 (20 +x-9))
= = —E{c0§2(6-y +z)sin 3z},
The left-hand side may be written

3 {sin 8= cos (26 +y -2)}
+3 {sin 3y cos (28 +% —y) +8in 32 c08 {28 +2 -z)}.
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The first of tliese termsg o
=2 {sin (20 + 3z +y ~2) —5in (20 -3z+y-z)} .
=2 {sin (28 — 22 + 2z) —sin (26 - 22 + 241, since = +y+z=0
={.
The second term

=42 {sin (20 +x +2y) —sin (20 + 2 - dy) +8in (20 + 4z — )
~sin (20 — 2 —m)}'.\:\'
=32 {sin (26 +y —z) -sin (28 +@ — 4y) +8in (20 + 42 =T} o
-sin (20 4y —2)}
-_—}J{cc)smﬂ;2y+2z)sin(2y+2z -x}} RGO

= —F{vos 2(0 —y +2) sin 3z}, since z+y +z=“0r\'§:’

EXERCISE XIV. b, Ny

In this Ewercise, it is to be assumedﬂi{lét A+B+C=m, or thal
A+B4+C+b=2r )

Prove the following .

N\
o/

1. cos®A +cogB +eos'C 42 cos AEOS BeozC =1,
2. &in®B +sin®C — 2 sin B sin, & oz (g +A) is gymmetrical. .
3. 1+cos 2A +c0s 28 44bs 20 = — 4 cos A cos B cos C,

N\ 3A_ 3B 30
. . "M 3A 3B 3¢
4. sin 3A 4 5in 38 -Kéln' 30 = —4 cos 7" €08 "5 008
1-cog A +oga Btcos O _
" T+cos A 26088 —cos G - 1an 3A cot §C.
A

8. cos %t{GDS;—; - éGS;—) =4 cos HIA cos E-I—B cos L;Q
. ann Sin’A +5in 26 €in?B +sin 2 sin?c
N\ =sin 2A sin 2B sin 2C + 2 ain A sin B gin O,
B8inA +5i0*B + sinQ _
WO =2(sin®Bsin®C +8intC sin®A +sin%A sin’g ) - 45in%A sin®B sin*C.
V

9. sin 5A +sin 5B +-sin 50 —4 cos %_coa —5-2§ 20s -5}9
10, 4(cos%A +costB 4 cdsEC)
=4+ 10! (sin 3A) ~ 571 (sin 3A) + 1L (sin JA).
11, sin 2aA +sin 2nB +8in 250 = — 4 ¢os a7 gin nA sin nB sin nG.
12, cobtA +eot B +cotQ =cot AcotBcot C + coser A cosec B cogee O
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12, (tan A +tan B +tan C)(cob A +cot B +cot C)-sec AsocBeecC
18 constant.

14, Tf

cos A =cot 3 cot y, eosB =cot y cot q, and cos C =cot a cot 5y

then cos?a +cos®f3 +ecos?y=1.
sin A +sin B sm%B
snA+emC sinLC then B =0.
Deduce that, if two angle-bisectors of o triangle are squal, then fke

15, If

‘triangle is 1sosceles 2N
16, I {m +n) tan A +(n +1) tan B + (I +-m} tan C =0, tl;en hy
: T{{m +n)? tan A} = Z{(m —n)* cot A} N

7. sin Bsinzsin (B+& -y} - qansm(B—J)sm(Axtz ~ x)
+gin (A —2) sin (B - J)sm (C —z)'<sjn 2 sin y sin 2.
W+C . A+D
18. &in A+smB+amC+st 4sm—- —‘Q&L-— = sin =g

19, }{cos 2A +cos 2B +cos 2C +cos 2} \
=cos (A +B) cos (A -+ C)Cos (A +D)

=cdz A cos B cos C (‘,cis {7~ gin A sin B gin G sin D.

90 tan A ta;_l B - t&rﬁ_tan D fsgm (A +0}

tan f3 + +tan y 2 sin 2,6’ 4 5_*._1_11 2y . .
Htan e i+ +tan ,(i’tan ¥ then sin 2o =y +8m 23 sin 2y

21

22. 1f tan b= i’%{%h;i then tan 6 = Es‘fﬁ‘c’l‘):’a
23. qmamn{[i -y)+sinﬁsin{y—a}-f-sm*/sm{a - B)=
and deducn thias e )
sin® ) +8in®g sind(y - a) +&in’y sin*{a —
qgm:(ﬁ—gsmasmﬁsmysm(ﬁ —y)sin(y - @) sin (e — 5}
24581!1,831117%111(,8 7}*‘-—8111(‘8 —yysiny - a)qm{a 8.
20 ¥ sin Sa cos (S -}
=gin (a + 8 +7) {4 cos (f§ ~y) cos {y-a) cos{a ~f) -1}
26. E{sm 3a gin (8 -y} —tan (a+8+yk
T{cos 3asin {5 -y)}
27, Tain Bsinysin(B+y) o
—Bm{BEy)s?r’l(y+a)sm(a+B) 2 gin asin Bsiny cos{z + £ +¥)
28. < {sin 2a sin (y -~ B =Tsin(B -7} T gin (B +7)

29. If cos 2a+23mﬁsmy-—0 =¢os 23 +2sinysin @
in general, cos 2y +2 g o sin =0

prove that,
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sin{a+6) sin(f+8) B o
30. 1f siﬁa—k—tﬁ)_sﬁm’ prove that a - f or 0 —& ia nr.
3L, If sin®) +sin (A +8) sin (B + 6) sin (C +0) =0, prove that
’ cot A +cot B +cot C +eot 0 =0,
32. sin s 8in (s — a) sin (s —~b}sin (s — ¢}

+008 8 cos (3 ~a) cos (s - b) cos (g - e} =Cun a ¢os b cos ey &
where a +& +¢c=23,

p \\ ' N
Miscellaneous Transformations. O
Eeomple 4. If tan a=tan®$ and tan 28=2tan v, prove, thut

a+fl—y=nr R&4
tan {(a +8) = :ﬁ;:i:::nﬁﬁ = ta?fﬁ;ﬁ:‘; d
o ten Btan®B+ D" tan g
“{ -tan?f)(1 -htég.q)ﬁ)_ 1 -tan’fs
=} tan 283 ztg:,ri.y’;
Soa+fS=nr4y. .‘:”:;

e
N

EXERCISE XIV. ¢,
1. If cos A =008 @ — 08 b os
. ' ~ sin@gine
' ¢a\n\§A=\/§I1 (s —b.) 8 (s —c)
£ BIn & #in (2 —g)
w_here 23 =n +b’-]gc“.’
2, Iftm@,fC—A]+tan(C-i-A—B)+ta.n(A+B~O)=tan(A+B+G)r

_ brove that\Wor B or C ig f;f

¢ » prove that

?‘I(} BiD & +8in i +8in 2 =4 sin y_;‘—_g sin E? sin E%‘ﬁ, prove that
TPtz =nr. _ .
4. If cos 2A +cos 2B +203 2C +cos (2A +28 + 2C) =0, prove that
\

B+C or C+A or A+B=(2n+1)’-2’.
6. If cos 2A tcos 2B +¢08 2C +1 +4 cos A cos B ¢os C =0, prove
ALB1C =(2n + 1),

6. If (sin @ -+ &5in B +8in ¥)? + (cos a +cos B teos )2 =1, prove that
two of the angles differ by (2n +1)7.
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71 gpsa+cos{3+cosy_sina+sin £ +sin y '
' cos{a+3+y) ~ sin{a+p+y)
Zsin (B +y)=0, and that each fraction =% ecos (B +y)’

s prove that

8. If sin & cot (E;—\;—' =gin th cot TJ'T—H; a:nd # — ¢+ 2nw, prove that

¥ gin § = ~sin {£0), and that sin-ecot 9_;'_9(’: sin § cob @ ;—‘;’.
9. If gin (20-¢—y) 4 Sn(2$-9-¥) O\
cos (20t gy} 0 cos(3h+0+Y) A\

are aqual, and if 0 = ¢ £ nr, provethat %—%i& equg‘lﬁ; therm.

10. Tf sin 2x=k tan 8 and gin 2y=Fk tan a, and 2p=a-p+0,
¢+ 3+nw, prove that sin 2¢ +sin 2y = — 2 &in (a + 1) 80 {x +y)}, and
that sin {a + 5 —z—y} =ktan {x +y).

_Losycosa
Ixsinysina

1. £ cosa 2%»(%-7 prove that.gh’;ﬁé
12, If Scosa=0=Fsinafor three anglee’ @, )8’97 between += and
- &, provo that these are of the forn.} g Y 2%. L8, 0+ ‘:i—-. and deduce that
Z cos 2(1.;-;0'&2 sin 2e,

S cos (B +4h=0=Zsin (B +7)h

T ebda =3 cos (a+ 3 +7h

’gf.}’f.ﬂ 2g=35sin{ea+8 +vh
i3. Show how t.o\@a”de Moivre's Theorem to prove the last two

résulty in Na. 128
14. If Zcos c.{-—-*ﬁ ~=Zgin a, prove
0E cos (2a+f+y)=0=Zsin (2a+ Sy

(“eos (B4 0C)  eas(C+A) o008 {A +B), prove thet either

15'\'{5\" cos A cos B cos C
A +B*C =nx or tan A +tan B =2 tan C.
/I8, If gin’c +siny +sinz=1+2sinzsiny gin 2, prove that

N shytz=(2n+1) 5

17. If & trisngle inscribed in an ellipse has its centroid et the
centre of the ellipse, show that the eccentric angles of its vertices
abiafy Zeos a=0=3sinq, and converselys

18, If a triengle inscribed in an ellipse hag its centmldlif} 3]3
contre, prove that the tangents at the vertices are paralle 18
oppasite sides. [Use No. 12 or geon_]etry.]
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Elimination, Onae Variable.
Bome eagy examples have been given in E.7T,, P- 266. The follow.

ing illustrate other methods,

Ezample 5. Eliminate 8 from the equations
@cos 8 +dsinfLe=0 i a'cos B +d ain +¢' =0,

cog f sin @ 1
Wo have b’ ea —va Gl —a't’ Oy
T (be”~ble) + (en’ - eaje= (ab’ — gy, o\ b
Rrample 6. Eliminate 6 from the equations AN\
2% 4yt = 008 30 4y 5in 30 yeos38 2 sy R
v= cos%0 T Temig R

Each expression

_ sin 0{z cos 38 +4 8in 39) + cos 8y cod\d¥ - x gin 36)

= 7 S Gcosi0 ¥ cosi@—sﬁ&

_%(sin 9 cos 30 —cos G gin 30) +y(§}nve sin: 38 +cos 6 eos 26}
T : gin § cos 0{CosT0 +8in?d)
, —®8In 20 +y pos 207 W\

2*—-—%?111—29———- » .;’: 3

o(aT +y"+28)%in 20 =2y cog 20, ... (i)

Also each expression N

_cos 0(z cog 30 £1rsin 30) - ain O(y con 30 —x sin 39)
- ) cos'f —sinig

_%(cos b coﬁﬁ +5in 6 5in 36) + y(sin 36 eos 6 - cos 36 sin 0)
0O (c0s* - sin6){cos™G + sin®g)

= coa'gp +# Bin 28
= /90 tos 26 '

\V (x”+y“~x)cos26=ysil120. i)
Frop{efand (i),
o3 (2249 + 2w )w? 4 44~ z) =gy 5
"\"'N o (0% + %7 g (a? +y%) - 220w 22y
W ST (e gt e - 2) <0,

i EZERCISE XIV. 4,
Bliminate 6 from :

1. ten a=cos 8 tan £, tan 0 gin @ =tan ¥
2. asin =2, agin (8 ~a)=ec.
3. a@cos®® +b sing =6, (b-¢) tanld +(e —-a} cot?d =d,



£,
. sin 6@ +8in 26 =a, cos 0 +cos 20 =5,

6. sintd —a, cos®d=b; also expréss the reqult in a raticnal form.
7. 38in 812 cos f=a, 2sin8+3cosf=h
8.

9. x 4 coa O =gec B, y+sin § =cosec.f.

10.
11,
12.
13.
14.

b

15,

16.
17. £
41

18.
19,

20.

21

22.
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a gin 8 =% sin 28, ¢ cos 6 =d cos 28,

2 cos 0 +cob 0=a, 40088 -cob §=0h,

@ sin (4 cos?8 — 1) =z, b coa 0(4 sin®f - 1) =g Ko
1 +eint@=asin b, 1 +eos?t=bcos b, £\ K
#eos @ +ysin §=asin 26, ~zsm f+ycos b= 2&00326“

¥ cos @ +y sin § =a cosec §, xsin 6—ycos b acoaécﬂcot&
zcos @ +ysin f=c= xcos(ﬂ+a)+ysm(6+a).‘

4 b eos § +¢cos 20 =0, 2acosﬂ+bcoszﬂ+ccos30 0.

ax sec 0 - bycosecﬂ——c’ ax soc 0 tan B-f»Qgco‘;ec £ cot @ =0,

@sin 6 +5 coz § =c, acosec § +b¢ ag;: ? —d.
tan 6 +tan 20 =¢, cot § +cob 20=d.
dsin2a 0N /T gin (8
tan (a -8} = 1+cicos2a"‘m(z_ ) sm((9+£;
{a +b) tan (6 —a) ={@g B} tan (0 +a), @ cos 2a+bcos 20 =c.
cog (@ - SGJ_ sin (a\36)
cos?d in?0

23, zi1a:b= coa\l-e cosa:sin @:1+econ(0+a) where
br=at(1-ed). O
24, z= tar;“ffﬁ’-i— a) +tan—t (8 —a), y=sin~*d.

'\

EthQatmn. Two Variablea.
Exaviple 7. Eliminate ¢ and ¢ from the equations,

e \%;

A

Y {x—a)cos 8 +ysin 6 =a; (z- —a) cos +ysind =63

At p
&
tan 3 —tan 3 =32e
given thet & and ¢ are unequal and between ¢ and 2,
8
I —tan? E 2 tan E
cos 0= and sin 6= rE
1 +tan® = l-i—tansé-

2
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S tan g and tan ® (bemg unequal} are the two roots of

g2 2

(® - a)1+t2 Jl‘:s =a,

This reduces to x2 —2yi+2a -2 =0;

But

. L] qf}__2y ﬂf)_?ﬁ*—ﬁ
o tan 3 +tan i and ta,n 5 tan )
8 . &
t&né-tan ‘2——29, :\“\'

Y b v PN

* - . LA LA L S
.ta.nz_x-:-s, ta.112 z ar

A
‘. (gir_l_e)(y_e):?_a__x; \V
z x

x
R L Ly SR Y
oozl —ez}+y2;3€:&'

EXERGISE XW e

Eliminate § and -;6 in Nos. | to :I2‘

1.

-]

L= I

Ty ta{i}-—

8

NS

:\'
0 E
\/

" 10,
.

sin § - sin ¢ =2, cos&&cpsS& =2p, § -~ g{:—-m/.

P ¥=asm{f -¢), y= Qacosﬂcosgﬁ G+q=

81116+sm<;b—a, co‘& +cosch =B, tan @ - tan¢ucsecﬂsac¢i

.sm0+sm¢_§x‘\cosﬁ+cos¢ =g, 't&l,nafsat.nq5

2 2

.smﬁ—i-smgénts tan  +tan ¢ =g, sec 6 -+ so0 b =,

cosG+cas¢>-a c0s 28 + cog 24 =5, €08 38 1 cos 3¢ =,

sgb +1”smq6 l=—cosﬂ+gsm8

5% cos 0 cos b + 4t sin p sinéh =0,

coz2 8 =cosa cog ¥: €08 =cos 3 cos ¥ tan gt-au P <tan?.

2

xcosﬁ+ysm0—-xcos¢+ysmq§ =2q, 2008 cosq;

ain 28 cos = ——b » @ Cos%0 4+ b 5in?G = =g,

(@ sin%f 4.5 cos®) cosld + e gin? ¢ =r,

*tan’f +a, y tan ¢ = =z tan’p +a, tan 0 tan = - L.
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12, @ sin?0 + b sin?$_ bsin’f +¢sin’g _ csin?f +asind
' beos*@ +ccos’p ¢ costl +a cosld o cost b ensih”

273

13. Eliminate A and B from gsin B =Hsin A, ¢=a cosB +b cos A,

and d=coa (A +B).
14, Eliminate &, ¢, and ¥ from
cos 0 =cos 3 cosy, copd cosa=cos 3, cosy eosa =008y,

O=¢ +y.

15, Eliminate 8, ¢, ¥ from A\
S\
cos 8 +cos p +cosdr=a, g W
sin 8 +sin ¢ -+ gin§ =5, N
cos 28 +cos 2 -+ cos N =¢,

. . R W
8in 20 +5in 2¢ +sin 2y =d. NN
16. Eliminate ay, ¢, @3 s B2y B, from
cos?a; +cos?fy +eos®l; - AN
=c0os3q, +0ostf; +costd, = 6057 +éj&s‘”3, +eostly=1,
cos @, 008 ay + €08 3; cos B + cos Oe0sd;
=008 uy CO8 a; + 08 3y cos ; +c08 0, cos o,
=cosa, cosa, +008 34 cos ByFeos 0, cos by =0,

17. Eliminate [ and m from O

fcosa+m eos (B —y)=! cos B¥m cos(y —a)=F cosy +m cos{a—Fh

where no two of the snglesia) 3, y differ by & multiple of 2,
Also prove that { zm(t%e o +ecos 3 +cosy).

18. T sin (b ++c) Fiin (¥ +6) +8in (0 +¢) =0 and

A =cos? ;ﬁbs;é-f}%# ooy, p=sin g ;qssec 8 '2'95 c08E0 Ya
&/ ’ :

where gin (@'{qﬁ) =f: 0, prove that Ap +A +p =0,
19. m\if@iﬁate %, y, & from
O {:c =y cosy +2co8 3,

TN
S

\ Y=z co8a -+ CORY,
" '

. g=wcosf3 +y cosd,
\ and express the result in factors.

20, Eliminate m and m between

- LY
b3 +Qhm + g =0 =bm't 4 2hm’ +a, tan~hm +tan~im’ =2 tan"l 2.
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Inequalities, ' .
Brample 8. 1f 0, 0y, 03, 8,, 6, are five positive acute angles such
: 6
that their sum ia ba, find the maximum valus of Z &in ¢,

1

Buppoee that @, ie as large as any of the 5 angles end that 9, is ag
small as any of the § angles, so that 6, > q > 83> 0. ~

Then [sin 0, +sin 6,]—{3ina+sin(9l+6',—aﬂ N

6, -6, o Bit0y 8, 4B, A%
3 3 —-2an 3 cos—,:v2
e 08, 8, -8, 31+9,—gaj,
=2 gin 3 (cos 3 o8 ———2—~——

At "
Oa 230

=2 gin e}

&;mc

=4 ain

6,+8, . 0,—a .
At e

v 8l 0y +5in 0, < sin o +sin (GG, - ).
5 o\,

If then, in > sin 8,, we replace sin 6, )ain b, by sin a, sin (6, + 8y —a),
1 \J

we have not altered the sutn of the a.i}gl"es but wo have increased the

sumn of their sines. R : .
This process can be repeatediantil each angle is a and this stage is

reached after 4 steps at most » '+ the maximum value is 5 sin a,

) .zjﬁXERcISB XIV. f.

Discuss the maxi and minimumn vames of (Noe. 1-8):
1, 4 tan = + 3 gob . 2. 1 -gin 2 +gints,
3. 5 -4 sindd sintz, 4. 5sec § -3 tan 0,

5. 1 8if*dY 15 sin 6 cos 418 cos26,
" 6. S@v\v that tan 3z cot ¢ ig not between 8 and t
B\

_ 7: Find the loast numerical value of 9—%}%90—-_5“;9 when g5,

\\A. Find the maximum end minimum - valyes of tan 3z cotdx,

\ ) 3

9, Show that the maximum and roinimum values of
_ a@ cos® +2b sin 0 cos @ + ¢ gin?g

are the roots of (x —a}(z ~¢) =b2,

Find the greatest values of the following (Noa, 10-13):

10, Gcos § 45 cos ¢, subject to @ +¢ =a.
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11. tan 0 tan ¢, subject to 0 +$=a< 3, and 0< (8 $)<5
19, sin 6 sin ¢ sin \, subject bo 8 +¢ +¥ =3a, and 0 <(6, $, ¥) < 3

13. co8 8 cos  cos Y, Bubject to 8+ ¢ +y=3a,and 0.< (6, 6, ¥) <3

14. Find the minimum value of tan®A+tanB +tan®C, where A, B,
C are three acute angles whose sum is a right angle.

15. Find the least values of (i) = tan A, (ii) 2 cot A, (iii) Z cosogA,
when A, B, C are positive acute angles with a constant sum 3D. N

In & triangle ABC, prove the following results {Noa. 18-22):\,

18. 1< cos A +cosB+eos Cg & RO

17. cos 2A +cos 2B +eo3 2C = - . : R [,

18. 8 con A cos B eos C g 1, and only=1if A=B =05

19. cos®}(B —C) +cos}(C - A) +eos2i{A —B)'>\1’.

20. tan A +tan B +ten C » 33, if the a 1es are acuto.

21, Bsin JAsin }Bein JCg L.

2%, 23 +y% +2% —2yz coB A -2z cog.B':Q:r:y cos G =0, unless
F TR zvﬁ,s;."b : 6. .

23. Prove that the least valde Hfdgosgﬂ +cosd +e
@ cos @+Db cos ¢ +ceos ¢§d, B e

24, f 0<{a, B, 7) 4i§»a-}prove that
#in o gin G 8in \gm {(B+y —ﬂ-}ﬂiﬂ(}'+ﬂ"ﬁ)ﬂin {a+B-7)

%/, subject o

\:’l‘ ' MISCELLANEOUS EXAMPLES
Ay EXERCISE XIV. g.
1 Prove that sin 16° +sin 20° +sin 92° =sin 52° +5in 56°

AN '3, Prove that '
\ . gin (36° + 8) —sin (36° — 8) —in (72°+0) 4gin (72° - 0} =sin &
; 3 +co8 40 _ . 24 2 tan?
3. Prove that Toeosd0™ } (cot®® +tan a).

" 4, Express sin {a¢+0) and cos (a + ) in terms of gin a +¢in B{=8)
and cos a+cos 8 (_Ec), and prove t

. . 24t . o . 4s
(1}asma+ccosa=§—§-;_ {n}tﬂﬂﬁ*‘tﬁn%:ﬁ@—fge'
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. 1 8in ¢ cos ¢

5. If tan @ —*—l—ﬂ;as—lnq-,

6. If e(sinh—sin ¢') =sin (¢ - ¢") and &, ¢’ do not differ by 2,
prove that e? gin ¢ 8in ¢ =(e? — 1) coa? e — ).

e08® 2a —cos 213 cos*{f} — 3a)
7. Prove that cos (23 —dai + 2 cos 24

Tf 2084 sing cos’ﬁ+ pin?f

Prove that tan (8 - ) ={n ~ 1} tan ¢,

=sin?{f - a),

Gos B sim g~ ~ 1l prove that Ll TRy, X
9. IfA+B+C +D =2, prove that : ()
€05 2C + eos 9D ~gos 2A - cog 28 O

Ny
=4(cos A cos B sin C gin D —sin A sin Beus C cos D).

10. If ¢, ¢,, ¢, ¢, are the cosines of the angles of@yquadrilateral,
prove that o

{erf +69% + 052 +0,2 - 201056504 = 2 =4 (0, — l}fcqg—}l)("aa —1¥e*-1).
11. Prave that w\J
Zisin (B +y-al} ~sinfe+Q + );-}4 sin ¢ sin 3 sin ¥
12. Tf sin (8 +y) +sin {y +a) +¢in @%B)
=sin (8 +y) ¥5in (y +8) +sin (5 + 3),
provethata +fB+y +8=(2n+1) e itthe angles are essentinlly distinet
13, If cos a+cos Bteosy :h—:'::éos @ cog f3 cos y, prove that
cosecla + cosect + c“()sbci‘-:v =1:£2 cosec a cosee B coseo Y.
14, ¥ iﬂ”%-%:%ﬁ%ﬂ, prove that each
of them is equal té\@xé third similar expresgion, unloss q — & =
5. If a+b 46325, prove that
3 {sin 3(B G sin (b —¢)} =4 gin s sin {& ~¢) sin (¢ —a) sin {(a - b),
16. Pro}{b;tliat .
N _ .
P gg:t)ns :;:: ii:]; ({?’; ‘_zz)) (;giﬂ g%‘-:-% =tan 2z ten 2y tan 2z,
Bliminate § in Nos. 17.24.
2\ “\17 @8in §+bcor 0=¢, aconh b gin. & =d,

N/ 18, 2 cosf 4 sin § =4a, 23in%0 +cos § =h.

19. zcos § +y =5in 8 =cos 36, xgin § ~¥ cos B =3 ein 30,
20. asin (8 +a) + b sin (0+8)+enin (6+y)=0

=asee (8 -a)+bsec (8- f3) +¢soe {0-7)
21, cos*@ 14 cos § =b, sin®f +asin 9=,
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22, 16 gin’f —sin 58 =Bz, 16 cos®d —cos 58 =<by.
23. sin?f tan a +sin’z tan § =p, cos?? cot a +costa cot 0 =¢.
cos (30 —a) ___cos (30 +a} .
Cos(8-8) T ees (047
25. Find the greatest possible value of %-

26, Prove that cot 0 —cot 40 > 2, if 0< 8 <}
27. Prove that

z? ~ 2zycos 8 4yt 1-cosf 1 +c03

T Sy cos T4t lies between T-cosd i +co\i
23, Tn any $riangle ABC prove that Itan’fA 2 1. \
29, Prove that the ares of the pedal triangle DER \.g‘fﬁ

'30. Ifsin f =u sin ¢, where > 1, and 6, cbhebéQR nOand 2,pmve

24,

Q\

that 0 - ¢ increases when ¢ increases, p \,
¢
O\
> N4
o\
"\:‘Q‘
TR Y
““‘ -
\ -
N\
- TN
N
\\
Y
¢ & /
O
PAY,
N4
£ N
¥ 4 N
0
A\
O
QN
O



MISCELLANEQOUS EXAMPLES
On Chapters I to XIV \

EXERCISE XV,

1. Aman 8ee8 two objects in a straight line due B. of bi }Q“.\He
wallis a distance a due N. and then observes that they sibend an
angle 2a at his eye; after walking a further digtance 2a, he.observes
that they subtend «, Show that the distance bapyeeh them ia
16atana/ {5+ tanka), - O

2. In any triangle, prove that \

% — 2808 + (12 4 57 4 dRrlg — 4RADOY
3. Solve the equation sin 30 — 2 gin 8 =4,c08% - 3.
4. If » is positive, prove that RS
2% w2+ (1 - 2% tan—1g 4o log (3+a?} is also positive.

5. Tf the Eoint of the Argand Disgram which represents the
complex number Z deseribas coneéntric ecircles, centre the origin,
end z=§ (Z-!—:ZI-), what curveg.afe described by the point which

w3

reprosenta z ¢

6. Is it true to say thatn' pounds is 1 dollar ¥
¢ L% 2 43
7. mee that cu{\—T +coté = teott =19,

8. Factorize.;\1™- cog%: — cos’y — cos®z +2 cosw cosy cosz.
O —_—
9. ABC gNa triangle, right-anglsd at C, in a horizontal plane;
AG =1 =CB, @nd vertical posts AL, BM, CN of lengths p, g, r are erected
at the'wertices. Show that the angle 6 between the planes ABC,
LMN i&'siven by I2tan?g = (p-r+(g —r)i

AWSIS P is & point in the plane of a quadrilateral ABCD, such that
o Ji8 trisngios ABD, PBC are directly similar, show that ABP, DBC are
\ 8l%0 similar and deduce that

AC?=AP2 LPC2 _ 2AP , PC cog {A+0C),
and Y% =gt + 1242 — 2abed cog (A +0C).
11. Find the solutions between 0 and = of
CO8 & +c08 2y =co8 ¥ +cos 2% =co3 # 4 cog 2z =0,

3 2
12, If || < 1, find the aum to infinity of 1 —-2-:5+Ew——£ Faree

1" 2 3
. 278
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13, Prove that _ .
gin® g + cos? g =1 — n 8in?f cos?d +ﬂ—(%1:§l sintl costd — ..y

and give the last tern.
14. If @, 3, and y are real numbera such that
cos{a +if5) =cosy +isiny,
prove that siny =sinte and sh®f3 =sina,
15, Find the values of
16= 20 a

O e 107 47
cosﬁ+cos-2—-1- +eos-2—1- and cos§i+cos-2T+cosﬁ. O
16, Given ain 8:5in {0 +¢):8im (0 +2¢) =a:b:e, find the TALIDS

cos 8: cog (§ +¢):cos {0 +24). K N

7

r—— ———— Z?>
N\

17. From the top of a hill of uniform slope the an@h} of depression
of a point in the plain below is 80°, and from a spot}of the way down
it is 15°; find the slope of the hill. A\

18. ABC is a triangle in which B =807 'KG, and tgt;l;ltaFlEEé F 3361'3
prove £ =30°.

taken in AC, AB so that EA =EB and BF: :—-BG H
i9 Tind the conditions for the eqqafbi,dn o,

Y

give two possible values of eos 8. W .

20, Expand ¢?sin  in & seriediof powors of

21, Prove that the points of $he Argand Disgram which represent
; re coneyclic if real numbers

‘the complex numbers z s Zm. %3 &
‘@, b, ¢ exist such that <’

(b — ) (2122 +2a2a) k{8 — @) (21 F2y2y) +(@ — D)2 +7a%) = 0.
xe?8 cos dna

22. Prove thafich ax cos br=1+2 e

520 +b2cos @ +e=01o

where

..’\" mg:é’- and ¢? =a®+bh

> Er:rr

§ 4 - on
e A N - 2n +1}0.
23\&{0\% that Saco(0+ g7 )=(~ V(Y zeelEnth
28511 .
\Na-b _ec-d 1+ao 1+4d

2\ m:m’vaethaﬁ \/1+a=v’l+cs=t1/'1 —VIid

QO

25. The planes of two intersecting ecircles of radii ¢ and b are
inclined at an angle 8 and the length of the common chord of the
circles is 2¢; show that the redius R of the sphere which pagses

through themn is given by
(R® — ¢?) sin2f =a - 2¢* +7 ~2 003 04/ {{a? - c")(b* ~ ")}
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26. In & quadrilateral, if AB and €D are paraliel, prove that
¢o8® }{A +C) =(s —aj(s ~e)(h —dP{bd{u ~c)2,
27. Find the sum, 3y to 7 terms, of sin & +-sin 3z + sin Sr+...and
show that lim 1 (83483 +... +8,) =1 cosec z, unless = — ki,
nove . x a2’ gh
28. Find the sum to infinity of Fitot it

2 — -
20, Use the identity 3 %af—m-_—r}b()c{-x:-c-)ﬂ =z% to prove that

N

oA
c08 2(6 +a)sin (6 - B) sin (§ —y) AN

. Z R ECICEr e
30. If r ois 62(?117?%%72_1 » prove that r sh¥f =2 ({;és' 5’ich £).

\
31. Form the quadratic whose Toots are a +a‘.‘a§1\:l a? + 4%, where
. 2 i v’
a=cis =" ; deduece the valzes of cog %_r and cos ;57—-.

5 \
32 Ifz=p —g, g, B+§satisfya cos 2x -K&ia}n 2r=ceoax+dainz,
prove that a 353 ~pt ¢ g2 A/
33. Prove that - A\

tan (0 + k) -2 tan 0 Ltan {8 -hjzﬁ?. tan @ sin% sec (0 + ) sec (§ — B),
and, taking §=82° 3, compake, using four-figure tables, the value
found for tan § by this formula and by interpolation from fan 82°
and tan 82° ¢, &

3. Ina triangle ABQEI}a trisectors of 8 and C which are the nearer
to BC meet at U, and W are similar points.  Find the length of
VW, and, by reddeing® the result to B symmetrical form, prove that
UVW is equilateral,) :

35. Simplify il
—1 HEY ~1 %2 — 0y —1 %3 —a,
tan ;"r)l“_rﬁ—x-i—mn EFI-;_—:_I +tan a—-—-—eaa T +... to n terms,
and dg@c’é a series for » by taking & =y, @, —=2n - ],

\Y , . sho-sing
'.3;3., Prove that algx; mm_é.

) 87. Deduce a trigonometrieal identity from
_ Z{b -e)(1 +ab)(1 +ac}-=(b'-c)(c-a)(a b},
38. If cos (x +iy) =tan (£ +4y), prove thai

20, 8in® 2£ 4 gh? 2n | 2(sin? 3¢ _al? 25
Iy oh 2y p oy 2@**?55@5%5@5? =1
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(3r —Ljm

= 9
dn 2n?,

39. Prove that % sec?
1
40. If zyz =x +y +2, prove that Z{x{l ~y*){1 -2z%)} =dxy2.

41. A man walking along a straight road notices two objects in line
with him in a direction making an angle a with the road. After
walking a distance ¢ along the road he notices that they subtend an
sngle a, and again after walking a further distance d that they
subtend the same angle . Find the distance between them. \

42. ABC 18 & triangle with peints D, E in AB, AC respactivgslx’, ‘#deh
that BD =@ =CE; prove thaet DE iz perpendicular toOL &

43. Sum the sories 3 sin® g + 3% gin? % + 3% gin® % + . to'n terms,
and deduce tha sum fo infinity. R4 '

44. By expanding log {1 —az)(1 - Ba)(1 — yx) {1 )} in two ways,
show that @b 4- 3% +95 +8° +58Zaf . Zafly is Zivigible by e+ 2+y+8
and find the other factor. 7 N\

45. If s, i the sum ton berms of 1 +2#22%2*+..., wherez =cit a

and @ 2kw, prove that \&
. By ‘+‘3!+... +'8,"__ i

L i—*w p ’?i_..._ 1 _5'
46. Find the sums to infinity of, "

31 1

. 1 * .
0 @_phgr gt

e N | 1
(g mtge gtam pt
47. Prove that \\

. 3z S
coseg b~ cosee 5o +00%00 5= — ... C0SE0

where 7 is od:d: ig equal to ,Hn_g.( — jitas 1y,

48. Ti L

008\\(;)94-7 +0) +cos § +cosy=1=cos (y +a+0) +eosy+cos a,
and\’ a-B+nr and y+0+(2n+Dm
pijo»;r'a that ovs (6 +/8 +8) +eosacos B=1

{n—2)r
" L

PN

QT | 5
49. AB is a horizontal line on an inclined plane OAB; OA, OB, an
the plane OAB make angles a, 8, y with the verticat ; prove that the
eosinc of £ AOB satisfies the equation
(1 —=2?) cos®y + 2x cos o co8 A =cos®a +cos*S.

a,c_%,Y -
‘ 50. In a cyclic quadrilateral, prove that -+ = §+ o unleas ¢ =a.
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81. Evaluate _
©0B a+coa § cos (a + ) + cog? Beos{a+28)+ ...+ cas™f cos (a+nf).
r 2
z=17 %1

2 pifpt_qa 2{n? — 4)(p2 _ o1
5. I fim) =1 -G BTN a1 (2 - 22)

52 Ifex>1, prove that %

1
+-————-2x(z_ ) > log

!
terms, prove that F@n)y=(~ 1) (n).

54, If |r] <1, prove that ' O\

. . . r{l~-ging L™
rein 8 4 292 gin 20 + 3 sin 38 4, =(—l—_—2';—cas—m'

Fe t0 4l
~

58. If mandnare integers such that O <m<n, and .¢=‘ cfs" g?:, prove
N tmm—l_n—l {mr ¢*0 BT
et 1= 2 gope 'S

56. Eliminate ¢ and ¢ from the equationg _\)
tan 8 4+ tan ¢ =tan a, cob 8 +cot ¢=cgti@’c sin (8 +¢)=1.
— ¢

57. A fly, stationed at 8 point of the sireular bage, radiug r, of &
¢ylindrical’ tower, finds that he can_ just ses g distant Hagstaff by
walking along the tangent line to the\base either a distance P in one
direction or a distance 7 in tho ather. Show thaf the distance of
the fagstaff from the contre of the base of the tower ig

VP +ale? + 12} (pg - ).

58. Btraight lines are diawn through the verticas of a triangle
ABC making the same ahgle 6 in the same sense with the opposite
sides, prove that the areaof the triangle formed by them is 4.\ cos?.

\
59, Does isin’rﬂ;:-\g) cos’ré tend to a limis when f+aw ?
| SN 1

60. Prove thef-23x.(1 +2){log (1 +2))%, where 2 > — 1, 2+ 0.
61, So_lvg the equation 28 +2x% 4220,
62. I8Iog'sin (0 +ig) ~a +ig, Prove that 2e3= = ch 24 — cos 26,

63..Uss the result of No. 35 to show that if » and s are odd and
8231, then
e N

- e w-—1 . rar
N\ 2t cos e s Bln o
3 [ &
4 E =ngn > and E — =0,
\ T 2 T
o — o3 —
V] n o n

84. 1f 0,, 0,, 8, are roots of tan {8 +a) =k tan 29, no two of which
differ by nr, prove that O +0y+ 8y =mmr ~a,

————



MISCELLANEQUS EXAMPLES 283

§5. From a point on the ground of a squars courtyard of area a?
the angles of elevation of the buildings (of equal height) at three
congequtive corners are 650°, GO°, and 45°. Show t]_)a.t the height ia

av/{3(1 - }+/2)}.
. 66. For a cyclic quadrilateral, prove that the sguare of the
. distance from the centre of the circumeirele to the point of intersection

of the diagonals is ¢

{ac +bd)t {bd(a? - ') +ac(B" —d)/{o(ab +ed)(ad +bc)}, A
whero o is the product of expressions like & +¢+d -a. Vari,fj ‘the
result by applying it to a square, a triangle (d =0), and a rectangle
{a=e¢, b =d), B AN

67. Draw the graph of ain r +cos 2z, for 0 <z <2r,and use it to
find, roughly, the values of « for which 5{sin z + cos 2z) «l.

5 )
68, If 8 is positive, prove that 6% - f—o < 3{sin p>Fcoa §) <.

69. Find the values of (3 +4i} +(3 -4, 7"

70. If the point of the Argend Diggram which represents the
cornplex number z describes the unit €ixcle centre the origin, what
curve is deseribed by the point repr;egs:em“tmg dz+74 1

71, If @ =cis 21—1;, show that‘ o0
a+ab+ot+a%+al L™ and  at+at +a® +a” +af +alt
are the reota of * +x =30 :
Deduce that cos msas:i—gcos %:115(\/13+3}.

72, 76 AR (@ 1B Y)_ E&r‘a—% prove that

ton {g'@ B +y) tan . _ .
'eithe{“ ;;in (8 ~y)=0 or sinZe+sin 28 +sin 2y =0

o X
£\

\“ o pof iff, the
73.(From two points A and B at the same level on a chiff,
angles of depresai(l;n of a ship S are ohserved to be a alar.é B a:]:d t:z
différence of bearing to be y. Prove that the plane ABS makes

¢ engle ¢ with the horizontal given by

v ain’ytan’¢=tan’a+tan';3-—2tanatanﬁcos;:.

i i % = i T are taken in

74, ABC is a triangle with B =80° =G, and points §, T aro
the productions of Ag, AB, so that L BCT —350° aneg LCBS =60°. Bhow
that ST is inclined at 50° to BC. sieid . snete
i tion which ehows how to divide a given

int?;,‘g)ui)da.ratg o‘;q:c?uacinarea by & circular arc whose centre I}fi o:n the
ciroumference of the given circle, Solve the equation graphically.
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76, K u,=(n+ u, , -(n- 1), ,, prove that

lim E-?:u,(e ~2) -~ (2 -5).

77. Find the locua in the Argand Diagram of the point which

repregents af + 12, whers ¢ is a real variable and « and 3 ars complex
congtants,

7\
. 18. Find the sum o infinity of I-d 43Pt +n. &

Ll 2 3r 47 o K 4 g .
T9. Show that sec f] —®ec jy Fsce 77 "8ee 73 +soc 11 :fi'.‘:\\k)
80, If 2 <y <0, and z* =3z +1), and 53 =9(y +1), prove }ffat
x+7={y-l)’.' ,32);\
v
N\
7 $7 g
&
NS
AN
L 28
o
SN
\‘:}:‘
N\
A
&

‘w»\ml
(x X/
\/
' b
Vs./
)
g \\\‘/



ANSWERS
CHAPTER I \\\
EXERCISE L a. (p. L) ~\
2. 97° G4, 5 112, 4 38012, 49° 7, 68T
5. 99-7. 6. =701, a=224, A=T6°180)
7. _2° 217, B=10° 30/, G =15° 12/, a=40-2, \\"
8. 33-6; (6=32° 149 9. C=59° ¢, @>354, b=548.
10. C=66° 5, A=T0° 55, a=8-TB of \G=113"56, A=23"F,
a=3-63. O
11, 56° 50, 87° 4, 56°%. AN
12. A=25° 25}, C=34° 40}, 821377, 13, Tmpoesible.
14. <51; =51 or > i4-bs\Petweon 5-1and 14:5; (1) C=37° 56,
B —121° 28/, b =213, or C=142° 4, B=17°20’, b=17-03;
(i) C=18°2)4\B=141°3", b=2805; (ili) impossiblo;
_ {iv) C = 0@y b=1357.
15. @ - 2ac codB et —b*=0; fecosB, ef —b%; 180°; 180°-2B.
21. 40-2; (9\%7%0 99/}, 94, —§° b4 (0 ="53°38")
a7, &P g3, 2., 35, 418,
i»gabc sin A 1
N
u",\ L]
AN EXERCISE L b. (p.7.)
’"\) w4 . 7 3
N 1L 181, 2 75 %_ 3, 103, 12. 14.
4. 133, 6-65. 7. 2RsinAsinB gin C.
25, 1-84. 28. 13-9. 29. 2./(Rrye
37. 9R cos A cos B oos G, —ZRcos A sin B ain C,
39. R(cos B cos C +cos C cos A +co8 A cos B).

285
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EXERCISE L ¢. (p.12)
33 5 29

2. HJ3-D. 4. 56’ 13" 338
5 2279 P 4873
© 100 " 864
17 : ) :
~1 arr— - ] 1 - L]
11, cot (5J87 12, cot~*{}(cot a cot B)3
18, 3./2. 18, AK . AL =bs.

19, }aR cosA, aR cosB cos C; jaRcos(B-C);

N

¢\

O
ceos (A -B)W
b cos (GE—AY'

21, |, 22. tan A : tanB : tan G, SOM; H,
1 N

30, (i) @, 40. A circle, centre 0.

N
EXERCISE I 4. (p/d¥)
8. - 4Rry(a - o), : P \%

C 4

EXERCISE.Ls. (p. 19.)

1. 15° 43", 2. 98° 56%or 43° 39, 3. 89° 36%, 12-0,

4. 78° 28", 5. 95,“{1'. 6. 7./5, 8,/6.
4RA 4A N
8 —,a i?\/{w ~a%}, 9 ’1/‘J{("1 +#3)(ry +rg)h

a

b B\in A A \ . o F
19, c“:zraagg 1.1. Vit +BY 12, /(a8 — 4AT). 13, 20° 447,
14. 102 15. 8, 118° 25’ or 1, €° 35°. 16. 8./3, 1.
17. 2 orJ7, 18, .2r% cot A+ (p -2r)
\’\\../ .
Qy;'a EXERCISE L f. (p. 21.)

'\ /6. 0-05 ft,
\

EXERCISE 1, g, (p. 22)

9. 2R sin }A. 16. tan 38 /(% — o ginim),
21. LACB =45°, 24. cos 1},
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CHAPTER II
EXERCISE IL a. (p. 26)
1. 29-0, 2. 7-43, 7-94. 3. 705 4. 110° 47",
7:%: 10. /(abed) ; 3"3. 11. 851
abod (ac +bd) a(bc+m:i} elab +edp LN
B @raadrbe). 18 AR= P QD =Gt
O
EXERCISE 1L b. (p. 28.}'""'\~
1. cos (B+D) = —12. : 2. tan 0=
3, 30./85. 4. tan B3 4
\B+D
5. EE’I‘/E ; 55 6 e 14N g - Vicbad)
16, (1) 6\/10 (ll) 'g\/l-o 3 (lll} CQS‘ ; (1\") b 94, 4- 40 (V) 3-20,
I.7; 8. 18. 2353\\ X
Exzikzsz . e (p.29)
L oosi( - ). \g\ 13-8, 14-3, 141 3. 3528; no.
4 7. 5. 1, 120° or 3, 80°. 6. Two solutions.
7. 15, s, Tpgee. 9 MR VR 103J5 58
17, 08{*%\,:“1. 18. cos’: 1. 22. fva.
QO
~O° EXERCISE IL d. (. 30)

: 4, 90° or 118° 28,
3. 834, 22,/865, tan~1 57
o (ae —bd){ab - cd)

{ac — bd){be — ad} g = g
o= ab -cd be —

10. /(2p — qa +ts7 - 8%)-

17, The val f «, y are snY pair selected from 8-53, 8-27, 109,
e values of x,
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CHAPTER I
EXERGISE I a. (p. 3B.)
I. nm, 2. 2nw. 3. nw. 4, InT +;.
. (2n+l)m 6 Znw-T. T 2nw 4l or 2nma .
2 3 1
T T T 5 Ll
8. 2mri——. 9 nx +§. 10. 2mr—-—6 or 2nT — 8 '.‘\“}.
. 2r 420, 12 mr . 13, 14 )
- 6 L] 4 - L] "y ] P 3'0
15, 7., 16. M 17_ M
4 6 \ 12
(Z2n+ )= w '\\J T
18. ""—“8—"—0 19. ﬂTI"I"E- ~..}\"20. ﬂ‘h'—zn
21, 2n~ 5:% . 22, Znm +a Qx' (.2‘n‘+ 7w —a.

,s
™3

~"§

EXERCISE ML b, (p. 37.)
'\

2 N\
1. (2n + 1) n-i—l)n" 2 ’E\, 3. nwoor (_—_Zn—!—l)rr-
3 8. 10
g Gndlr - NEntlr  fnr o (n-Dm  (4n-D)r
T 1o °.\’"—5—_ B 2 S T R
2n+ 1w s 217.3'
7. ?’HT. x\ (—-—. . —.
\ 8. T 8. nw or nw + 3 3
11 2»%+ or Enr_%. 12. 2n7 or 2n7 -g. 13. nr.

“~
‘o

b
\14m 360° + D6 52" or n, 360° —23° 8. 15, nr +% or nr + 5.
\/ ;
18. n. 360° +92° 44’ or . , 360° - 110° 20",

{(Zn +1)7 Qe {6n +1)m nw
b okl Ml —_ b inbiiesind &5 .
7 orznn-d:_g.. 18. or T 19 3
20, *7 21, nw 4o or (_2_?_.1]'_1_)_75 29, 2ﬁf+f,

3" 3 8 3 4
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23. 2nr or 2nm + = or AT — = 24, nw m!ﬂ’,
2 4 8
25. 2nn bato. B,  ntlm
n tatg 26. =5 27 —

28. nx or nw +}{a +f), provided that a + B+ (2m + .

29. 2Zn: I BT
nT of InT 5" - ?0 5 +a.

N

31, nr +3}aor ar +}(r — o) where a is a value Ofain_ll:(_fﬁ_}ﬁr}i"\’

32, £1./8. . : O
33. (i) 2nr or 2rnw +— ; {ii) no golution; (iii) 2n=z +§ or- &ﬁ,‘:: +7{;

l'\'

34, 2nr ~2§. 85, nm 12 37 Yedo)
N
EXERCISE IIL e. fp.d0.)
1. +£0-824. 2, 0-642. 3 3 45
5. 0-913 or -2-517. 6. 3. v:{‘}:}‘nw -5 <b<nmiy.
10. o? + b7 4. )
11, x, y are nr +-, (1{\2}’5)#—-{3, or nr-%—, (n—2k)7r+g,

554
or n:r-i——\(& —2k}1r, or nw, (1 —2k)T +?'

w w "

12. o= kT+a\3 (23+L)n‘+,{3wherea,,33rﬁ1. e T
cm’% i or—-—-,—z.

13 g§m-, y-—-?r .

v

*14' @ =mi, i =n, or any values which satisfy sinz -sing=1.
’”\ w4

I'N\J 18 x:mr+§, y =km.

16. 6 =126 47, = =357° 5’ or 0 =357° v, ¢ =126° 47,
17, 2=236° 62', y= =90° or  =351° 12, y 208° 47,

18. = ={bk - 3fn+§)—-,y_w(5n 3k+§]

AT, ¥
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19, x_p;r, y_.q;-, z._?— where p, g, v in order are (4, 2, 1);

(1,4,2); (2, 1, 4); (6, 3, 5); (5, 8, 3); (3, 5, 6.

2r 6 4 &
20. Beven solutiona: z=y=z=2" or g="". =

3 Cal y:—,j—, z=-i~. ote,,
Br br Tr
orx:-g—, y=—9~, z=--§~, ete.
O\
S X
EXERCISE IIL d. (p. 44.)
& windf =+ /(3(1 - cos 0)} if dnm < 6 < (dn + 2. 7 \
4 40) —y 45 ) -, ~; (iH) +, -. o
8. (1) +, 45 (i) —, ~; (iif) +, -. \M
6. —, —. 7.~ +. 8, N,
10, sing——cosg= + /(1 —9in 0) if 4n7r;k€-l-é:6-<(4n+2)rr +%¢
m 3 N\
2 z N

NS

i1
13. 2n-r+51—<0<2m-+~7;—.~ 14 2nfr+3T<0-:2nr+T

150 £4v/35 () £3 (M6, 6) wh 2555 G0) 23, 305
17. N{z J(2+.\/2{}\ 18. -2, 19. 3,
20. m 3{ l’ﬁi\ﬂrmnwn. @) -3 (i) ~; (iii) +.

o H {LN{I —sm’ﬂ)} 22. + if 2nr <8< (20 + ).

23. sm%u sin§ (27 +a), gin 1 3 {47 +a), .
24, {.1) tos 20°, cos 100° cos 140°; (ii) cos 50°, cos 70°, cos 170°,

- \26, (1} 4 cos 40°, 4 cos §0°, 4 cos 180°;
\ ) (i) 4 cos 25° 104, 4 cos 94° 507, 4 cos 145° 10",

27. (i) 6 cos 20° 6 cos 100°, 8 cos 140° ;
(ii} 8 cos 45° 567, 6 cog 74° 4, 6 cos 165° 567,

28, —-1+4ecos 40", -1 +4c0380°% —1+4 cos 180°,
29. 2 cos a where g = 24° or 48° or 96° or 120° or 1889,



L

12.

186.

23.

26.

T

8.
10.
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EXERCISE IIL 0. (p. 48.}

_ ! 1
- p= :f::;:,J(l -—xs), g§= :’:ml.

x 1 1
. = 1 ~s = % = =) =
p= g -ty T S pmhet
* . b .
Al 2 J(1-2%); (i) ﬂ:m- 6. 0, 4005'1:\:.’:« .
. 4sin{2z J(1 -2%). 0. 3. 0. 7. O
1-22t 13. #=3. 14, sin1{3z - 4aY). ,~.‘1‘é'."~;.
: 1-g2—y® - 4oy +2%° 4 wl\\'
kw — 2, . 2 =
i e Ty ) QP =1
2=3 : 24, x=3 or §. ’:f\\‘;.’.5. z=ta.n%.
R i S
x-cosﬁ. 27, #=3./3. :::v
EXFRCISE ML 1. (p. 49.)
nw (dn - 1}r N\ E -
C 3 2. iG \"\s 3. mr+—2 ormr+z.
. ’_‘é'i. 5. %@Ja-ﬁ}. 6. nr+fior (2n+1)5 -a-f.
™ O 5w 11w 19w
nw +-§f)}'.<‘?.?r+a +b £e. 8. BT =g T T nr -7 -
n x3ﬁ€\~!§41° 4’ or n x 360° - 78° 66’

1 _orgi_.ﬂ-
(@« }'4701'1’11’1’4'2 5

11‘0\—mn1}(a+ﬁ}aec}(a 8) or —sin }(a - B) sec #{a +8):

.\"12

13.

2”'ﬂ'<342n7r+30r2mr+ Tel<(@n+1)mor
2
(2ﬂ+l]11'+-2-<9<(2ﬂ+1]1r+-3—.
z=a 0T, §=40-17, ifaaémr+§;

indeterminate, z+y =(2n + )7 if a=n7 +:2.
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14, 0 =2mer +a +8, ¢=2nr +@Fy where B, y are positive
angles, less than given by 24%%cos S=alyet— b,
2b%* cog y = bt 4ot — gt

T T
15. @ =mur, y=nw or z =mnr +§’ y=nr +§_
16. ‘.‘!::2‘??’5?.’:{:3—?-, y=2ﬂn-i.gz 0?x=2m'ﬂ':|:2£’ yz2mr;tf; <
3 3 3 37 s
: oA
T N
end z=kw 4. 2N
2 O
15. One valus if § < ¢ < §; otherwise no values. N

2. Two possible values of cosw if D<m <], one fdssible value
if —1<m<0; otherwise no values, AS

22. §in }6 =}{ - /(1 +sin 6) + /(1 - sin 0)) 5, 270% < 6.< 450°.

{

[/} - T -0 (&~
23. —cotz,ba-n—‘i—-, —cotT. NS
25. (i) 4p values ; (ii) 2p +1 valueg,\ .~
26, 9 cos 2 EY forn=90,1,83% a7, tan—'p —tan—tr,

29, tan—1 F=tan1L 4 tla-n"_‘\!':} ;“ta:n—lé_ =tan—1} +tan-t

FE- M
AN '

g\

33, 3. 34\\1‘0? 2"

&~
7
;"\"~
&
B CHAPTER IV
) EXERCISE IV, a. (p. 54.)

1. -693, 1-009, 1-386, - 693. 9. sq2r—an, sq{-¢)=sqt.
13. Yes. gg-(hyps)::%. 14. hypt= ~hyp‘1,

15. hyp 16. L, 4, &, 2o



1.

L+ B L )

7.
9.

—

LI -

3

4,

8. og"n;}tlogs —t+1L

3
v 5 0.

B

1
z"

na 1

ax+b'x+1 w12
. hype, hyp(x+1), hyp(z—1) -hyp(l ~z), %hyp(2r+3);
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EXERCISE IV. b. (p. 58.)

~1
®

Blo
Hi3

L]

¥ ¥ L]

1
4. cotz, 2 cosec 22, — 2 cosec 2x.

~1hyp(4 -5z}, £ -2hyp(z+2), z +3hyp (x -3}

1 d

* fimy 7@

 §
Ny

hyp (sinz), —hyp {cosz), $hyp (sin 22),

1 z‘*:’
% byp (az® 4 2bx +c), ;hyp (1 +2"), hyp (1 +sing),

hyp(tanz), } hyp{tanz). 8. 1+hypas, xhép.\m' -

+.

2.713.

408 ; -408 ;

10. +, -.
PN

EXERCISE IV. c.\fp)61.)

N\ Y

™}
Al e

693 ; 693, N

hypd; hyp (ab) =hypaRhypbd.

4 b
hyp (¢b) ~hyp (m)ﬁi{\'ndependent of ¢ and equals hypa.

N\

/

dac, g) ﬂ»::(}'-

¢, 2\J

LEXERCISE IV. d. (p. 66.)

5, ', 2% 2-+log=,

9. ze*, {t -1} + L.

m\" - i
1@ 2w loge. 11 10T 12 2. 18. ae"s,
:"‘:1‘4.' Ba2e?. 15. L. 16. —tanw. 17 tana.
\\ "18. cosx . e¥a3, 19. 2 tan x seeix . etan's,
20. secx () += tan x}exp (xeecz) 21. -¢*sin{e®).
1 nb
23, -, oec {log x) vat (log z). 23. Py
et —]1 1
24. Syl 25. cosec z, se0 X, T2 .

7N

Nows

. 1-386, 1.792, 2-079, 2-198, - -693, - 1-386, -406, -812, -98;

O\

)¢
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26. }log (3z +4).
28, 1z - % log (2 +3).

31. —3log{2+3cosz). 32 log{x?® +3x+ 4).

27, x +1 I log(2x +3).

29, 3333

34 2logtan. 85, le*. 36, 1logsin 3.

2
38

39. log(z +1) +2log (x - 1).
40

41. ~llogx +1log (= - 2)&_(_9:1

42, log (:c 3)-1log (x3+1)
44.

$2
45, wlogx -w. 48, EIng_I'

48. we® —¢»,

51

2log(z+1) —log (z +2) ~log (z +3).

-2}

43. ja®

30. e 42,
33. l(logx)™

37. ~log (1 +e-%).

log tan (E +g) ; log tan z i log {z + . f(a® + %)%

+32% +a +log (s - 1),

4'?

Integrals e“ (a S*Q br — b cos ba);

v O

1 p ib" B“\"(acoa b +bsm bx).

'\o;

21
Tl

+I

49. aPe® - 2we® +-2e% ‘50. 3 (Iog:-: -1

Differential coefficients, ¢4* (ad srn bz +b cos bx);
(g cos“bse -b&in bx),

1
93. -:; lroot\fqrA<O 2 roots for 0<A<1,no roots forA‘;v—

"\s

‘,/

.,\\ BXERCISE IV, .

G“\Untrue if o> 1. 16, y +log 2.

M\.’,
\

EXERCISE IV, f.

1. (x‘-a‘)_i. 3 x+3logfx -

& 1y =767 — (n £ 1)1,

(p. 70.)

16. log2.  17. log 2.

(p. 72.)
3 1
1) w-1) m-1p'
1
8. ef, 7. 2or 3.
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11, e {} _acos 2bx + 25 sin 26
a a¥ +4b?

14, z - Ja? 4 Lad,

17. (i) logi>3—(l --) {i1) logt>2(l —l) tho last.

N/
23. e%{(x? - 20 +3). 5. 8%,%0 when y—>w , if n>0,
. - Qo
EXERCISE IV. g. (p. 74.) A
. ® log ” i B y.' \ Y5
5.2 an [ 2B T log- mn . B{m, 1)
¢ [g 1 +¢%t 20103‘. . (m +a)(m +a\ ¥
"N
.\:"\\’\\o
N/
'::\\.,
CHAPTER %"
EXERCISE V. a, (“15 82.)
i, sinlL 2. cos 1, s3’ 1 -sin 2. 4. sin1-cos L.
“ b I 6. sin 1 +cpa~1 7. 0-540.

8. 0-0528, 1% 1+%~+360 I
2”(— +.'..")

- 2
12, (-1, 2.\/2@ (-ypomn, L A7
. » - z
13. (—1),"{Jﬁ(s+33) 15. t,m_w 24tens.
18. 04\@&2;. 19. 4°5,
O EXERCISE V. b. (p. 86.)

- *”} (i) log 2; (ii) log §; (iii) 4 log 2.
\’ 2. (i) rléa:’: 1; {11}0<5-2, (iil} 23> 1.

3. (i) -L27, —2<w<?;
n

i) -;11{1 +{ -3, -%;zégs
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(i) { —1)n2 . ; (2437, -i<rgl;
(iv) { -1y, 2, -l<a<1;
1

(v) (-1)=2.

?;2"‘, -2<xg 2,

) (<1 S (1er, 1epg; ReY
: e\
n E {
.. 1 1 gt1 W
(¥ii) n odd, 53 ™ even, " {1 —g% hetad; |

(viii) n=38p, é; n=3p :bl,—i; -l

4. (i) 0-8031; (ii) 0-4055, 0-2231, 0-154] 3, (5] 1-0088, 1-3863,
1.6004, 1-7818, 1-9459, 2-0794, 2-19.7’2\:\2‘3026.
1 ~
1 — L9n 1 |
8. {) Sy 2n, FEZCY;

2 AN
4 — 1y \aw 3 1.
(i) ( 1) .'ﬂ{:ﬂ —-_1){__?1 ___—2}'.:3 r —EEPE g
LIPS R
(iii) n even, { - 1) /S, 91~
2 4, A\

7\ 7

6 (i)log(® —x)'-!-%

8-l ~
n; ﬂ(}lid,(-—l) 2 .m.ﬂ‘ "y

(5) 101 pelog (1 +2) + (1 -2)log (1 -2}
(m)\lx:\i@’-!-;) log (1+x), for z 0; if =0, gum is 0.

7. £~}+—£ s +}

Erl —ar
RN PRy B 2,

O .

e -1 2

“2_9._. e T . B

\>B “ i whers y Fo ® =>4, 16, 1.
1l ~1+2loge, 12. 210g 2 - 1% 13. log 2 — 4.
14. 2(1 -log 2). 15, 3 -4log 2, 17, -4,

18. —1. 20. 0-175, 1-244.



1. 2tan—t}; 1—-';. 2Z.x-7;2-2r; 2 -nr.
5. 1I-; P R § e - il
! _
7. }logl+m+§ta.n—1:c, fat<l. S
_m ’{\“x
8. (n+3)7 +tan 8 -1 tan®0 + 1 tan®f ... . o
9. tan 00 +36° 4565 10. ;E+Iges . T A
2% ‘
D
\\4
EXERCISE V. d. (p. 95)20)
1 L 2 g(e-l). 3 2. AN 41
¢ & (¢
. NN 3 1
5. e—1, 6. be ?"‘Ei‘} 8. Tt
0: 3
0. 3¢, 10. e —e, O e+1. 12. 28,
2 RS fe
&
) | - ad
13. ©F86=9 . 4y e+ 15 L 18. 1+1-
de \ e
17. 1. 180552 19. 4e-1. 20 17,
NeF 1’ v 6
oy, . \
a1 2. et ;}(e”_l - ).
1 DN© 1
23, 2[(3\—&’)&*+1 - 42, 2. m(e‘/"r‘/’)‘!-
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EXERCISE V. e. (p. 89.)

25 \ffz 2x+a:3)ef 2-3s%. 26. §+5z+...+{2+3n}§—!+....

R o
¢ \;2?. Tz +328 4., +(-1)"(1 ~5n+3n=);1—!+....

=
28. e(l +x+... +—-+...).
n!

(2z)*
i

29, 2|:1+

it s 271,

(i?‘*"':" coefficient of &7 is 0 if  is odd;

1., .
— if n is aven.
nl
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5v 23 L1+ 20m - 16m
L e e

2L 8 in(3n-2).2m% 34, 3, 35. 3,

— It Bl P g

3. () e 2 itz 0; (i) e > 2 % o r o,
- -z

EXERCISE V. 6. (p. 97,

1. (i} 0; (i) R Iog 2; (iii) J2log (/2 +1); (iv) I¥2 ,J3 . \“\a

:‘Qts
(¥) (e~ 1)* 5 (vi) 3{e —;+2Sin 1) :
4 £1033,0. 5. a(l-2coa 6)+2asin 29,  9X0)%0104,

\\,

14. (i)log§+2;1(3‘"-2"'}z“; -2< w<2;

: 1 2 S
iy 2 - 191 tp-2 o L 6P+
(i) 2~ 1) [Sp i -,-330m 1"312’-}-11c ]

2 gy 2 I ’:.‘
15. 2[2?._1 (5) ], oo TLR v::."

18. 2[ :Hh r];x,(x+2k)"30

17. log 10 =2-30258 ; ; log ag\cﬁ 33103,
18. log 2 =0'603, A0, Bum <log { - cot 6).

l+x+a
20. 3iog +:c+z9;‘ﬂﬂ values of #; n even, coeflicient of 2% s

2010 ; 7% Gdd, “ane
21, @ 10g\2 (11) 1 -log2; (iii) $log 2; (iv) 3 - 2Iog 2,
. . i+
2. 21 \A-W. 26. (1)%; (if) §log 1=
27, ‘r} 28. a=3 b= _8.

“\é 2| (-1 (ten S ta B)SM tant Stana < |
N . 1( n2 U.2 Il 2 Al 5 %= -
30. le 3L le 32, 4e+1.

33 e-1). 34. §+':;~1. 35, 21e.

N/

&
—gtan-lg,
e $tan

42. 1 —-g cos k +a® sin?: +3a? sin®k cos &,
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” EXERCISE V. £. (p. 100,

" 1050°
10, n=6p -3, n=8p+l, - 2 n=60p+2, !
[} n; ’ P:j: 0 n= Gp-l-s —?—-1

12. [1 +(-1p1, 2:|.

. nin - 3) nin -~ 4)(n - 6)
18. p® —-np™2q +——— a7 prigh - # phégt —i-;..\“}

Oy
20. Order is (iii}, (i}, {¥), (¥i}, (i), (iv). 21, §.. .“2%\:153.
28. (i) {n— 1)1 ; () Ln +1)0; (idd) H(3n+1){n+2§g

€ n+1l w
33. (1 —~—) is the greater.
n+i

CHAPTER VI

EXER\(‘JISE VL a. (p. 106.)

T 23h%(3+¢)0h§(§ “¢}; 2chi(f+¢)chi{f—4)
9. (3th 8+ ttha)é(1+3th=e) 10. cosechiz =coth®z — L.
11. -cosechiz, > 12. }{sh 3z -3 shx).
13. chiz ebfy. 14. }{ch {8 +$) —ch (8 - $)).
15. 3 (K0 B} +8h(B —$)). 16, 3ch (6 +¢)+ch (0 ~¢}).
h"}—kshz 18. ¢h nz +shnaz. 19, chnz ~shne,
S(thx}ﬁ-thxt\hythz} {1 +Z (th = th y)}.
29 +./{1+5h?8); sh §+/(1+sb38).
o\x,24 1+./(1 ~th20); th0+/(1 - th%).
k-1 2% 1+
o () i
| 27, ot cosectu —y® sectu =1; @? sech®y +y* cosechlv =1.
; 32, -coth }¢. . 83, —-4sh(y+z)sh{z+x)sh(z+yk

‘ | 35. 1}( '—é); i’(ﬂ"é)-
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EXERCISE VL b. (p. 108.)

1. chz t+eha. 2. sh 2z, 3. sh 2. 4. ch 2z,
5. - coth & cosech . 6, —th xaech a. 7. -eosech®ax,
8. coth x. 9, th 2, 10. cosech .
11, —sech 2z, Co120 1. 13. }sh 2,
14, 1 ch 3. 15. log {ch 2). 16. log (sh z).
17. $sh 2z - Je. 18. —coth 2. 19,  -th . A
¢\
20. - coth . 21. 2 tan-1 (th g) 22, log (t.h ;) e
23, 1sh 3z - } sh . 24, Mshzr+dshe,
25. 2 sh z cos 2. 286. §{smxsh:r—~cos,xchx}
28, (iii) 1; (w) —>o0 {v) >0, ~>—00; (Vi) §; (vuj} -4
29. (iii) 1, s L -1 (iv) —»0; (v 1
) *'.\\"
EXERCISE VI. ¢, (p,Al2.)
. _ :‘ 2
6. (@ log LHYLEYN 1_1/%@@.
gty a g 29?2»"
11: (l) aj —gs-—_-].; {11] a‘s - b“ '—‘Ta:g ﬂfl (a -B)=ch3(a —ﬁ)o
. & 1 a+z A
)
iyeh 1| % . Ll
18, (i} ch a‘, (u! % oh -1
17, } {a’ sh~ %;%,éé';/(xs +a=;}. 18. 15 _2l0g 2.
19. log 2. '.\ ” 20 log{5 +./34) -2 log 3.
21, g h%\a t b Jta? +9), 22§ /(@ ~a%) ~fa2 ohs |2
2% \;x,ﬂxﬂ +1) -} sh-tz, 24, 2 coth (ta.n g) :
\ 4 '
EXERCISE VI. 4. {p- 118.)
2. 1{3ch 4z +5). 3. the. 8. 2,/(1 +a%).

6, 2, /(a% -qt din, bl -
J a)or\/(m2 a.ccor gasch ois +or
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! ‘ 8 a
MENTEroN el & ¥ah)*
g. xshx(gshx—lwchzlogz). 10. e%%{ach bz +5 ch ).
1L e? thz. 12. A (2ch 6z — 6 ch 22 - 3 ch 4z),
l 1+chz
13. el . e (gah bz —~ bchb;::) 14, log2 ha R
T A\
15. y=1+je*; L 16. 5. 18 1; L 19, 3.\
1 Txt - = 4
22 1-5 438, 26 101(0). 29, th (A)
a(l+£) bt .
P i Ll A S VR . =daz,
3l = o Y1 a 33 Thepwabob,y
AN
EXERCISE VI. e. _[(p. 15.)
g 20 2b O
TTiat4bt T-oad -t A\
3
4, shu= —tan ¢; u-—log{seo}? ta.n&) th = ~teng.
5 _ W \5 ,ith ﬂwﬂ’_
9(9’1 -z)° Y1 ¥ o

Y
4

9 % th:c \’\‘ 11. 2=

ah:t
16, ch w=uy 13’)‘1@3 - 20us + Bu.
18. sh z <)\ 3205 + 320° + b,

17. sh x =v, 1625 + 2043 + .

19. 3—{%}1\’?;1: 7 sh 5z +21 sh 3x - 35 sh z).
20,&‘{0th 6 ch 4r + 15 ch 2x - 10).

8 nd n&)
“\2:." 28 gh' 2((:1’1-2—+21h2 .

!\\: 24 sh(n+1)5sh 7y coaechg

25 ch[a+(n l)ﬁ]sh—cosechg.

26. % cosech® i {n Shﬁ sh (n +3)8 —sh*nf

29 sh {sh 8)sth?,

32, esladohs ch (§ +sin 0 h 8),

lToré. 12, Iog2+8 8a
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CHAPTER VII
EXERCISE VII. a. (p. 121.)
b4 4T T
1. E""B; -§+3, ‘J'I‘+9, —5—3.
Fe * 3r
2 --é:dl—ﬂ", ¢+Z, é-i-'zu ’:\“ A
3. AC; CA. 4, 8P; PS. \ K
6. (i) —4cos¢, —Bcoss, 0; (ii) —-4=ind¢, 5sin 4, 1 D
N
6. (i) ~csin ¢, —ccos b, —¢ cos(rj; +E); ()
4 '\\.
(it e cos $, —csing, -eain (cf; +;;) \Y;
T acosa.acos(a+3) acoaa+aeos( %) 2acos(a+3)
- 2¢ cos a. ' N/

" 8. 3cosa-2sing; 3sma+2cosa~ b
9, 4-»2cosa+3sma 23m{a+{5'}, Esma+3cosa 2cos(a +f3),
10. 58in a +cos . Hn{k +reos 6, k+rgin ).

12. (h-scos ¢, k ~ -8 3ing). 13, It g +2r 008 (8, - 84))
14. hcosa+kein -, \

Ex:sitcxsn VIL b. (p.126)

2. (:ccosA+ysmk =z 8in A +y cos A),

3. Asin No./2 \% 9. Yea. 12, sin18 cosee 0.
x'\ 4 .

\§‘ " EXERCISE VIL e (p. 120)
1 I\ {2?1.-!-1}6 c_-_.;.

.»\?: (i)sin [a +{n - 1B sin nf gec 38
Y (i) cos{a+7f3) 00s (n + 4 s0c 10

(1 cos [a + ${m ~ 1)(8 + 7)) sin 3 (8 + ) sec 36,

8. sin[2+3(n ~1)(8 +=)) sin 3 (8 +) sec 13,
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8. 3+ (-1 Jcos(n + )8 sec 38
10. }{2n +1) - } sin (2n + 1)8 cosec 8. 11. § sin 2nf cosec 6,
12. in sin 9 +§ sin (n +2) 8 sin n6 cosec 8,

[/} 7|, /i nr ¢ =
13. 1) -1 =
cosl:(n+ }2+{n 1)4]5 (2+ 4)00393(2 4)
14. n 44 cos [20 +(n - 1)¢] sin nd cosec ¢. O\
g o
15. }sm%—cosec— {2sm{n+3} +gin (n - 3} O\’
. _an8 . (3p
N 39 . 8,72
15, ¢ sm[3n+§)Bcosec—2—+38m(n+})6msec§~<4~ .
C 17 A {6n-5+4sin(2n +1)8 cbaec6+ain{4n+2}9 :sosec 243,
g § e \d
b3 Pl - -
18, y[cot2 cos (2n +1) cosecg:’, \\

- zcosec’ (n+l]cpsn0 -ncoa{n+1)0 -1%

a X
N
R N

C XY

Exz:nclsﬁ’;hl. d (p. 132)
1. ten (2°6) —tan 0. /LN 2. 218 cot (218) - 2 cot 20,

B tanat.an(a+ﬁ)i+tan(a+ﬁ)tan(a+2,3)+
=cot 8 {tan (a +n83) - tan ¢} -n.

4. 3 217 tanf(2r-19) tan (270) = 2" tan (210) - 2 tan 6.
5. 3 2r-1pgh(2!—76) sin? (2-76) =§ sin® 8 — 2% gin® (27"6).
| 6. cog{éc}ﬁ"ém nd cosec (n +1} 8,

9. 2lbosec 26 sin nf sec (n +1)6,
W0 Man(n+ oot —n-L 1L cot? § —cotfcob(n+1)6 —n.

/12, cosec 20 sin nf sec(n+1)8. 13, }{tan (378) —tan 8},
14, £oosect 20 — 411 cosec? (21" 0), _
15, 4 cosect2@ — 411 cosec? (217 0) - #({1 - 47"},

16. tanfl(n+2 . 1'?.ta.n1(n+l '

. =
18. tan—ln +tan~1{n +1) - i

"
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19. ten~1}(n +2) +tan1 §(n+1) +tan—1}n +tan2 § (n - 1) -E.

20, tan—l( i )
n41

EXERCISE VIL e. (p. 133.)

1. J2. 2. 25,
w T N
4.+ /la? +0Y), 62-—2-.—(1; —J(a? +5%), @= ~g % Whtal;i!\
sina:cosa: I=a:b: +4/(a?+07). QO
T. 4(n -1} cos & +1 sin (2n +2)8 cosce 6. AN

8. $n cos 8~ cos [2a +{n +2)8) sin n8 cosce 8. 4 O
8. }sin %(n +3}8 sin §nb cosec }8 -} sm {n+3)0 siy h\ﬁ cosec 4,

12. }cosec2 {(n-:»l)”cosnf) -n¥cosi{n +1)8 AN

~—sin (n+ 310 cosgo\ﬁﬁ}.
13. log (sin 6) —log (sin 27"8) —n log 2 ; IPeot (2-76) —cot 9,
14. log (sin 2°G) ~log sin § —nlog 2. .\ .7 - 15, 4,
16, 0. 17. eot 0+ \2"‘0013 (2°8),

18, 4" cosec? (20) — cosectd — E(«11‘3 1)
18. X &in*(3-70) cos (378 = {»[cob(S—"ﬂ) cos f], for r=1 to n.
\
Exﬁédfsn VIL . (p. 135.)
5. 1Z [sin }(n f.l}&.‘sin ina cosec fa} where a =z +y g,
Y +2 -z, z%:é—y, T -y —2,

o\l
6 2 &gﬁﬂ T{n +1)0 sin{nd cosec 30

K g
,.;;\ +s8in £{n +1)6 sin 3n8 COSCO 46
Ay 2 2
S\ ) . 5n@ 50
\/ -5in ${n 4 1)0 sin —— 00590—2}.

e {10 s {1 + )0 cosec £0 + 5 sin 3 (n + })0 cosec g;

+6in 5{n +$) 6 cosec 5—29_~ 16}.

u\'



16,

13.
14,
i7,
18.

19.

20,

ANSWERS . 3Ub

1 —cos nf l cos nf
—3‘:{“4'1_0039}- 8 %{ 1= cosﬂ}

1 (n? + 2n +8in%n6b cosec®R). 12. icosec*E (rn &in 6 —sin nf),

1 -2 cos 6 —at leos(n +1}8 +amt cos nl,

x sin & — "+ gin {n + 1)8 + 22 sin nd. 2\
} sin 26 — 2-—% gin (27410},
} cosee & {sec {2n +2)0 —sec 26} ' ¢\

sin 3(n+§)9 coaec-aég—f—aiu (n-&})ﬁcose'cg-z- D

! . 1
§ {cot 8 —cot (378)}, 21. } +cosechis —;{:/\'\‘

CHAPTER, VIII
EXERCISE ym a. (p. 139.)

. (3, 81 2 [ 14“22} 5. 4,3

6. [1, 13]; [-18, 1],,‘&—8 51; [-85]; [18,3]; [-318];

42, —32}e {3.1].
[- ]\{

7. [a, 8] ; [a, b1
8, [a? -2, zab} {1, 00 [1,00: [~ 10] [ -1, 0).
9. [cos (6 +@) Sin (8 + H))
X’\
i”\s.
"  EXERCISE VIL b. (p. 14£)
.,L“§+5i, 8; Ti; 0; —i; a-p%
2\~ [1,21; [5,0]; [3 -2]5 {0, 75 [0, =205 [ =% -17; [B, a)
\ 3 (4, -3} [-%0]; f- 5, 10} ; [310]’ Ti-1; 25 ~123 $i
[, £]5 [0, 015 [m B1; —1-8i .
4, 3+6i. 5. §+5i. : 6.2 7. 84
8. 74244 9. gt _b%42abi. 10, -b+ai. 1L -ab
12, ~qi. 13. cos (8 + ¢} +isin {0+ 3 1401
15. cos (@ ~ ) +# sinit - 4:) 16, cos 20 +isin 2

AT, ¥
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17. rafcos(8 + ¢} +isin (6 +é)h 18, cos (0 - $) +4ain (8- ¢)

19, 22 -2z cos § +1. 20. 2% + 22 sing +1.
21. 2. 22. -2-20. 23,4 24, - L +3i.
2. -£-1i 26, —144, 27. 20— g~ Biny,
x4y x8 -y'+2im§r
e B .
j -y*+2iy
————— . . -%. . 325. A\ ¢
80. {I-z)pitgr ° 3.0, -3 32 325 ¢\
M. a4yt (@ -1 +yi - 20Nz - 1 —pi 4 20), 36. (a? + 44y,
36. 0+04+0+4+0+0+0 444, 37, -2
. D R s
as. [3, —4}- 39, 3+2t., ';{—2-#:/—-2.‘“:\\.
40. Either d* - 4abd + 4b% =0 and 640, or b=0,8=0, a? > o,
>
EXERCISE VIIL . \(p147)
A *
1 L0, 2. 1,11' \3. I,T‘a- 4. 1, '-§|
T T N 27 2
5 2,z 6 2 -3, "7 2 5. 82, -
b e — 8w - 37
9. 2. 10. ,{“23\1' 11, /3, T 1203 -
o \
13. V3, -7, ,m.\/z,ﬁ. 15. 2, -2 g5 5 0T
4 ..: ..: 4 6 .
"\ ¢ T .. T
Ll ,\/{4+2J2}{cos(—§)+zsm( _.8.)}.
19. 5(<%§4:'£§}. 20, 5( -3 -id).
21 i/}-:\/é') Ico —7”-)-;-@' i 7#)
:.L' L s( iT s;n(—-~1—2 .
= :"\l ) . ~ T
27, cos{ ~a) +isin ( —q). 23, cos(a—§)+£sin(a———2-).
\

" Y E
24, cos(§ -a) +$31n(§—a).

25, (i) cosa, a; (i} —cosa, a-7; (iif) ~cos a, a4
26. sec a(cos a+isin a) or ( -sec a){cos (a + ) +4 gin (a +r}}.
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27. cosec a {cos (g - a) +1 sin (g - a)} or
© ( ~-cosee a){cos(%—a)+isin(§2£—a)}.

28, secfl {cos (ﬁ —g) +isin (ﬁ _f)} or
2/

N\

i { —secfS) {cos(ﬁﬁé) Hm(ﬁ%)}‘:’Q\’
o\

. 94, _ ._'_r . _ _il' % N :
! cos( 3.2)-{-53111( B ) P
o7 6. .. 8 $O
! 30. 2003§ (cos-2-+ssm§) or m§

.(—2mg){cosg+{§'}\wsin(g+w)}.
3. 2¢ g{c}s(—f)-}-isin(-g)}";}
bt B 3 3/ h2
2cos§“1:3:r:s w—g)ﬂis' r—-g)
AR ( 2 m( z/f°
, QY
' 32. 2cos(-E-—~ {cos( 2)+isin(:£—g)} or
' _*s\eos -){ (5: g)+wm(5: g)}

33 2cos§(a Tﬁ){wai(a+ﬁ}+1sm§(a+ﬁ)} or
—2cos§(a ﬁ}{cos}(a+ﬁ+2w)+4m§(a+ﬁ+2ri}.

34 2"‘;11&(0. ﬁ){cos%(a+ﬂ+w)+tami(a+ﬁ+r)} or

\:\\ 2szn§(,8—a){eos§(u+,3 w)+lsm}{a+,3 -}
\35 & {cog y -+ sin) whero #= +J(1+2rcos  +1%) and
”\ coyrrEinyr: 1= =1+rcos¢ireing:e

.\ )
36. (cosﬂ+isi.u8)+{cos(8+ 3)+ssm(8+. )}

4 .. . 4 _
+{cos(8+—3-)+1sm(8+—3-)}—0.

38, —cos 8, coa 0.
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EXERCISE VIII, 4. (p. 149.)
2, 20 ~a. 3. 2y +a=38.
6. @ in (i) OP’, (ii) OP where P’ represents - z,,
. 7. Cireleg, Contre O rad. 3; centre (3. ¢}, rad, 1; centre (9, 0,
rad. 4, .
8. On circles (§) centre O, rad. §; (it) centre {1, 0), rad. 2; ¢
(i} centre (-2, 0), rad. 3; (iv) centre {F: 0), rad, &;

(v} centre (2, 3), rad. 4; (vi) on positive z-axis. AN
% |2 -8 -9i|<T, )2 —a —bil =e, le+1f>1. 10. 4, 2.
11. 3, 1. 12. 7, 3. 13. 2, 8. - 14, 6,40
15. Betwoen concentrie circles, centre {-2,3), radii‘l\';&. ’
QN
18, Within cirels contre (1, 0}, rading 1, 18. ’—.% to +’—é.
20, o is centre of mass of m,, m,, m,, ...ﬁ}%’éinﬁs Tepresenting
&
2 %y Ty eae s . “':3

EXERCISE VIS (p. 153.)

1. cisa. 2. cis 28 (V3. cis(-20). 4. cis(-34).

5. cig 4a. 8. cis{ 2207 7. cis {a+£ -y

8. cls (20 +4). 9. cig (288). 10. cis 60. 11. cis{ —&0).
12, eciz( ~180), AJ13, -1, 14, -1,
15, —gin 30 -4 cog 3\&\ 18. sin 58 -1 cos 50.
17, 8 cos“g e.is‘sij..": 18, 16 sin® -E—j eis (- 20).

2 AW 2

19. 2eos g\;ﬁslr— o). 26. 1 tan 6. 21. cig( — 80).
22. § pnee G—_g) cisk—:ﬁ&. . 23. cis { - 48).

24if’£ﬁn=g ( —sin 36 +4 eos 36),

95 s @ ; cis & has 3 cube roots.

Vag. ois 4a ; cis 4 has 4 fourth roots. 27. -1.  28. 2cosnd.
23. 2eonl; 2sind; 2cosnb; 2sinnl. 30. 2cos (8 - ).
34. From {a~1,5) to (g +1, b}; from ( -a, 0) to (+a, 0); from

(0. -1) to (0, +1); f{from (-gq, -b) to {a, b); in each
cuse in & straight line,
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35. {i) From (), 0) to the origin and back with econstant
accelerstion ; (ii) from (-1, 0} away from the origin
with increasing aceeleration and back slong the positive
z-axis to (1, 0).

36. (i) See No. 35, (ii) 2, moves from (}, 0) negatively along the
Z-Axis ; (m) %z moves from (2, 0) along the axis to the
origin. .

37. (i} Deseribes |2| =2, anti-clockwise ; (ii) describes |2| = 1, clock-,
wise; (iil} deseribes |z +%| =4, anti-clockwise; (iv) descrlbe'a 1 N
cardicid » =2{1 +cos 0), a.nt1—clockmse. ¢ '\, :

38, () Glrcle, |+ =1, a.nt1clockw1.se, (i) 2= -4, qua.rds,
(iii} # = — 1, upwoards ; {iv) «=0, upwards. N

39. (i} Circle, |z — 2 =1, anti-clockwise ; (ii} eircle, |z‘\2T= 1, anti-
clockwise ; {iii} circle, |z| =1, clockwise. /

40. {i) Cirele, ]z|=1, anti- clockwise; (ii) ciréle) Jz —1|=1, anti.
clockwise ; {iii) y =3, from left to ]‘l\gh ; {iv} =1, down-

wards.
41, From (-1, 0) to (1, {}) along tha upper half of the circle
fz]=1. AN

42, For the motion of z, see oy 5. z; describes the lower balf
of the circle [z]=1. .gi.mz
43. The lemniscate, r? ' 2eos 20,

+8J
E§ERGISE VIIL f. (p. 156.)

6. (i) 3 (ﬁ}\r{x pos.); -—(a:neg)

7. (13\04:341 {f)yz=1; (ii) -lges0.
9».( ) 0 ( pos.), w(z neg.); (i) %(y pos.), -3 (y0es.):

0 "' 37
\' 10. (UE x>0; ~ & ,z<0; {u) -3 ,a>0; 4,:c:<0.
1 1
11. n>—. None. pw— <0
m m

<« —1; 0 for ~l<a=l; wlorz>l.
_4gnlzfor0>az - L

14, -7 for=
15. 0for 122 0.
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16. (i) 2nr -gc_ Sintz< 2mr+g;
{ii) 27 < Cos v« nr +r;

L2 T
(i} nr -3< Tan 1z < nr +§.

EXERCISE VIIL g, (p. 157.) O\

n °\ ”
I nmw « \J/

1. 0132,2 elg - . 2. -259, \

5. Mid-point of BC; centroid of ABC; point d@mg AB as

1-k%:k
6. §(a +B): 3y +8) da+8 +v+8}; EG, FH\PQ haveaeommon
- mid-point.
7. Points form a parallelogram. \ \

8. Circle centre A; perp. b:seetor OLAB ; circle of Apollonius,
9. (@ -2, /2 + 1) (x* +2/241).
10. (i) 2cos (a - B} cis (a +ﬁ).or { 2cos(a~B)}eis(a+8 +7);
(i} 2sin(a-p) cig ({,+ﬁ+§) or
+8J

‘\\"" {-2sin(a— £} cis(a—#ﬁ—g);

(iif} ¢sin (t{"é"};} cos (3 -3} ciy (a +B+y+8 +’_'_) ar
\'\~ {-4sin(a -y)eos(B - 6)}018(a+,8+7+8—-)
13 \{S)coseoﬁfor O< 8w, —cosec O for —m 9<0-

X "\ {u) w—ﬂ for 0 <8<, --2——6for - 80,

N 15. (i} Half-line ; (ii) are of circle.

16. (i) Displaced position of I ; (ii) meagnified and rotated
pogition of ¥ ; (iii} magmﬁcat:on of the reflection in OX of
the inverse of Z,

17. -, 2,1, 1; or -1, 0, -1, I



PN '

\‘:

ANSWERS 311

18, z=({1 - Z)}(Z -4} 19, p! > 25c*.
21, —1; 3; Oifn=3p, lifn=3p+1, —w*if n=3p-L
22. a® - b%, a® +b° +o* - 3abe.

EXERCISE VIIL h. (p. 159.)

1. (i) 21 ( _1)§ginﬂd—,3 wea™M@+B),
2 2 ’ '\s\'
ﬂ+1 PR
{ii) gn+i (- 1) "2 ginn 2B . n(a+ﬁ} O
4, x=3(2 +cos ) +5sind ‘ }
5idoost * ¥ B rdoost’ .w:\\’
4, p? o* =zt +3% +2xycos(a -8 - \

. 20
8. (i) 2sin 2{a - ) cis(2a+2ﬁ +E2) oz

25in 2 (=) s (2« +28-5):

(i) 2ein{a+ B -7 - S}exs(a+)8+y+8+ )
291{‘(}%8 -—a- ﬁ)cls(a+ﬁ+y+8—-‘)

Y
(ifi) 2 sin 018&\)1’ ~2sinf CIS( —§)
10. A circle. 12, A cardioid.
15, Ar —aa+bftey
c.i'\f m.rcles of ra.dms JS —hite oo,

18-~]}.}\qu1lateral triangle. 19, Similar trisngles.
onw + %) together with oval curves

23 Isolated points (2mm + T
inscribed in squares bounded by
2 = 2mw Leos™ (- 5), y = 2nar 008" 1 -1

25. The upper half of |z|= The part of the z-axis outside
(%1, 0). The lower half of j2|=L
30, ot +y +2 —yz ~5x ~ 7Y (FHY +2)(z +uy o)z + oty Foz).

31. (i) 3(ax? N R Y {ii) 3{a,x‘+asa:‘+...).

9. A congrugmt curva.
17.
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CHAPTER IX
EXERCISE IX. a, (p. 168.)

. . 32 Tr O 144 1-¢
L fein0; teis ~«9~); teizf - — ) +— -

4 2

NERSRNT

2. ciq(a FE;-_”) T=0, 1 2; 1, - (1 2iy3); —4, (4.3 +is8

11.

14,

16.

632345 eis 19.r=o, 125 eis| o ar - nEp
r= 0 1 2. 3 3 ,~’\\,

E 4
N/

1, -1 4iy3); cis[(a;r_s)%] r=0, 1, 2, 3; :i(tf?« cis 73

2
3/4.cis[.£(3r—1}], r=0to 4; 2(’15—-—,~b Otn G.

. 2 1 .
. cis %r, r=0to ¢; ;h;:{;.‘—_){] +i) ’:6:.\¥z1. 7. - L
. (1):|:c1s§, D.v. cra Ty’ cls(3+~i—j r=0to 7, p.v. cisg.
1 g r
. — (l—z');-—{l—a'). .10‘ {,13(-——); cig— .
N2 NE: N 12 &
. . ‘33; . Brw
()15 ({i)0; 25=1, . % 13 elg——,r=0ton-~-1; 0,
Q n
L r=0, 1 ) 15. oot 22T 1o,
cis—,—_)u,r-- ,g{\ v 5. eo 15 r=1to
O Qre
ita-nfz, 7=%to n -1, 17, cis (FI :f:a), r=0ton-1.
n AN n

13,

1

o

“~

™

WY

N

WY

cis(}(?‘lw)f, r=1+to4, and ciszi;, s=0to 4,

.(\)’\\;'J( ok = ) (1+2); (i ,\/(——cot ) {1-4). 20 7;4.

T:Z}. {i) (2 cos E)é eis —; (1) ( 2%cos 2)% cis 2(8 - 2m).

. r
22, eis (a +

%) =1 to 5,

23. (i) Circle, r'enbra{3 0), rad. 2; (ii) clrele centre (2, 0), rad. 1;

(iii} circle, 1z =4, twico.
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24. (i) Circle jz[=1, 8 times; (ii) eirele, centre (I,-0), rad. 1,
3 times ; (iii) two semicireles of [z] =1
25. (i) Right half cirele of |z|=1; {ii) cardioid, r=2(1 +cos 0);
(iii) cerdioid in (ii) displaced. 1 unit to left.
(i) Right laop of lemniscate, #* =2 cos 26 ; (ii) right branch
of rect. hyperbola, %rtcos 280=1; (iii) both loops of (i)

26

simultaneously.
. p £ \\,
EXERCISE IX, b. (p. 17L) A AN
1. 2 cos 38 ; 2isin 40. A ot
2. }{(cis) +(cis 0y "} ; 5; {(c:s By - {eis B) %} 7.\
N/
3. T{coa 30 + 3 cos 0. }lcos 48 +4cos2¥+3)
5. g {cos 78 + 7 eos 58 +2lcos39+3aeos 9)\
6 1 (cos 46 — 4 cos 26 + 3}
7. — g {sin 70 -7 sin 58 +31 sin 38 - 355}8)
8, —1(sin4é - 2 sin 20).
9. - (sin70 +sin 58 - 3sin 36, ’ﬂsm H)
10. 2—55(009 08 +cos 70 —~ 4 cof uﬂa—‘}cos 30 +6cos ).
12. (i) - P5 (% cos 5§ - § o8y 39 +10cos 8 +a);

singo +7sin 30 +35sin § +a];

n 70 +1
o H—(TSI K sm3ﬂ+63m #+a).

4 g -
(iii) (% sin 904 +\ in 70 -4 sin &
13, "T'i'::;ﬂm 106\\;’ sin 88 -fsm 68 - 2311'1 40 +sin 26 + 88 +a).
19, 24. ¢
EXERGISE IX, ¢. {p.173)
1. 8s 4®ga’+ 165", 9. 16¢5 — 200® +Bo.
Q"Q\;; 3203 | 6c, 4. 1-18s%+48s% -~ 3255
‘\43 -4 Bt IOt’-I-i" .6. t{t3—3){335'1]=0'
\ T 64’ I-1008+504
£ ~.\ 8 b+t by +hibata .

T —t,tg +tads + 15y

<\‘ 7. 1;2152+35ﬁ-7sﬁ=0.
=1.

9. 8y +by by =tlshy} St =2{hEbe)s byt +1gb Tish
T o),
10. & — (g}sﬂ"c’ +... =008 <? H

. nr e},
na 1o _.(;) gt 4, =sin| oo -
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-1
11. (1)( 1} 8% (1) neam1y
n— 1 ﬂ_:___l
{11)( 12 mest1; (_1) 2 gm,
12, (i)‘(-l}r o1 (21 n,
n=1 n=l

(-1 % .o (-1) F e,

n-1 AN
14, neven,(-1).n0dd{ nct. o\ N
17. # - 21 +350 — 7 =0, 18. _‘i_i.
l-e+f e \ 3¢

EXERCISE IX. d. (p. 176.)

1 deosf -2+ " aognh 22" cos {n +1)0 Qbos& 2
5—4cosd \‘5 “deos B”

2 (i)Y 8+rm, cot @ cos™d sin nd ; 1i8=rfr, : (i) 0.

g ()sm G- sm‘”lﬂsln(n+1}6+sm"~+2ﬂ'smn9
l—am26+sm36~

.. gin? g oY
i Py e R
4, cosec 13 sin fnﬁ cis {a +,§{n 1);8} ; equations (11) and {12),
"+ Ch. VIL, pp. 1 im
8: (- 1)+ gin n8 (2 sinG)m. 7. cos né. 8. sin@ cos né,

10, cos"{f ~¢) - (“)~cos 1O -$)eosdeosd+.,
AH -1 () cosn-r (6 - —) cos'(ﬁ cosrd. .
12. (i) cous {n\L)B (11) 2 cos nd. 13. cosec 6 cos {a B)

g &
14, (1 -Q&Q@os 3+m’) COSnd, Where ¢os o : sina : 1
. ={1 +xcos 9) zgin @ +,J(1 +2% cos 6 +27).

.15“\51 +2x” cos 26 +:c4) cos na, where cos a :sin e : 1
=03 8(1 +2%) 1 sin 81 ~ %) : +./(1 + 2t cos 26 +z')
16. For r=0ton-1, 3(r+1)cosrf=
—{cosec” 20 {cos @~ (n +1) cog (7 —1)8 +n cos né},
2{r+1)sinrf =
1 cosec? 30{sin 8 +{n + 1)ein (n — 1)§ — nsinnb}.
17. 2%5-1g0g 1§ {cogtn 30 - »l}" gin®* 143},



ANSWERS

EXERCISE IX. e. (p.152)
1. Ingsin @; nsin §; { - 1)H10 27-Lein"f,
2. (i} incos 83 { —1)"; 2 1ecos"f;
(i) in sin8; 1; (=~ 1" 2r2sinn0.
3. Ingin 6; nsin8; (— 171 2% 1sin"? .
4, (i) In cos §; n( - 1= 20tcos™? &;

316

(i) in sin 8; 1; (-1p@3 2»lein0. \’\\
5. (i) Insin 83 n; { - 1D 2--3sin™20; . QO

{ii) incosf; (- 1).‘.(n—1). ga-1 cog™-14. _ “(n:S
8. (i) Insin@; n; (—IP"1 2% Lainn 4 ; \:m'\"’." !

(i) in cos 8; n(-1F"; 2“—11303"—’9 \/
T. 1; see No. 22. 8. n; 808 1 &, 25.

o nn =)0 O =T _nin- QU0

41 PN T
P, N

. sm7_p{l—-—3-l—-.2 o

!

a1, (e+2)" ,,@ )H-M(H Ly
T EL TV i
.‘\) b1

o,.

*9:!;’ + 27y ~ 30y’+9y, where y =% + -
\ 1
§ 1
XD :3 93+7y’+14y+7 whare ¥ = ( —;) .
AN
\”\ 4 .
' EXERCISE IX. f. (p. 185}

1. ms-z%- r=1to 8

2. clsgr-il—}l r=0to 17, excludmgr sk+L
18

w).w-....ptems}.
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{(cr;2 +b?) cos 2— +2ab 41 (a® - b?)

1_

4.
7.
8.
32

ADVANCED TRIGONOMETRY

1 .
“r;ﬁ, r=0ton-1.

2?‘7‘}
sin —- -
7

Lt
+{a2 +56% + 2ab cos—::—‘} sr=0ton-1,

-2, 142,/34+4(2-/9), 1

L-ne— (3 a4 (5) 2 + (3) o - (
(1)3{1+3‘x3 +{W}at+. },

‘ (i) 3 { 3_“):3:2 + 3‘:'”) x5 +} i
@) 3 {(Yw+()at+... ).

11. ﬂ'_""
f“—!

13. Thelinox= - 4.

8. cis %-)—

y =2, 4,6, 8,

-2,/8 +4(2+ J3).

ﬂ)xs T w

7%
2
O\

7>
L&
\:"\\
\ %

14; \:’@ae lines y = 4.2,

PAP

16. (i) 1+ 6ricos 20 -5 =0; (11}r—-bcossg}\'

18. (2 cos $8)" cos ind,
21, 2nsinad(l -cos 8). _ ™

2. (22 +x~{'3}’ xt—

“‘

L.

{o' 3
/

£

Exmcxs‘g IX. g.

L {r+ I)( . -2 cob\j\gl-'i)

E 4
£

2N/

N/

&

ot

:? '2. sint} (- y)

=2Xsin’ §(a - f3) sin* }{a - y)

21. n!{

(2 cos )

7l

2z cos %T + 1)

19. I,‘ 2n+l

{p. 186.)

(a:z -2z cog ‘—lgrr + l) (z‘?- -

2(B+7)

{2 cos g)n—2r

- {FlP(n - 2r}!+

}-

%coa%r+1

cos
cin 22+ B +y)

.‘ 3
( —2mcos—;+l)(x2—2xcosi—r+l).
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CBAPTER X

EXERCISE X. a. (p. 196.)
1 +§J§

1L -e 2. Z2eosl. 3. .
2e .
4. £°0%# cig (sin B). 5. e 8 rciaf. O\
7. e cis (tan a). 8. exeosd+yooeh cig (z sin O +y 8in Gl A .
9. -1 10, -1 (11 2es¢ coa (s}n\m:..
12. ¢#in8 gjg (sin®f sec 6). 13. 2ie~sn?gin (cos ) |
14, #2088 cos(sinb). pisferos sin (sin 6)}. . “" N
16, X34 Y? =g ; Xsinm=Ycos m. n\\

17 2 —at+yt } cos 2ay }
. u.—exp {(x+a)’_+y2 (x+a}2+y‘: \\;
18. (1 -a%)cos 0 . DY, {1 +a?) sin & . D4 whitre
D =1 - 242 cos 20pa’.
1 \ N: . . T
19. (i) Down the y-axis; {ii) frg@,l@ft to right along y =2nx - 5. |
20. a=2b=dma.
cogr cosZa

23, gcﬁsmcog(si_n l:!) =]<t——l-!— + 2! + e B
(yma sinla,

ecos e gin (sin{ ﬁ'TI— + —gr .

:" l : '
e cos (t%n;ﬁ') =1 +E(ﬁi gee™{d cos nﬁ) P

:‘0\’..: 1 . ). .
i&%}n {tan f3) :E(rﬁ sa.c"ﬁ sinnf3 e .
”2};\ m:w. 24, u=v=0; 733"
O (o _weosd-al
;‘\'\;"' 26. E;ﬁsin (? -n&)- 21. 1—2a:cosﬂ+z’
. g8, © sin a —z?sin (a - ) 99, gtosd cos (sin ).
« o ) . .
|; V-2 008f5 +3 s1, g—zmﬂcoa(a~xsmﬁ).

32, gsind cos (sin?6 sec )

‘I 30. ¢~co#sin (sin §). - 33. ¢ A cos (& 4oo3 Bsin Bk
34, cos {sin «) sh{cos ak
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EXERCISE X. b. (p. 200.)

L4 - .
1. %(e-‘g_isy). 5, sinzchy ~icoszah .
£, gin 2z —{sh 2y
6. $+3}cos 2z ch 2y —Esm2xsh2y. b3y —coslz
sh 22 - {gin 2y

8. ch i cory +ish xsin y. 9. oh % Tooa gy °

2(sinzchy ~icoszshy) C slnzchy ,\\\
- - v - “«
10, oh 2y —cos 22 _ 11. esinzcehy cig (cos  sh y) P
12. ethaeosy gig ( — ch 2 sin ¥ AN -y
13, }(sh 2z cos 2y ~ i oh 2 sin 2y). : a3
M. isha, ichz, cothz, —~chz, ~-sha, the. m’\i
2 +2 eos 2z ch 2y
mgy— 21. EHIPSB Hyperbola.
22, Confocal parabolas, 24, cos {coa\ﬂﬂh {sin @).
25. 1 -coa (cos B) ch ( g) 26. sh (cos 0) sin (sin 6}.
27. ch (sin 6 cos 8) sin {sin?8). ».';
28. }{oh {cos 6} cos (sin 6) +cos (cos ﬁ} ch (sin 8)}.
222 2478 N2 95 2857 Dig
30 (i} 1“-4-!-1- - {H)Z'l‘-é—l‘—-‘ﬁ—'-'.-—,j-l— +—§!—+". "
x‘\
EXERCISE X, e, (p, 202)
1 ’2“ P cig (21, ) sinz+is_IH-
L{(-1)4 : \ cis (2xy) 3 _—_“_—'cosz—t»chy
s 2(uosx\e}1y+esmmshy} 5 2(sin = ch ¥ +4{ cos = sh ¥)
\oos 2z +ch 2y * ) ch 2y —eog 2z *
2(eh z cos y +1 ch @ sin'y) .
?'.\w v ch 2x —cos 2y 9 deec(a-ib) .
N zshe
. — |a)
W I Srehara I Iolei< L,
2 -
12, § _%oosa+a?eos (a By . if o)< 1.

14 2ccos 0 +at
13. e%002# sin (a +2sin B). 14, e¥eo8f sin ( gin 0),
15. c¢h (cos 8) cos (sin 6). 16. ch (cos 9) sin (sin 6).
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19, Ei}g'n—e (a? +b*)" 2, where cos f : sin g:l=a:b: J{a®+b%)

21. chf’.;. 92, 2 sh {cos 6) cis (sin 8).

. Lat
23. sina +hmsm (a+nf)
) N

24. 2sin 6(1 —sin § cos 8)f(1 —sin 20 +8in®0)*. "
95. cos {a — 3) sh {cos 3) cos (sin B) —gin (& - 8)oh {mﬁ)@(eigﬁik)'

\

26. % cos elnp) gog {¢°0%¢ in (sin 6)}- O

27. 3{ch (cos 8) sin (sin §) +cos (cos 8) sh (sin 8)}. :
28. }{sh (cos §) cos (sin 8) —sin (cos 0) ch {sin a)}.\:..,\'\v

\ ¥

X
W

AN

CHARTER X1
EXERGISE XL a. (p. 207}

2. 80% — 4t —do+ kD 4. 64o - 11208 3562 =7 =0:
L 3

7. 8; 416. \'\\"' 10, Bpiw+2=0. 10 2%
18. 22 (423 £ 8r) +./3+1=0: o .
NGO _
A7 EXERCISE XLb. (P 210.)
w4 . axt
o 3tan 30 17. 5 18. 55«
o)
'\ N/ . - :
N SXERCISE XL e. (P 214)
‘2, g=1. 15. The normals at the four points are eoncurrent.

20. t’(a‘+b‘+2b)-4=at+a’+b’-25-_‘0;

2ab
4a{16a* + 120% - 3(a* +hamflat +0 - 2P A



320 ADVANCED TRIGONOMETRY

EXERCISE XI d. (p. 216.)

1. Iﬁx"’—20:c°+5x_=§.j2;
~4./2 and ain%% for k=1, 3, 9, and -1,
225 5.5 6.9 1l 442 =3 14 2t42+8=0
1652(2nt +1)

17, 161t cosect 2nd — ——T——cosecz 208 + 2n.
7 1072 35758 gt ) {
. — ——— N
25 rER -35; 126 5 5 O
oot 278 77- . . *'""‘.
2. () gqzs (i) gi5+ y5 +42x0 - 462; AN
28x¢ 2t N
e 15t & NN\
(i} 1716~ 1547 15 ~ 155 b
0. dabial - Bt~ ) @B
’\ &

A

CHAPTER XIr
EXERCISE XI; % (p. 220)

1. {m—l)(;‘.v——cls—)( %—2”)

2 (g -1}zP+z+1). ,} 3. (2 +z /2 +1)(2* -2 /2 +1).
4 (@~ I)H(:c cfs::%—ﬁ—) re=l, 12;

,.\a{x‘ H -+ 1Mt +4( /6 +1)x+ 1}
B, (i) (:c’+,mz*+mJ3+l)(x“—wJ3+1},

(i) I{{m- 2a.~ycoa-—+y=) k=1,3, 6 7;

(lli) (9«" - a%) (x? — g2 +a?) (a2 +a@r +a?) ;
N\ (Gv) (#* - 4)(2% + 4) (a7 - 25,/2 + 4){(%? + 22,/2 + 4),

8. H{x’ 2xcos(6r+1)ig+1}.
7. (1)003{2r+1)~2£n,forr:Oton—l;

{ii) cos g?‘, for r =0 to {1n];
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2r - !
(iii} cos{———-l-)—{, forr=1t%0 [§(n+113 - = o
{iv) cos(a+2r—r),forf=0 ton-1;
"
(v} cos‘—;‘f, forr=1ton-1.

8 () sm Lforr= 21, +3,. :I:(ﬂ—l);

L)\
& N3
(i) sin;,forr': +1, 22, ...i(’—g"-l). O
. ~\
9. ()sin’T, forr=0, £1, &3 . bn-Di
. . m\\t
R X
(i) sin =7, for 7 = &1, &3, ... (5 —2). NG

2n

2pr : *'\\"
10. cis { i(a +'-—)}, forr=0ton-1 ’\1.
n -

X X

11, f[{:c’—%cos@—%f } gﬂ{mg_i_tmg(%' nl):r}

1

14, (@t - 1)*’1? l(x’ — 22 008 2?;&1) .
“\
. E{{RGISE XIL b. (p. 223.)
1 5 8 1 \gin§ cosec? - (1 — 5in?8 cosec? 2“-)
, (i) 8sin ( —ein § VL
(1) 32\13:::8 (sm‘ # - §(sin%8 -3);
2\
g{(iﬁ{sm /] —sma){sm [} +sm(a - }{sm& sm(a +— 5 )f
2r
\“';" {sm8+sm (a+ 5)} {smﬁ —sin (a -—3—)} .

Q 9, Qes Nos. 4 and 3.

3T o - 511')
14, B(smﬂ-ami;)(smﬂ-i—sm M)(sm smM

15, { =)= 1)H{mﬂ—sm[——+(—1}" ]}
for r=0, &1, ... £~ 1} if  is odd.

L x



322  ADVANCED TRIGONOMETRY

17. (i} n odd, ( - 1)}~ I’E‘DT;; n even, { - 1) cosnf;

(ii) n odd, { ..l}i(n-nﬂs_n_q

neos B’

neven, { — 1)iv+l " sin 7.4

nsinBeos @’
24. (i} for »n odd and (ii) for n even ; 211 -%),

(i) for n odd and {i) for n even : 221" sy

e Ve Y
30, 1. 32, 16 (cos f —ecos :) (cos 9 +cos -—_--) . N
[1] o N/
b ("’5
33. 16 (cos f +cos 15) (cos f - cos E) '\,':.“
dor &\ T
(cos # - cos —1—5) (cos O Feos E) .
-1 :
34. ﬂI'_[I:r:’«.‘Zxcos(a+gfr)+l}. \'
Q L n \\
EXERCISE XII, .\ {p 229.)
1. —ﬂt&nnﬁ:E cot{ﬁ+2’§;§£} 8. ein38; 1sin 48,
T Ay i
9. 1{cos 38 —cos Ja). A 24. L5 (n® - 4){nt 4 14),
25, Ini(nt+2); 1n® - I}‘Q@ +3).
\\\.'
EXERGISE XL d. (p.234)
- \. » )
1 ,\w (x COs é-r - 1) 2 (:c cos f:}_r - I)
Blw ;1~ ( . 2x iR T
‘\,\\ §{ 2xcos-3—+1) 5(&‘ 2 cos -+l)
:“\n{‘ 1 -z cos ZF oLy

N 8
/ (2% - 1)w
N " 4(a:’ —2:ccos—-—8-_ +1)

. o T
§ {—1)"1sin?_ cosd T

O e
. .
7( % 4+ tan? TT)

Y 7

1
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_ . T T
5. 2( - 11 ain (3¢ —-I)Elcos’(Zr - l}é_;&‘
6 —cos (2r — 1)
n {coa cos ( 1} 2n}

for r =1 to n, omitting }({n +1)if » is odd.

- . Irx
n-l cosecnﬁsm(ﬁ + 27
n

- 12. 2 - .
) S n{m‘—2xccs(9_+—’r)+1}

n
g 13. 2 cos (n — 1)8 cosec 1 cosec O — cosecd, ' \
19, 3 {sin" g, cosec (z —a,) cosec {@; —a;} cosec (@; ~as) N
cosec (af Pgy}e
kW,
EXERCISE XIL e. (p. 2365N"

-1 ?
1. (=% - az)ﬂn (a:' - 2% cos E + a’) ., ‘t\\'
bl n N

2.z —cis A:M L,r=0, 1, 2.1:;" 5. (3% - 1)/8n.

SBT3/
6. lﬁ(smﬂ—sini)(smﬂ-gip‘;ﬁ (sin 0 +sin iy (smo+g,).

14
i RN Znf1
: 17. A =cosec (@ — b} cosec{a ~e), ete. Tl cosec(x -a,)
i

=2 eosee (T~ %QQ}BG {@, —a,) cosee {a, —ag) ...
cosec (@ 'éfn—'l] CO8C (@, = Beypy) ovr COSOC By — Bgyiz)e

Zn
18, A=coasec (€ ~p)= ~B. I;[ cogeo (2 - a,)

=3 oo‘b‘(‘of— a,} cosec (4, — &} c0sec (2, —~ da) ...
¢oape (a, - a,_,) cosec (¢, - g, o) .- COSEC (B, —Og)e

' 19. %}6’5% cosec {a - b) cosec {a —¢),

. Q&-E sin g cos®a cosec {c —a) cosec (@ —b).
O EXERCISE XIL f. (p. 238)
| 4r. . (12r +5
N 1. cos 20 —cos 30. 2. 16.J1 sm8+sm( rgo }ﬂ-].

i

=
5. chre=ch®zII {1 +thtzcot?(2r - 1) %}- for r=1 to {}n].

- 1)
8. nehz ch"‘lxi(‘il (1 +thiz cot® r;:;_r) 22, (- l)lw .
i .
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CHAPTER XIII
EXERCISE XIIL a, (p. 243.)

L (i) 2nwi, (4n+1}2,10g£+(2n+1) i, log 2 4 (dn ~ 1)—-;

{ii) aa (i) with n =0,

. T 3 L\

2, {1)*10g2+1<z +2n7r) (8n+1)—, :.\\\
log 6 +4 (= — tan~1{ +2nw), log 5 +4( =7 +tan-14 +2ﬂ7r),
(ii) as (i} with n =0, o\

3. 1+(2n+ 1w 4. (i) i{a + 2k7); (ii}:iQx—er}.

&. Bz \ N
5. ——ﬁ, -—;—/5 6. Iog(—2cos.f?w-}(9-—rr).

T T (&
7. -(4n+1)§, log2+a(§+2m-). N\
: 55 -3
8. log( -seca) +ifa—=), 9 de ¥y 5 .
&N
10, 2ila +w), 2ia. o8
11, For dmw < 0< (4m +2)7, Iom(z sin g) -H?(O ;ﬂ'+2kn—)
Py, k= —m. ,,,<\
For (4m +2)7 < B('(Xa£+4}n-,
Iog( 2SL1§)+?:I( ;— +9k1.-); PV, k=-m-1,
¢/

_ A _af+bg _ay - bf
12. e=eh G?E?{.d‘ &* sin B, whera A =TT Bha"'-ﬁié'
13. 3 Logw?) 15, +a. S

f}n+1) — {81t #

16, il /2 T i (§10g2+1‘l—).
17, ¢—=—Innr, 18. log (6 +2mr]+£<g+2mrr).

¥

S| 1Y L2 4 £ tan—1 k.
20. Ylog{(x+1)* +4%} +itan x+1+w,kr-

@ +y® -1 + 4y} 2y .
21. 1 "/______.___ -1, TE
21, log @iy +1tan o _I_y*__l-f-ak:r.
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6 = AN 4
22, logten_ + ¢ —tan - ' —= 4
og ten g + 51 or log( tan2) 5%
23. Loci are circles of two orthogonal coaxal systems,

24, Constant except at { +a, 0).

O\

EXERCISE XIIL b. (p. 250.)
zzn—l A
1. —A.— ; 28 S unlesg y= =0and 2> 1. 2N
2n - 1 ',.Q\ e
2. —1log{l-2reosats?) B3 1}10g(1—2aoaacoa,31-éeef'a].
(N.k
8. ——9 —-~—|9. 7. log(-2cosﬂ)::’-~ ’
A\
2 [.1-:|< ; |z~ rr|{—. 9. §(2n+1)w;a.
’\ v 4
11. }log {#{cos a +cos )%} 12, il{g\cosecs z.
2z 5in B Pa\ 4
15. }tan ( 1_¢=)‘ O

17, kr +¢ -z sin 2¢ + 327 sin iqb‘- 3¥5in 6 + .o s
18. kv +a +tan’msm 2:{4«} tant wsin 4a + } tan® wsin 8a + ...
_7, 1y
19, -2 ’ i"\ 22( -1}
\\\.'
() EXERCISE XIL c. (p. 254)

1 —i x¥-1eos (2r - 1)6.

A</ e
1. gz?i"aisilog 2k 2, €2, 3, din - VT,
{41»}5”“’*3 cis (4 log 2). 5. e Tiois( —}log 2)
AN, in-D, 7. —m 8. i
- \’t\z" 9, (-1)" p2nkrt 10, 2T oy (2nmx —Y)
\' 11, eis [3(4n - 1)=°} 12, "% cis( —log =)
2kr ~tlog 3 4k +1
13 10g2+2km 14, ‘I'E"_g_—’ 15, ¥k t° ol
* Jog 10+ 2nwt _ n
16 HM. 17, u —2nmo +i{v +2n74 + 2kw)

TJog 3 +nat
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18, 2T 19, —1 20 w=nw. 22 (-a)F; T

23, eordImmsING ooy %m + dnym cos 6},

24. 3 log {z® +4®) +ata.n—1g —arisa multiple of =,

2(a + 2k) .
28, D iyn - 27, No; yes; yea. 2\
Lg% (2r+1)7, n> —1; ReN
.‘.\.\ o
{i} {@) (2 com 0)* coan(l — 2kw); D
(b) (—2cos 8)" cosn(f ~ 7 - 2k} A0
(i) () (2 cos 6)" sinn(6 — k) ; A\
{b) ( -2co0s 6)" sin n(f — 7w — 2hr), \4

~NY;
B=(2r+1);—r, {i} is zero for n >0 a.nd.i:g‘ﬁt.y Afor n=0, and
divergent for n< 0; (ii) is zez:q.":.
. Loayt on D
32. (i) -( —231n§) 81n§(a +m )
” A “’}"’:‘
(it) -—(2 sin E) sin g (a ~E=dkw) (idi) 0
33, }sin- \/( 2sec &‘\ 34 { - cos 0V cosn(f ~ ).
3. (sin 20 — 2z sin B\tl 2xcos @ +z2)yd,
2\ EXERCISE XIII. d. (p. 258.)
Sh{*’z =i{nm ~( = 1)*sinYiz)}; Thz =ifnr - tan—1{:z}}.

lﬁi Qnrr +ilog 2. 11, 2n= +T—; +ilog 3.
~J
NA2. {2n+1}1r:l;110g5 © A3 Em i~ 1) log (1 +,/2).
l+sm9 : ’ 1+°s1n8
1 z
4, {1} it lg o5 s {ii) - 41051 ~h

17, 2a=(2n = 1)m += 3+9; 8= ilog(--cc){;<j>
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EXERCISE X1l e. (p. 260)
1, ( - 1},1 e—-k"’(ﬂﬂ-l—l}. i
0. oY - T gie (D 4 Zhma® — 2kmy?).

8—21111'—-% X
3. e . 4, log (2n?r+6)+i(2k1r +§).
oy . . ) _ _x N
5 _ sm*o ++ fnw—o . 4
cos 8(1 +sin®8)’ 6. v2e ‘cls(log J2+d)' N
- (™
7, Add —=i tor.ha 9. cot~1(1 +tan® +tan® )
12, k:rr+csiu25r:j§c’sin4m+%cssm6m—.... 13. il‘,?str‘ 9)
g r-0 ¢
14. - Jain— ‘4
+‘\/(§cosec 2) sin— g ~~-,\\'
0 o\ ’
15. 9V ~200sg
cosn(fr 2)( 20032) . \\;

16, 8+ ¢, Jtan (2 cot2d); B=rm, :::.’}\

s W

) Da +4kw -2
. . - - i o .
17. = 2nw 2oint (V3 ¥=FOR Wi B ST

. ¥ “3~6“ 0 =
N I
8 30y . /x B
8= {§ ‘”\4 94 J(Qcosec 2) (E-E).

L >
o N/

P Y
N

N FXERCISE XIL f.  (p. 261)
?\z(hcosﬂ ~ LA cos 26 +§h’cos36- " 4, —ch2km;
.‘w + ./ {cos 8 +cost}. 11, }log ootz '
.. ”\\ 13, e7® I‘w"m”’mﬂ{%log(sm'ﬂsh )}
14, y= ilog 5 o= =4{r -0}; (i) z= - #{r +6)

16. -_I:[ch'l(tl+£,}+'a cos™ {f - IR 4 00 with the notation of

Ex. XIIL. d., No. 15

.
nw

17. 2 .cosf‘-. |
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18 (i}cog‘glog(‘icos‘g) +348sinp-1;
{ii) coseg log (4 cos? ~ )+<}(G 2rising -1,

18. 2 =aqy —ay® +agyt — .+ 2k,

i T T T ™
21. (i) 2mr+§< f< 2(n+l}7r—§, —3< 0<§.

CHAPTER XIV

EXERCISE XIV. d. (pg m’b)
1. tantg cos® a a=sin’g+tanty, 2, q’ss}néa b2+ ¢¥ - 2bc cos a.

8. b-a=d. 4,\(e7~ d*)(a%d ~ abe - 2b%d) =0,

5. (a*+b%)(at +b%-2)=gp, Y
Soaf +bh=1; (@t 45t 1 g o,
Ts 13(a® +b%) =24ab +25.7 -
8 (46 -35)29 - (a +B))=49(a +1)".
9. a* z(x"-l-y'+3')~\1\ 10. _+9_’:1_
11, {(a® + 202 QQ* “&ﬂ(bi ~3){a® +51 - 6).
12. 2zt .4 »-\(20‘]!, (22 497 ~ 4&’)’+108a’x‘y’-—
13, 2= 4&5@, ¥ _
14, x’\ =¢? gect fa. .15, goc+bt=ca,
16* (ﬂ‘-‘)} +(by)t =ot; G R L 276 ety =0,

\"\1;“—+—_a+b

18. (a®+5% - %)(a? +b1 —cdyd a2 (dt — 4(cd — a2 — -b%)}.

19. ed*(c +2d) = (o + 3d)2. 20. (1+ct) tdn B=(1 - ¢*) tan?a.

21, ¥ =a* +¢* - 2ae cos 2a. 22, #* +xcosa=2,
23. 2 =2abe sin g, 24. 2siny oot a =at + cos? Y.



5.
eosa =15 79

7.

10 a‘/’{a‘ +2abcosa +b’)
\

43

o N
o\
}

, 2

. (af b2~ 2)t + 40t =4, 4

. 48(2% — st) =a{kP - . 6. c=a(3+3b - 2d%).
-8

ANSWERS
EXERCISE XIV. a. (p. 272.) _

a? +.b% =ginty,

z+a=0. . 2t i =a? + B2

. (sec a - 1){sec 8 — 1) =sin?y, 10. y*=da{z +a).

. {a - )b ~g)c -1} —p’(a +b -6 -g). 12, a® +b¥ 46l =
. 0% =a? +b* 4 2abd.
. {a® +b¥)(a? + b2 - &) +ct +d% =2c(a® - - b®) + 4abd, \ \J
. cos?f, +00stf, +eosty =1 17. sma+smﬁ+sm¢v—0
. cosi{a+ﬁ+y) cos B +y-a)

14, cot? a=cot3fB +cot?y. |

. 008 §ly +a—B) . cos k{a +8¥ 7) 0.
N
\ \
EXERCISE XIV. £ .‘(p. 274.)

y‘&
ab

=5,
B

V3

3
1, Min. 4./3 for tanm:l;—;.;u dix; - 44/8 for tanz = ~—g=
2. Min. } for sinz=1; max 3 forsing= -1
3.
" 4, Min. 4 for cos f=%"; aX. _ 4 for cos 0=

Max, 10forsmx-~~1 min. 2forsma: 1

329

2. 21 +y* - Zay cos ¢ =a’sin* .
xR+t - 2) =2( +2)

3abe,

¢\

’/’

Max. a.nd}un 14 3% for 26 +a= 2nr':1:§ gin a =1

v’(a’ —3’}

11. tan’%. 12, sin’a.

cmsa 14 L.

EXERCISE XIV. g (p. 276.)

28¢ -8 : 17. gt + bt =0t +d%

Ao A

18,

19,

a-b)t
(a+b-2)% +(2a{+2b) 5?:2

(2 +y)at +y° 4 18)+ 82 3y%) =27

8, Max. 17 -12+/2; min. 174122

15, 3tanD, cot D, 3 cosec Th
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20, Za{acos B—i—a) +8cos 2 +oeos (S 49}

{ecos (y +a} +beos(y +8) +ccos 2y} =0
21. b%3{da + 3P ={(1 +a)? =B+t M1 +a)(] + 2a)2 — (B2 +ot)32,
22, (2 - 9){z —3)® + 1282%° =0, where z =z +32,
23. pg(peosta+gsin® a ~sin geog a)?
=3gin%e cosa {p cos®e + g sin%a)t.
24, zsin {8 —a) =sin 2q. 25, 5,

MISCELLANEOUS EXAMPLES  « ©
EXERCISE XV. (p. 278) \

v
W7\

3, 2nr +g or nT :':g . 5. Confocal ellipsggMoci ( +1, O).

8. 4ginssin (s —w)sinle -y} sin{s —z) Whéré‘s:a}('c +y+zh
.

By x ¥y 2 7

W1 3Ty

E_— Ormuy_z_‘ﬂ‘
V11 9 1 5 7 0

12. T%—Iog(l +m). . ":"

13. (- ¥~ Dn sinv16eds™ 16, n odd ;

'\\’; (- 1) 2 sinn 8 gosn 8, n even,
15. (1 +,/21), I =, /21).
16, (2b% ~ A @) b{c —a) 1 (o? - 262 + ac).
17 cot—l(.<3‘—-2-)=43° 11'. 19, b’ul{c<%6‘+l<3.
e " n . BT
20. x@ T "'+r72 ..m-‘i-+....
28, }‘(sh:c—sma:} 3. ot rr—1=0; $(,/5-1),-3(/o+ 1)
¢33 Interpolation 7-16099, calewlation 7- 16070(5).
“\‘,z
%% Y ol
V/ 35. tan e R 42mn 5

GnYy

37, E{cos(a+,8}cos{a+y}sm(ﬁ -v)}
= ~sin ( - y)sin (y = a) sin (a - )
2e{c+d)

€l. }{2c+d)seca~ 2073

COB Qe
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43, 1[3ﬂ+lsm(3 ng)y-35in8]; §(0—sind).

44. ﬂ)“ 5(Say (Saff) +5(2a) {Safy) +5(Zaf) - 5“187‘3
3xs

48. (i) 16_” (i) 1- e

51. cosec 3 [cos"+1{33m (e +nﬁ) —gin{a -8

56. (cot @ —tan B)F=¢"—1.

59. 8 =k, limit 0; 62k7, Jimit 1, R
. S
61. 2% cis (-3— iz), r:Q, I, 2. .;\\
67. 65° 307, 111° 80, 205° 307, 3347 30’; in radians, 120, 1\9{.}
3-59, 5-84. st
; 2,)

69, x4, +26 .
70. An epmyclmd, the locus of & point on the emun{sfsnce ofa
cirele of it radius rolling on the cirele 12 |§

75. Ratio of radii=1-16: L _ ,’\
€%

78, . ' O
2J3 {.»),}



" INDEX

(The numbers refer to the paged]

Absolute convergance, 189, 190.
Absolute valua, 73, 145
Addition theorems, b4,
103, 198, 198

Algebraic factors, 218,
Ambiguous case, 2.
Amplitude, 145, see principal value.
Angle-bisectors in triangle, 1.
Angle measurement, 119,
Approximation, 82, 95,
Area, hyperbolie, 52.

of quadrilateral, 24, 27, 23.
Argand diagram, defined, 1435.

Z 2, 148,

By2q, 71— 2e 101

A, 1fz, 152, 183,

z2#, 185.t0 167,
Argumcnt, 145,
Rage of logarithms, natural, 6 A

‘generalised, 241, 253. O
Binomjal Series, 142 ii. B, 3

253, N

Centroid, 10. O -
ch, sh, behaviout bf“, 109.
ealeulus appliedtions, 107, 110.
formulac fm} A035. .

generalitedy 193
_inverss, 0, 258,
C}rcu}a.f;functions, see cod.
Cireuincontre, 4.
¢ig 9,1 52.
womliﬂcx number, amplitude, 144,
46, :

conjugzate, 143. )
definitions, 137 to 139.
differance, 138, 148, -
frat emd second parts, 143,
geometrical representation, #e
Argand. )
£, 140, 141,

105, 123;

modulus, 143,

modulus-amplitude, 148.

nomenclature, 143. 7N

notation, 140, 162, .

product, quiotient, 1392183, 152

sum, 138, 148. N\
Complex variable, fungtions of

geometrical resohtation, fe¢

Argand. /)W
principal qu’e, 146, 164, 165,
exp, 190N
log, 2415,263.
sh, eh,‘ete., 198.
gim) o8, ebc., 197, 199,
s, sh-l, ete., 256.
{Eampound Interest law, 93.
\Eonvergence, 9.
abgolute, 189, 190
circle of, 247.
conditional, 190,

cos (A +B), 123

cosh, see oh.

cos §, sin &, differential of, 79.

- expansion. of, 80, 81.
exponentia.l form, 194.
factora of, 223
goneralised, i97.

cos né, in factors, 223.
in terms of ¢ and 4, 172.

in terms of ¢ or & 178,
cos™d, cosPd sin®é, in multiple angles

% N

.
Cotes’ propertieﬁ, 228,
Cubic equations, 44,
Cyclic q_ua.drila.t.era.l, 24,

Da Moivre, property of, 228,

theorem of, 181, 162
and applicstious ta

expunsions, 169, 172,

factors, 219, 226,

533

N
Clomplex nurnber, menipulation, 141, ¢ ¥,
AN
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De Moivre, powers and roots, 185,
solution of equations, 167,
sumrnation of series, 174,

Distancos betwesn pointsin triangle,

13.

¢, defined, 63,
svaluated, 01,
irrationality, 92,
geries, 91.

E-centre, 4.

Elimination, 270.

Equetions, approx. solution, 82,

95,
construction of, 204.
cubic, 44,
functions of roots of, 2006, 208.
graphical solution, 38,
trigonometrieal, 34.

Errors, 20.

Ezssentially distinet roots, 212.

Eunler’s constant, 70,

T}xpa.nswns, polynommls ete.,
cos #d, sin nf, 172, 178,
coa™d, 8111”3 169
tan nf? tan “9 172, 173.

Expansmns POwWer geries 9

V 4

{1+a) L, 77, <
(1+z)-1 (X +2)m, 191, 253, RN
ch, sh, 104, 18%, ~ 7
cos, sin, 79, 198 A
e®, exp z, 00, 101, ‘...‘\
log, &4, 85, 245. ¢\J
tian, 82, A\
tan—1, 88, N\
Exponential functlén'
defined, 64, 3820
stEerentla,l af, 64,
oexpansion/ 6& 80,
limit forn, 93, 75.

Factom\a gebraio, 219,
coBg, Bin g, 223,
/€0tes and de Moivre, 228,
A\ Mundamental theorem, 142, 219,
\ ) series and products, 228,
8in nd, ete., 222, 227,
trigonometrical, 221.
x™41, 218, 220,
xR — 22P Gog na -+ 1, 296.
Feuerbach’s theorem, 16.
Functions, circular, 79, 197,
exponential, 64, 192,
“hyp,’ 52.

INDEX

Functions, hyperbolie, 104, 198,
inverse, 40, 64, 88, 110, 236
log, 63, 84, ?.tl 247, 253,
many—valued, 241.

Geometric progression, '?'? 191.
Gregory’s expansion, 88.

Hyperbolic functions, £2, and sed
ch.

N

1, 140, 141. L \)
Tdentities, 263. N
IH?, LH2, IN, N, 18, § ™
In.- centra, 4., N
Indicos, 27, 140,

zPle, }_6‘3 \

2%, gla, 252 DEAN
lnequahtles, Bus, sln 20,

exp, 71, T4 NJT,

log, 87, ALV, T4.

rascel rieous 57.

triggilomatrical, 274,
InfiniteMntegrals, a.i 54, 87 (No.17),

. %5, 78,
Jufirlite Produets, 223, 240,
UInfinity, Sum to, 77, 180,

Mnicgration, 63, 64, 79,

Inverse Functions {se¢ also Func-
tions),
differentiation of, 157 (No. 16).
prineipal valuos, 155.
ta.n—lm:f:ta.n"lm . 47,
12),

156 (No.

Limits for n>mw,
rh, whinl, T8,
(lix/n)”, 93.
{cos xfn)®, 70.

(3 e’a 1), 59,

2‘, -—-—Iogn, 89,

Lxmlbs for, 2> w,
hyp =, 53.
(log ?Hﬂ. 68, 71 (No. 11}, 73 (No.
23).

Limite for y—0,
{e¥ ~ 1}y, 69,
hyp {¥l, 54,
vlog |y ], 6.
Logarithms, base ¢, 63,
dtﬂarentlatlon, 63.
inequalities, 67,



INDEX

Loga;iihms, integration, 87 (No.
5). '
log a2, log,¢, 241, 253.

Machin's formnla, 88,
Many-valued functions, 47, 155, 841,
Mags-centre theorem, 10, -
Maxiraa and Minima, 374,

Medien, ¥1.

Madulus, 78, 145, 148,
¥odulus-amplitude form, 145.

Nine-point circle, 8, 16.
Number, 137, and see Complex,

Oz, O, 0L, 18,
Ordered pairs, 138,
Orthocentre, 5.

Osborn’s rule, 105,

r, evaluation, 89,
product, 223,

r2/§, 209, 228,

Partial fractions, 231,

Padal triangle, 5.

Polar eircle, 6.

Power series, 77.

Powers, see Indices.

Powers of cos f, sin 4, 169. )

Pri.uci:[ial values,

armplitude, 148, 166 {No. 8,0
(cis 8912, 164 A
cos—Le, ote., 154, +£ )
Logw, Log(l +w) ’J\og,’{, 241,

247, 254, N

range of, 165.
Tan-lz, 258. | {7
M, (1 +2z)m, 252,254,

Projection, cody sin (A +B), 123
_points_and\Jines, 118.
summatien, 125.

Ptolemy B.theorem, 25, 2.

&

:.\’:.

PN
\ B
\ 3
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Quadrilateral, cirgumscribable, 27,
cyclie, 24.
genoral, 27.

B, n 1y, p 4,5 6,05,

-Roots, essentially distinet, 212.
Roots of equations, 204.
Rutherford’s formula, 89,

Series (see also Expansions)
Exf, Zz¥, 77, 191, N
Terfrl, Xa7fr!, 90, 191, e\
Zp-3, 200, 228, a\
Tr-4, 212 (No. 21). « \\
Zeos (o +78), 2 ein (s -Hx3), *125,

127, , A\ 3
Far cos rf, Zx” sin 1) {‘?4.
=( — It cosdOn Binng 245.
% cosectrarfn, 2090228,
binomial, 253s
calonlus method, 128, 132 (ii).
definitions,/?%, 189.
differsneagriethod, 127, 130
producis’and, 228.

sh, i, ginh, gee ch, coa.

sing(& + B), 123.

Solution of Triangles, 1, 2, 19.

‘Bubmultiple angles,

% goa 34, sin $4 in terms of cos 8, 4L,

cos 46, #in 3¢ in terms of sin b
41-43.
cog 3¢ in teris of cos 8, 43.
Subsidiary angle, 1.
Suceessive approximnation, 82, 83.
Sum to ipfinity, 77, 100.

tan nf, tan 28, 172, 173,

tan @, §2.

tan—tx, 88, H7.
Trigonometrical factors, 221.

Wallis’ limnit for =, 223,



EXPLANATION OF SYMBOLS

! denotes factorisl-r, that is 1.2.3.4. ... (r-1). n N

: -l}n-2)..(n- .
(“)  denotes the binomial coefficient nn - Din ) (n rﬂQ
1.2.3....?"."\\ v
Y N/
x] denctes the intsgral part of #; more precisely™ the largest
whole number that is not algebrmca,lly ,gl;aater than #{

eg (Z}=3and [~ = N\

N

a=b{modc) denctes that a—-b 13a multi%of c.
=~  denotes * is approximately equal t"K,z

a<b=e<d denotes : a<b, and B-c*
but c=<d; ;‘aqd

s e

€ <{9, ¢,..}<p denotes a«:’!}ﬁ{ﬁ, a<d <.
Tk

Y, () or }Jf(r) dou\m@s f(1)+f (2} +£(3) +... +(k).

r==!. \
K
II §(r) or llftr) denotes f(1) . f(2) . f(3) . ... fk},
‘\)

increases, s,'{e.adﬂy is taken to mean always increases or at any rate
\& does not decresge.’

E. T\\Elementary Trigonometry, by C. V. Durell and R. M. Wright.

G, Modern Geometry, by C. V, Durell,
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